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Abstract. We describe a general procedure for constructing new
explicit Sasaki metrics of constant scalar curvature (CSC), includ-
ing Sasaki-Einstein metrics, from old ones. We begin by taking
the join of a regular Sasaki manifold of dimension 2n + 1 and con-
stant scalar curvature with a weighted Sasakian 3-sphere. Then
by deforming in the Sasaki cone we obtain CSC Sasaki metrics
on compact Sasaki manifolds Ml1,l2,w of dimension 2n + 3 which
depend on four integer parameters l1, l2, w1, w2. Most of the CSC
Sasaki metrics are irregular. We give examples which show that
the CSC rays are often not unique on the underlying fixed strictly
pseudoconvex CR manifold. Moreover, it is shown that when the
first Chern class of the contact bundle vanishes, there is a two di-
mensional subcone of Sasaki Ricci solitons in the Sasaki cone, and
a unique Sasaki-Einstein metric in each of the two dimensional sub
cones.

1. Introduction

The purpose of this paper is to present a general geometric construc-
tion that combines the Sasaki join construction of [BG00, BGO07] with
the Hamiltonian 2-form formalism of [ACG06, ACGTF04, ACGTF08a]
to construct many new Sasaki metrics of constant scalar curvature.
This is a final version of our ArXiv paper [BTF14d] which is also com-
bined with results from our ArXiv paper [BTF13b]. Partial results
from this latter paper will then appear in [BTF14b]. The method
described here has already been used by the authors in special cases
[BTF13a, BTF13c, BTF14a]. This method is the following: consider
a regular Sasaki manifold M with its ‘Boothby-Wang circle bundle’
S1−→M−→N over the Kähler manifold N . For each pair of relatively
prime positive integers (l1, l2) we form the Sasaki join Ml1,l2,w of M
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with a weighted 3-sphere S3
w (cf. [BG08], Example 7.1.12), where the

components of the weight vector w = (w1, w2) are relatively prime pos-
itive integers satisfying w1 ≥ w2. The latter has a 2-dimensional Sasaki
cone t+

w we call the w-Sasaki cone. Now we can deform within t+
w to ob-

tain other Sasakian structures. The quasi-regular ones will fiber over a
ruled orbifold (Sn,∆) with the following structure. Sn is a CP1-bundle
over N with an orbifold structure on its fibers giving rise to a branch
divisor ∆. The orbifold (Sn,∆) is a projectivization P(1l ⊕ Ln) where
Ln is certain line bundle over N , and it admits a Hamiltonian 2-form.
The explicit nature of this formalism allows us to obtain extremal (or
constant scalar curvature) Kähler orbifold metrics on (Sn,∆). Then
by a well known procedure we obtain extremal (constant scalar curva-
ture) Sasaki metrics on the join Ml1,l2,w. This approach was initiated
in [BTF14a] for the case l2 = 1 while the case of arbitrary l2 appears in
the thesis [Cas14]. An announcement of our general procedure appears
in [BTF14c].

Our first main theorem is:

Theorem 1.1. Let Ml1,l2,w = M ?l1,l2 S
3
w be the S3

w-join with a regu-
lar Sasaki manifold M which is an S1-bundle over a compact Kähler
manifold N with constant scalar curvature. Then for each vector w =
(w1, w2) ∈ Z+ × Z+ with relatively prime components satisfying w1 >
w2 there exists a Reeb vector field ξv in the 2-dimensional w-Sasaki
cone on Ml1,l2,w such that the corresponding ray of Sasakian structures
Sa = (a−1ξv, aηv,Φ, ga) has constant scalar curvature.

The manifolds Ml1,l2,w can also be realized as certain three dimen-
sional lens space bundles over N .

Suppose in addition that the scalar curvature of N satisfies sN ≥ 0,
then we obtain more information about extremal Sasaki metrics. In
fact, we have

Theorem 1.2. Suppose that in addition to the hypothesis of Theorem
1.1 the scalar curvature of N satisfies sN ≥ 0, then the w-Sasaki cone
is exhausted by extremal Sasaki metrics. In particular, if the Kähler
structure on N admits no Hamiltonian vector fields, then the entire
Sasaki cone κ of the join Ml1,l2,w = M ?l1,l2 S

3
w can be represented by

extremal Sasaki metrics.

A particular example of interest when the hypothesis of the last sen-
tence of Theorem 1.2 is satisfied is when N is an algebraic K3 surface.
In this case there are many choices of complex structures and many
choices of line bundles. But in all cases M = 21#(S2 × S3). It is
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interesting to contemplate the possible diffeomorphism types of the
7-manifolds 21#(S2 × S3) ?l1,l2 S

3
w in this case.

We also give examples where there are more than one CSC ray in
the same w-Sasaki cone. Indeed, generally we have

Theorem 1.3. Suppose that in addition to the hypothesis of Theorem
1.1 the scalar curvature of N satisfies sN > 0. Then for sufficiently
large l2 there are at least three CSC rays in the w-Sasaki cone of the
join Ml1,l2,w.

In particular, Theorem 6.14 below gives a countable infinity of in-
equivalent contact structures on the two S5-bundles over S2 such that
there are at least three CSC rays of Sasaki metrics. However, the
bouquet phenomenon which is related to distinct underlying CR struc-
tures and appears for S3-bundles over Riemann surfaces [Boy11, Boy13,
BTF13a, BTF14a] seems not to occur in these more general cases. This
is related to the topological rigidity of the Boothby-Wang base space as
discussed briefly in Section 2.2 below. The non-uniqueness described in
Theorem 1.3 occurs on a fixed strictly pseudoconvex CR manifold and
a fixed contact manifold. The former also illustrates non-uniqueness
on the sub-Riemannian level.

It should be mentioned that generally the CSC rays are most of-
ten irregular, that is the closure of a generic Reeb orbit is a torus
of dimension greater than one. In this regard in Section 6.1 we fill
in a gap that occured in the first version of [BTF13b] concerning the
application of the admissibility conditions to irregular Sasakian struc-
tures. This was kindly pointed to us by an anonymous referee. It has
been shown recently that irregular Sasakian structures have irreducible
transverse holonomy [HS12], and that the corresponding Kähler cone is
K-semistable [CS12] for CSC Sasaki metrics. The latter result had been
proven previously in the quasi-regular case in [RT11]. Also the non-
uniqueness phenomenon of CSC Sasakian structures was first shown
to occur for the case of S3-bundles over S2 by a different method in
[Leg11]. Theorem 1.3 shows that this is fairly common.

Finally, if we assume that the N has a positive Kähler-Einstein met-
ric and that the first Chern class of the contact bundle vanishes, we
obtain

Theorem 1.4. Let Ml1,l2,w = M ?l1,l2 S
3
w be the S3

w-join with a reg-
ular Sasaki manifold M which is an S1-bundle over a compact posi-
tive Kähler-Einstein manifold N with a primitive Kähler class [ωN ] ∈
H2(N,Z). Assume that the relatively prime positive integers (l1, l2) are
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the relative Fano indices given explicitly by

l1 =
IN

gcd(w1 + w2, IN)
, l2 =

w1 + w2

gcd(w1 + w2, IN)
,

where IN denotes the Fano index of N . Then for each vector w =
(w1, w2) ∈ Z+ × Z+ with relatively prime components satisfying w1 >
w2 there exists a Reeb vector field ξv in the 2-dimensional w-Sasaki
cone on Ml1,l2,w such that the corresponding Sasakian structure S =
(ξv, ηv,Φ, g) is Sasaki-Einstein. Moreover, this ray is the only admis-
sible CSC ray in the w-Sasaki cone.

In addition, for each vector w = (w1, w2) ∈ Z+ × Z+ with rela-
tively prime components satisfying w1 > w2 every single ray in the 2-
dimensional w-Sasaki cone on Ml1,l2,w admits (up to isotopy) a Sasaki-
Ricci soliton.

This theorem recovers in a geometric fashion the Sasaki-Einstein
metrics obtained previously by physicists in [GMSW04a] by a different
method. Some further development of the topology of these manifolds,
especially in dimension seven, is given in [BTF14b].

The paper is organized as follows. Section 2 gives a brief review of
ruled manifolds that are the projectivization of a complex rank 2 vector
bundle of the form S = P(1l ⊕ L) over a Kähler-Einstein manifold N .
These admit Hamiltonian 2-forms that give rise to the Kähler admissi-
ble construction that is necessary for our procedure. In the somewhat
long Section 3 we describe our join construction, in particular, the join
with the weighted 3-sphere, S3

w. We then discuss in detail the orbit
structure of quasi-regular Reeb vector fields in the w-Sasaki cone. Gen-
erally, the quotients appear as orbifold log pairs (S,∆) which fiber over
N with fiber an orbifold of the form CP1[v1, v2]/Zm, where ∆ is branch
divisor, and CP1[v1, v2] is a weighted projective space. In Section 4 we
discuss the topology of the joins, giving an algorithm for computing
the integral cohomology ring. In Section 5 we present the details of
the admissibility conditions on the Kählerian level, while in Section 6
we show how these admissibility conditions lift to the Sasakian level to
provide proofs of our main theorems.

2. Ruled Manifolds

In this section we consider ruled manifolds of the following form. Let
(N,ωN) be a compact Kähler manifold with primitive integer Kähler
class [ωN ], that is, a Hodge manifold. Consider a rank two complex
vector bundle of the form E = 1l⊕L where L is a complex line bundle on
N and 1l denotes the trivial bundle. By a ruled manifold we shall mean
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the projectivization S = P(1l⊕L). We can view S as a compactification
of the complex line bundle L on N by adding the ‘section at infinity’.
For x ∈ N we let (c, z) denote a point of the fiber Ex = 1l⊕Lx. There
is a natural action of C∗ (hence, S1) on E given by (c, z) 7→ (c, λz) with
λ ∈ C∗. The action z 7→ λz is a complex irreducible representation of
C∗ determined by the line bundle L. Such representations (characters)
are labeled by the integers Z. Thus, we write L = Ln for n ∈ Z and
refer to n as the ‘degree’ of L.

2.1. A Construction of Ruled Manifolds. We now give a con-
struction of such manifolds. Let S1−−→M−−→N be the circle bundle
over N determined by the class [ωN ] ∈ H2(N,Z). We denote the
S1-action by (x, u) 7→ (x, eiθu). Now represent S3 ⊂ C2 as |z1|2 +
|z2|2 = 1 and consider an S1-action on M ×S3 given by (x, u; z1, z2) 7→
(x, eiθu; z1, e

inθz2). There is also the standard S1-action on S3 given by
(z1, z2) 7→ (eiχz1, e

iχz2) giving a T 2-action on M × S3 defined by

(1) (x, u; z1, z2) 7→ (x, eiθu; eiχz1, e
i(χ+nθ)z2).

Lemma 2.1. The quotient by the T 2-action of Equation (1) is the
projectivization Sn = P(1l⊕ Ln).

Proof. First we see from (1) that the action is free, so there is a natu-
ral bundle projection (M × S3)/T 2−−→N defined by π(x, [u; z1, z2]) =
x where the bracket denotes the T 2 equivalence class. The fiber is
π−1(x) = [u; z1, z2] which since u parameterizes a circle is identified
with S3/S1 = CP1. This bundle is trivial if and only if n = 0 and n
labels the irreducible representation of S1 on the line bundle Ln. �

We can take the line bundle L1 to be any primitive line bundle in
Pic(N). In particular, we are interested in the taking L1 to be the line
bundle associated to the primitive cohomology class [ωN ] ∈ H2(N,Z).
Then we have

Lemma 2.2. The following relation holds: c1(Ln) = n[ωN ].

Proof. Equation (1) implies that the S1-action on the line bundle Ln
is given by z 7→ einθz. But we know that the definition of M that it
is the unit sphere in the line bundle over N corresponding to n = 1,
and this corresponds to the class [ωN ], that is c1(L1) = [ωN ]. Thus,
c1(Ln) = n[ωN ]. �

2.2. Ruled Manifolds with known Diffeomorphism Type. There
are several cases when the diffeomorphism type of the ruled manifold
can be ascertained. First we have the case when N = Σg a Riemann
surface of genus g. It is well known [MS98] that in this case there are
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precisely two diffeomorphism types. They are distinguished by their
second Stiefel-Whitney class. This gives rise to inequivalent Kähler
structures belonging to the same underlying symplectic structure (up
to symplectomorphism). It also gives rise to non-conjugate maximal
tori in the symplectomorphism group, a fact that was exploited in
[Boy11, Boy13, BP14, BTF13a, BTF14a].

On the other hand it appears that this phenomenon changes in higher
dimension. It is still known to occur as witnessed by the polygon spaces
of [HT03] and described in Example 8.5 of [Boy13]. However, it has
been shown recently [CMS10, CPS12] that for N = CPp with p > 1
the two ruled manifolds Sn and Sn′ are diffeomorphic if and only if
|n′| = |n|. Indeed,the diffeomorphism type is determined completely
by its cohomology ring which takes the form

(2) H∗(Sn,Z) = Z[x1, x2]/
(
xp+1

1 , (x2(nx1 + x2)
)

where x1, x2 have degree 2. So the Hirzebruch-type phenomenon in-
volving inequivalent complex structures on the same manifold does not
generalize when p > 1.

2.3. The Admissible Construction. We will now assume that n
from Section 2.1 is non-zero and (N,ωN) defines a Kähler structure with
CSC Kähler metric gN . Then (ωNn , gNn) := (2nπωN , 2nπgN) satisfies
that (gNn , ωNn) or (−gNn ,−ωNn) is a Kähler structure (depending on
the sign of n). In either case, we let (±gNn ,±ωNn) refer to the Kähler
structure. We denote the real dimension of N by 2dN and write the
scalar curvature of ±gNn as ±2dNnsNn . [So, if e.g. −gNn is a Kähler
structure with positive scalar curvature, sNn would be negative.]

Now Lemma 2.2 implies that c1(Ln) = [ωNn/2π]. Then, following
[ACGTF08a], the total space of the projectivization Sn = P(1l⊕Ln) is
called admissible.

On these manifolds, a particular type of Kähler metric on Sn, also
called admissible, can now be constructed [ACGTF08a]. We shall de-
scribe this construction in Section 5 where we will use it to prove Theo-
rems 1.1 and 1.2 of the Introduction. An admissible Kähler manifold is
a special case of a Kähler manifold admitting a so-called Hamiltonian
2-form [ACG06]. More specifically, the admissible metrics as described
in section 5 admit a Hamiltonian 2-form of order one.

Remark 2.3. In the special case where (N,ωN) is Kähler-Einstein with
Kähler metric gN and Ricci form ρN = 2πINωN , where IN denotes the
Fano index, there is a simple relationship between the value of sNn

and the value of n. Since the (scale invariant) Ricci form is given by
ρN = sNnωNn , it is easy to see that sNn = IN/n. For the general CSC
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case this will be more complicated and will need to be handled case by
case. We do know that if we write sNn = pn/n, then pn ≤ dN + 1 (see
Remark 1 in [ACGTF08a]).

3. The S3
w-Join Construction

The join construction was first introduced in [BG00] for Sasaki-
Einstein manifolds, and later generalized to any quasi-regular Sasakian
manifolds in [BGO07] (see also Section 7.6.2 of [BG08]). However,
as pointed out in [BTF13a] it is actually a construction involving the
orbifold Boothby-Wang construction [BW58, BG00], and so applies to
quasi-regular strict contact structures. Although it is quite natural to
do so, we do not need to fix the transverse (almost) complex structure.
Moreover, in [BTF14a] it was shown that in the special case of S3-
bundles over Riemann surfaces a twisted transverse complex structure
on a regular Sasakian manifold can be realized by a product transverse
complex structure on a certain quasi-regular Sasakian structure in the
same Sasaki cone.

We consider a generalization of the join construction used in previ-
ous work [BTF13a, BTF14a]. We refer to [BGO07, BG08] for a thor-
ough discussion of the join construction as well as the fundamentals of
Sasakian geometry. Here we let M be a regular Sasakian manifold with
constant scalar curvature, and consider the join Ml1,l2,w = M ?l1,l2 S

3
w

with the weighted 3-sphere S3
w (a sphere with a weighted circle ac-

tion) where both w = (w1, w2) and l = (l1, l2) are pairs of relatively
prime positive integers. We can assume that the weights (w1, w2) are
ordered, namely they satisfy w1 ≥ w2. Furthermore, Ml1,l2,w is a
smooth manifold if and only if gcd(l2, l1w1w2) = 1 which is equiva-
lent to gcd(l2, wi) = 1 for i = 1, 2. Henceforth, we shall assume these
conditions.

The join is constructed from the following commutative diagram

(3)

M × S3
w

↘ πLyπ2 Ml1,l2,w

↙ π1

N × CP1[w]

where the πs are the obvious projections. Here M has a regular contact
form η1 with Reeb vector field ξ1, and S3

w has the weighted contact form
η2 with Reeb vector field ξ2 = w1H1+w2H2 where Hi is the infinitesimal
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generators of the S1 action on

S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1}

given by sending zi to eiθzi. The circle projection πL is generated by
the vector field

(4) Ll1,l2,w =
1

2l1
ξ1 −

1

2l2
ξ2.

Moreover, the 1-form ηl1,l2,w = l1η1 + l2η2 on M × S3 passes to the
quotient Ml1,l2,w and gives it a contact structure. The Reeb vector
field of ηl1,l2,w is the vector field

(5) ξl1,l2,w =
1

2l1
ξ1 +

1

2l2
ξ2.

The base orbifold N ×CP1[w] has a natural Kähler structure, namely
the product structure, and this induces a Sasakian structure Sl1,l2,w =
(ξl1,l2,w, ηl1,l2,w,Φ, g) on Ml1,l2,w. The transverse complex structure J =
Φ|Dl1,l2,w

is the lift of the product complex structure on N × CP1[w].
It follows from Proposition 7.6.7 of [BG08] that the join Ml1,l2,w can

also be realized as a fiber bundle over N associated to the principal
S1-bundle M−−→N with fiber the lens space L(l2; l1w1, l1w2). It is easy
to see that the join of extremal (CSC) Sasaki metrics gives an extremal
(CSC) Sasaki metric induced by the product extremal (CSC) Kähler
metrics. Thus, since weighted projective spaces have extremal orbifold
metrics, we can take the Sasakian structure Sl1,l2,w to be extremal.
However, most of the CSC Sasaki metrics of interest in this work are
not induced by the product of CSC Kähler metrics.

3.1. The First Chern Class. Let us compute the first Chern class
of our induced contact structure Dl1,l2,w on M ?l1,l2 S

3
w. The orbifold

first Chern class of the base is

(6) corb1 (N × CP1[w]) = c1(N) +
|w|
w1w2

PD(D)

as an element of H2(N × CP1[w],Q) ≈ H2(N,Q) ⊕ H2(CP1[w]),Q)
where D a divisor given by z1 = 0 or z2 = 0 and PD denotes Poincaré
dual. The Kähler form onN×CP1[w] is ωl1,l2 = l1ωN+l2ωw where ωw is

the standard Kähler form on CP1[w] which satisfies [ωw] = [ω0]
w1w2

where

ω0 is the standard volume form on CP1. Note that PD(D) = [ω0].
Pulling ωl1,l2 back to the join Ml1,l2,w = M ?l1,l2 S

3
w we have π∗ωl1,l2 =

dηl1,l2,w implying that l1π
∗[ωN ] + l2π

∗[ωw] = 0 in H2(Ml1,l2,w,Z). So
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taking π∗[ωN ] = l2γ and π∗[ωw] = −l1γ for some generator γ ∈
H2(Ml1,l2,w,Z) we have

(7) c1(Dl1,l2,w) = π∗c1(N)− l1|w|γ.
Taking the mod 2 reduction gives the second Stiefel-Whitney class of
Ml1,l2,w, viz.

(8) w2(Ml1,l2,w) = π∗w2(N)− ρ(l1|w|γ)

where ρ is the reduction mod 2 map. This implies

Corollary 3.1. If l1 is even or if wi are both odd for i = 1, 2, then
Ml1,l2,w is a spin manifold if and only if N is a spin manifold. On the
other hand if both l1 and |w| are odd, then Ml1,l2,w is a spin manifold
if and only if N is not a spin manifold.

Equation (7) reduces further in the special case that [ωN ] is mono-
tone. Actually we are interested in a generalization. We say that [ωN ]
is quasi-monotone if c1(N) = IN [ωN ] for some integer IN . Here IN is
the Fano index when IN is positive (the monotone case) and the canon-
ical index when it is negative. We also allow the case IN = 0. So when
[ωN ] is quasi-monotone we have

(9) c1(Dl1,l2,w) = (l2IN − l1|w|)γ.
Of particular interest is the cohomological Einstein condition. Let

c1(Fξ) be the basic first Chern class of the Sasakian structure Sl1,l2,w,
then the cohomological Einstein condition is c1(Fξ) = a[dηl1,l2,w]B for
some positive constant a, where [·]B denotes the basic cohomology class
in H1,1(Fξ). This implies that c1(Dl1,l2,w) is a torsion class, but for
convenience we shall assume that c1(Dl1,l2,w) = 0 which implies the
condition l2IN = |w|l1. We have arrived at:

Lemma 3.2. Necessary conditions for the Sasaki manifold Ml1,l2,w to
admit a Sasaki-Einstein metric is that IN > 0, and that

l2(w) =
|w|

gcd(|w|, IN)
, l1(w) =

IN

gcd(|w|, IN)
.

The integers l1(w), l2(w) in Lemma 3.2 are called relative Fano in-
dices [BG00].

3.2. The Sasaki Cone. Since for any Sasakian structure S the Reeb
vector field lies in the center of the Lie algebra aut(S) of the Sasaki
automorphism group Aut(S), it follows from the join construction that
the Lie algebra aut(Sl1,l2,w) of the automorphism group of the join
satisfies aut(Sl1,l2,w) = aut(S1) ⊕ aut(Sw) where S1 is the Sasakian
structure on M , and Sw is the Sasakian structure on S3

w. Now the
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unreduced Sasaki cone [BGS08] t+ of S = (ξ, η,Φ, g) is by definition
the positive cone in the Lie algebra t of a maximal torus in Aut(S), i.e.

(10) t+ = {X ∈ t | η(X) > 0}.

Thus, the Sasaki cone t+
l1,l2,w

of the join Ml1,l2,w satisfies

(11) t+
l1,l2,w

= {X ∈ tl1,l2,w | ηl1,l2,w(X) > 0} = t+
1 + t+

w.

If the Lie algebra of a maximal torus of the automorphism group of S1

has dimension k, then dim t+
l1,l2,w

= k+2, since the tw has dimension 2.
However, in this paper we are mainly concerned with the 2-dimensional
subcone t+

w, which we call the w-Sasaki cone, of the full Sasaki cone
t+
l1,l2,w

. The w-Sasaki cone t+
w can be identified with the first quadrant

in R2 with coordinates v1, v2 for all w, viz.

(12) t+
w = {(v1, v2) ∈ R2 | v1, v2 > 0}.

We are also interested in the full reduced Sasaki cone κ which is
t+/W where W is the Weyl group of the Sasaki automorphism group
Aut(S). One can think of κ as the moduli space of Sasakian structures
with a fixed underlying CR structure (D, J).

3.3. The Tori Actions. Consider the action of the 3-dimensional
torus T 3 on the product M × S3

w defined by

(13) (x, u; z1, z2) 7→ (x, eil2θu; ei(φ1−l1w1θ)z1, e
i(φ2−l1w2θ)z2).

The Lie algebra t3 of T 3 is generated by the vector fields Ll1,l2,w, H1, H2.
Then the join Ml1,l2,w = M ?l1,l2 S

3
w defined in the beginning of Section

3 is the quotient of M×S3
w by the S1 subgroup of T 3 defined by setting

φ1 = φ2 = 0. Alternatively it is the fiber bundle

Ml1,l2,w = M ×S1 L(l2; l1w1, l1w2)

over the Kähler manifold N associated to the principal S1-bundle
M−→N with fiber the lens space L(l2; l1w1, l1w2). The S1 action on the
lens space is accomplished in two stages. First, represent L(l2; l1w1, l1w2)
as a Zl2 quotient of S3

w, then the residual S1
θ/Zl2 ≈ S1 action is

(14) (x, u; z1, z2) 7→ (x, eiθu; [e
−i l1w1

l2
θ)
z1, e

−i l1w2
l2

θ)
z2]).

The brackets in Equation (14) denote the equivalence class defined by
(z′1, z

′
2) ∼ (z1, z2) if (z′1, z

′
2) = (λl1w1z1, λ

l1w2z2) for λl2 = 1.
Next consider the T 2 action of S1

φ× (S1
θ/Zl2) on M×L(l2; l1w1, l1w2)

given by

(15) (x, u; z1, z2) 7→ (x, eiθu; [e
i(v1φ− l1w1

l2
θ)
z1, e

i(v2φ− l1w2
l2

θ)
z2]),
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This gives rise to the commutative diagram

(16)

M × L(l2; l1w1, l1w2)
↘ πLyπB Ml1,l2,w

↙ πv

Bl1,l2,v,w

where Bl1,l2,v,w is a bundle over N with fiber a weighted projective
space, and πB denotes the quotient projection by T 2. The Lie algebra
of this T 2 is generated by

(17) Lw =
1

2l1
ξM −

q∑
j=0

1

2l2
wjHj, ξv =

∑
j

vjHj,

where ξM denotes the Reeb vector field of the regular Sasakian structure
on M . Note that ξv is a Reeb vector field in the w-Sasaki cone of
Ml1,l2,w.

Let us analyze the behavior of the T 2 action given by Equation (15).
We shall see that it it not generally effective. First we notice that the
S1
θ action is free since it is free on the first factor. Next we look for

fixed points under a subgroup of the circle S1
φ. Thus, we impose

(eiv1φz1, e
iv2φz2) = (e

−2π
l1w1

l2
ri
z1, e

−2π
l1w2

l2
ri
z2)

for some r = 0, . . . , l2 − 1. If z1z2 6= 0 we must have

(18) v1φ = 2π(− l1w1r

l2
+ k1), v2φ = 2π(− l1w2r

l2
+ k2)

for some integers k1, k2 which in turn implies

l1r(w2v1 − w1v2) = l2(k2v1 − k1v2).

This gives

(19) r =
l2
l1

k2v1 − k1v2

w2v1 − w1v2

which must be a nonnegative integer less than l2. We can also solve
Equations (18) for φ by eliminating l1r

l2
giving

(20) φ = 2π
k1w2 − k2w1

w2v1 − w1v2

.

Next we write (19) as

(21) r =
( l2

gcd(|w2v1 − w1v2|, l2)

)( k2v1 − k1v2

l1
w2v1−w1v2

gcd(|w2v1−w1v2|,l2)

)
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Since v1 and v2 are relatively prime, we can choose k1 and k2 so that
the term in the last parentheses is 1. This determines r as

(22) r =
l2

gcd(|w2v1 − w1v2|, l2)

Now suppose that z2 = 0. Then generally we have eiv1φ = e
−2π

l1w1
l2

ri

for some r = 0, . . . , l2 − 1 or equivalently r = 1, . . . , l2. This gives

(23) φ = 2π(− l1w1r

v1l2
+
k

v1

).

A similar computation at z1 = 0 gives

(24) φ = 2π(− l1w2r
′

v2l2
+
k′

v2

).

We are interested in when regularity can occur. For this we need the
minimal angle at the two endpoints to be equal. This gives

− l1w2r
′

v2l2
+
k′

v2

= − l1w1r

v1l2
+
k

v1

for some choice of integers k, k′ and nonnegative integers r, r′ < l2.
This gives

(25)
−l1w2r

′ + k′l2
v2

=
−l1w1r + kl2

v1

.

3.4. Periods of Reeb Orbits. We assume that w 6= (1, 1). We want
to determine the periods of the orbits of the flow of the Reeb vector
field defined by the weight vector v = (v1, v2). In particular, we want
to know when there is a regular Reeb vector field in the w-Sasaki cone.

Let us now generally determine the minimal angle, hence the generic
period of the Reeb orbits, on the dense open subset Z defined by z1z2 6=
0. For convenience we set s = gcd(|w2v1−w1v2|, l2) in which case (22)
becomes r = l2/s.

Lemma 3.3. The minimal angle on Z is 2π
s

. Thus, S1
φ/Zs acts freely

on the dense open subset Z.

Proof. We choose k1, k2 in Equation (21) so that the last parentheses
equals 1. This gives

l1
w2v1 − w1v2

s
= k2v1 − k1v2.

Rearranging this becomes

(sk2 − l1w2)v1 = (sk1 − l1w1)v2.
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Since v1 and v2 are relatively prime this equation implies ski = l1wi +
mvi for i = 1, 2 and some integer m. Putting this into Equation (20)
gives φ = 2πm

s
, so the minimal angle is 2π

s
. �

We now investigate the endpoints defined by z2 = 0 and z1 = 0.

Proposition 3.4. The following hold:

(1) The period on Z, namely 2π
s

, is an integral multiple of the peri-
ods at the endpoints. Hence, S1

φ/Zs acts effectively on Ml1,l2,w.

(2) The period at the endpoint zj = 0 is 2π
vil2

where i ≡ j+1 mod 2.

So the end points have equal periods if and only if v = (1, 1).
(3) The w-Sasaki cone contains a regular Reeb vector field if and

only if l2 divides w1 − w2, and in this case it is given by v =
(1, 1).

Proof. A Reeb vector field will be regular if and only if the period of
its orbit is the same at all points. We know that it is 2π

s
on Z. We

need to determine the minimal angle at the endpoints. From Equation
(23) the angle at z2 = 0 is

φ = 2π(
−l1w1r + kl2

v1l2
).

Now gcd(l2, l1w1) = 1, so we can choose k and r such that numerator of
the term in the large parentheses is 1. This gives period 2π

v1l2
. Similarly,

at z1 = 0 we have the period 2π
v2l2

. So the period is the same at the

endpoints if and only if v1 = v2 which is equivalent to v = (1, 1) since
v1 and v2 are relatively prime which proves (2).

Moreover, the period is the same at all points if and only if

(26) v = (1, 1), l2 = s = gcd(|w2v1 − w1v2|, l2).

But the last equation holds if and only if l2 divides w1 − w2 proving
(3).

(1) follows from the fact that for each i = 1, 2, vil2 is an integral
multiple of gcd(|w2v1 − w1v2|, l2) = s. �

In contrast to the 2-dimensional Sasaki cones in [BTF14a], not every
w-Sasaki cone has a regular Reeb vector field. Nevertheless, it does
have a special Reeb vector field, namely that given by v = (1, 1). For
this there can be, as usual, two branch divisors, but they have the
same ramification index, namely m = l2/s. We refer to this Reeb field
as almost regular. Clearly, there is precisely one almost regular Reeb
vector field in each w-Sasaki cone of Ml1,l2,w.

Example 3.5. Regular Reeb vector fields. As stated in (c) of Proposi-
tion 3.4 when l2 divides w1 −w2 we always have a regular Reeb vector
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field in the w-Sasaki cone by taking v = (1, 1). (This was the case in
[BTF14a] where l2 = 1.) We obtain Ml1,l2,w as a principle S1 bundle
over the smooth quotientBl1,l2,1,w = Sn = P(1l⊕Ln) with n = l1

w1−w2

l2
.

3.5. Bl1,l2,v,w as a Log Pair. We follow the analysis in Section 3 of
[BTF14a]. We have the action of the 2-torus S1

φ/Zs × (S1
θ/Zl2) on

M × L(l2; l1w1, l1w2) given by Equation (15), and denoted by Av,l,w,
whose quotient space is Bl1,l2,v,w. It follows from Equation (15) that
Bl1,l2,v,w is a bundle over N with fiber a weighted projective space of
complex dimension one. By (1) of Proposition 3.4 the generic period
is an integral multiple, say mi, of the period at the divisor Di. Thus,
for i = 1, 2 we have

(27) mi = vi
l2
s

= vim.

Note that from its definition m = l2
s
, so mi is indeed a positive integer.

It is the ramification index of the branch divisor Di. We think of D1 as
the zero section and D2 as the infinity section of the bundle Bl1,l2,v,w.
Thus, Bl1,l2,v,w is a fiber bundle over N with fiber CP1[v1, v2]/Zm ≈
CP1. The isomorphism is simply [z1, z2] 7→ [zm2

1 , zm1
2 ] where the brack-

ets denote the obvious equivalence classes on CP1[v1, v2]/Zm. The com-
plex structure of Bl1,l2,v,w is the projection of the transverse complex
structure on Ml1,l2,w which in turn is the lift of the product complex
structure on N×CP1[w]. However, Bl1,l2,v,w is not generally a product
as a complex orbifold, nor even topologically.

Now we can follow the analysis leading to Lemma 3.14 of [BTF14a].
So we define the map

h̃v : M × L(l2; l1w1, l1w2)−−→M × L(l2; l1w1v2, l1w2v1)

by

(28) h̃v(x, u; [z1, z2]) = (x, u; [zm2
1 , zm1

2 ]).

It is a mv1v2-fold covering map. Similar to [BTF14a] we get a commu-
tative diagram:

(29)

M × L(l2; l1w1, l1w2)
Av,l,w(λ,τ)
−−−−−→ M × L(l2; l1w1, l1w2)yh̃v

yh̃v
M × L(l2; l1w

′
1, l1w

′
2)

A(1,1),l,w′ (λ,τ
mv1v2 )

−−−−−−−−−−−→ M × L(l2; l1w
′
1, l1w

′
2),
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where w′ = (v2w1, v1w2) and τ = eiφ, λ = eiθ. So Bl1,l2,v,w is the log
pair (Bl1,l2,1,w′ ,∆) with branch divisor

(30) ∆ = (1− 1

m1

)D1 + (1− 1

m2

)D2,

where Bl1,l2,1,w′ is a CP1-bundle over N . Now Bl1,l2,v,w is the quo-
tient

(
M × L(l2; l1w1, l1w2)

)
/Av,l,w(λ, τ), and Bl1,l2,1,w′ is the quotient(

M × L(l2; l1w
′
1, l1w

′
2)
)
/A(1,1),l,w′(λ, τ

mv1v2). So h̃v induces a map hv :
Bl1,l2,v,w−−→Bl1,l2,1,w′ defined by

(31) hv([x, u; [z1, z2]]) = [x, u; [zm2
1 , zm1

2 ]],

where the outer brackets denote the equivalence class with respect to
the corresponding T 2 action. We have

Lemma 3.6. The map hv : Bl1,l2,v,w−−→Bl1,l2,1,w′ defined by Equation
(31) is a biholomorphism.

Proof. The map is ostensibly holomorphic. Now h̃v is the identity map
on M and a mv1v2-fold covering map on the corresponding lens spaces.
From the commutative diagram (29) the induced map hv is fiber pre-
serving and is a bijection on the fibers with holomorphic inverse. �

Remark 3.7. It is well known that a weighted projective line CP1[w1, w2]
is biholomorphic to the projective line itself CP1. Similarly, developable
orbifolds of the form CP1/G are biholomorphic to CP1 for any finite
reflection group G ⊂ Aut(CP1). In the case of our ruled manifolds this
gives rise to Galois covers of log pairs

(Sn, (1−
1

m1

)D1 + (1− 1

m2

D2))−−→(Sn, (1−
1

m
)(D1 +D2))−−→(Sn, ∅).

Set theoretically the maps are the identity maps with the identity Ga-
lois group. However, they are inequivalent as orbifolds. For further
discussion of this approach see [GK07]. Note also that generally the
trivial orbifold (Sn, ∅) does not occur as one of our quotients.

Lemma 3.6 allows us to consider the orbifold Bl1,l2,v,w as the log pair
(Bl1,l2,1,w′ ,∆) where ∆ is given by Equation (30). Notice, as mentioned
above, when v = (1, 1) we have an almost regular Reeb vector field.
Here the orbifold structure can be non-trivial, namely, Bl1,l2,(1,1),w =

(Bl1,l2,1,w′ ,∆) where m1 = m2 = m = l2
s

and the branch divisor is given
by

∆ = (1− 1

m
)(D1 +D2).
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The T 2 action A(1,1),l,w′ : M×L(l2; l1w
′
1, l1w

′
2)−→M×L(l2; l1w

′
1, l1w

′
2)

is given by

(32) (x, u; z1, z2) 7→ (x, eiθu; [e
i(φ− l1w′1

l2
θ)
z1, e

i(φ− l1w′2
l2

θ)
z2]),

Defining χ = φ− l1w′1
l2
θ gives

(33) (x, u; z1, z2) 7→ (x, eiθu; [eiχz1, e
i(χ+

l1
l2

(w′1−w′2)θ)
z2]).

The analysis above shows that this action is generally not free, but has
branch divisors at the zero (z2 = 0) and infinity (z1 = 0) sections with
ramification indices both equal to m.

Equation (33) tells us that the T 2-quotient space Bl1,l2,1,w′ is the
projectivization of the holomorphic rank two vector bundle E = 1l⊕Ln
over N where 1l denotes the trivial line bundle and Ln is a line bundle
of ‘degree’ n = l1

s
(w1v2−w2v1) with s = gcd(|w1v2−w2v1|, l2). So Sn =

P(1l ⊕ Ln) is a smooth projective algebraic variety. Next we identify
N with the zero section D1 of Ln, and note that c1(Ln) is just the
restriction of the Poincaré dual of D1 to D1, i.e. PD(D1)|D1 = c1(Ln).

Summarizing we have

Theorem 3.8. Let Ml1,l2,w = M ?l1,l2 S
3
w be the join as described in the

beginning of the section with the induced contact structure Dl1,l2,w. Let
v = (v1, v2) be a weight vector with relatively prime integer components
and let ξv be the corresponding Reeb vector field in the Sasaki cone t+

w.
Then the quotient of Ml1,l2,w by the flow of the Reeb vector field ξv is a
projective algebraic orbifold written as a the log pair (Sn,∆) where Sn
is the total space of the projective bundle P(1l ⊕ Ln) over the Kähler
manifold N with n = l1

(
w1v2−w2v1

s

)
, ∆ the branch divisor

(34) ∆ = (1− 1

m1

)D1 + (1− 1

m2

)D2,

with ramification indices mi = vi
l2
s

= vim and divisors D1 and D2

given by the zero section 1l⊕ 0 and infinity section 0⊕Ln, respectively.
The fiber of the orbifold (Sn,∆) is the orbifold CP[v1, v2]/Zm.

Next we focus on the projective bundle Sn = P(1l ⊕ Ln). From
Equation (33) we see that Sn is a fiber bundle over N with fiber CP1

associated to the principle S1-bundle M−−→N . We want to determine
the Kähler class [ωB] of the orbifold Bl1,l2,v,w = (Sn,∆) induced by the
projection Ml1,l2,w−−→Bl1,l2,v,w. First consider the following commuta-
tive diagram:
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(35)

M × L(l2; l1w1, l1w2)yπL

Ml1,l2,w

↙ πw ↘ πv

N × CP1[w] (Sn,∆)
pw ↘ ↙ pv

N

where pw, pv are the obvious projections. Second, note that we have
the following lemma

Lemma 3.9. For the log pair (Sn,∆) with

∆ = (1− 1/m1)D1 + (1− 1/m2)D2

the orbifold Chern class equals

corb1 (Sn,∆) = p∗vc1(N) +
1

m1

PD(D1) +
1

m2

PD(D2).

Proof. The usual argument gives that

corb1 (Sn,∆) = p∗vc1(Sn) + (
1

m1

− 1)PD(D1) + (
1

m2

− 1)PD(D2)

and the lemma now follows from the fact that

c1(Sn) = p∗vc1(N) + PD(D1) + PD(D2).

One can verify the last fact by using the explicit Ricci form above
for some convenient choice of admissible metric (e.g. take F (z) =
(1 − z2)p(z)) in the case m1 = m2 = 1, but it should also follow from
general principles. �

By Equation (7)

π∗vc
orb
1 (Sn,∆) = c1(Dl1,l2,w) = (pw ◦ πw)∗c1(N)− l1|w|γ.

So from Lemma 3.9 we have

(pv◦πv)∗c1(N)+
1

m1

π∗vPD(D1)+
1

m2

π∗vPD(D2) = (pw◦πw)∗c1(N)−l1|w|γ.

We also know that (see e.g. Section 1.3 in [ACGTF08a])

PD(D1)− PD(D2) = np∗v[ωN ]

and so

π∗vPD(D1)− π∗vPD(D2) = n(pv ◦ πv)∗[ωN ].
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From the commutative diagram (35) we see that

(pv ◦ πv)∗[ωN ] = (pw ◦ πw)∗[ωN ] = l2γ.

and

(pv ◦ πv)∗c1(N) = (pw ◦ πw)∗c1(N),

so we get the system

1
m1
π∗vPD(D1) + 1

m2
π∗vPD(D2) = −l1|w|γ.

π∗vPD(D1)− π∗vPD(D2) = l2nγ

which implies that π∗vPD(D1) =
nl2
m2
−l1|w|

1
m1

+ 1
m2

= −m1l1w2γ and π∗vPD(D2) =

−m2l1w1γ.
We are now ready to prove the following lemma

Lemma 3.10. The induced Kähler class on Bl1,l2,v,w = (Sn,∆) takes
the form

k1p
∗
v[ωN ] + k2PD(D1)

for some positive integers k1, k2.

Proof. From the commutative diagram (35) we see that on degree 2
homology ker π∗B = (πv ◦ πL)∗ has dimension 2. We claim that p∗v[ωN ]
and PD(D1) span ker π∗B. To see this we note that from the definition
of the join, that p∗v[ωN ] is in kerπ∗B. Moreover,

(pv ◦ πv ◦ πL)∗ : H2(N,R)−−→H2(M × L(l2; l1w1, l1w2),R)

has a one dimensional kernel. So it must be spanned by [ωN ]. Since
p∗v[ωN ] is in kerπ∗B and (pv ◦ πv)∗[ωN ] = l2γ, we must have that π∗Lγ =
0. It follows that PD(D1) is also in the kernel of π∗B and since it is
clearly independent of p∗v[ωN ] we conclude that p∗v[ωN ] and PD(D1)
span ker π∗B.

The induced Kähler class on Bl1,l2,v,w = (Sn,∆) is clearly in ker π∗B
and so the lemma follows. �

In view of Lemma 3.10 we write the induced Kähler class [ωB] on
(Sn,∆) as

(36) [ωB] = k1p
∗
v[ωN ] + k2PD(D1)

Lemma 3.11. The following hold:

(1) k2 = l2,
(2) k1 = m1l1w2
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Proof. Since we know that π∗v[ωB] is a trivial class in Ml1,l2,w and (pv ◦
πv)∗[ωN ] = l2γ while π∗vPD(D1) = −m1l1w2γ, we see immediately that
k1l2−k2m1l1w2 = 0 and since gcd(k1, k2) = m = l2/s, we conclude that
k2 = l2 while k1 = m1l1w2. �

In the almost regular case this process can be inverted. Given pos-
itive integers n,m, k1, k2 with m = gcd(k1, k2) we can determine the
relatively prime positive integers w1, w2 from the equation

w2

w1

=
k1

nk2 + k1

and the relatively prime positive integers l1, l2 from

l1
l2

=
n

m(w1 − w2)
.

This gives an analog of diagram (32) of [BTF14a] together with its
interpretation depicted in the diagram

(37)

Ml1,l2,w

πw ↙ ↘ πv

N × CP(w) (Sn,∆).

Thus, we can view Ml1,l2,w in two ways. First, the southwest arrow
describes an S1 orbibundle over the Kähler orbifold N × CP1[w] with
its product structure. Second the southeast arrow describes the Kähler
structure of a CP1-bundle over N with twisted complex structure and
a mild orbifold structure on the fibers given as a quotient by an almost
regular Reeb vector field. Note that in (32) of [BTF14a] the southeast
arrow is the quotient by a regular Reeb vector field.

4. The Topology of the Joins

Since we are mainly interested in compact Sasaki manifolds, which
have finite fundamental group, we shall assume that the Sasaki mani-
fold M is simply connected. It is then easy to construct examples with
cyclic fundamental group. From the homotopy exact sequence of the
fibration S1−→M × S3−→Ml1,l2,w we have

Proposition 4.1. If M is simply connected, then so is Ml1,l2,w. More-
over, if M is 2-connected, π2(Ml1,l2,w) ≈ Z.

We now describe our method for computing the cohomology ring of
the join Ml1,l2,w.
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4.1. The Method. Our approach uses the spectral sequence method
employed in [WZ90, BG00] (see also Section 7.6.2 of [BG08]). The
fibration πL in Diagram (3) together with the torus bundle with total
space M × S3

w gives the commutative diagram of fibrations

(38)

M × S3
w −−−→ Ml1,l2,w −−−→ BS1y=

y
yψ

M × S3
w −−−→ N × BCP1[w] −−−→ BS1 × BS1

where BG is the classifying space of a group G or Haefliger’s classifying
space [Hae84] of an orbifold if G is an orbifold. Note that the lower
fibration is a product of fibrations. In particular, the fibration

(39) S3
w−−−→BCP1[w]−−−→BS1

is rationally equivalent to the Hopf fibration, so over Q the only non-
vanishing differentials in its Leray-Serre spectral sequence are d4(β) =
s2 where β is the orientation class of S3 and s is a basis in H2(BS1,Q) ≈
Q and those induced from d4 by naturality. However, we want the
cohomology over Z.

Lemma 4.2. For w1 and w2 relatively prime positive integers we have

Hr
orb(CP

1[w],Z) = Hr(BCP1[w],Z) =


Z for r = 0, 2,

Zw1w2 for r > 2 even,

0 for r odd.

Proof. As in [BG08] we cover the BCP1[w] with two overlapping open
sets p−1(Ui) ≈ Ũi ×Γi

EO where Ui is CP1 \ {0} and CP1 \ {∞} for
i = 1, 2, respectively. The Mayer-Vietoris sequence is

−→Hr(BCP1[w],Z)−→Hr(p−1(U1),Z)⊕Hr(p−1(U2)−→Hr(p−1(U1)∩p−1(U2),Z)−→· · ·

Now p−1(Ui) ≈ Ũi ×Γi
EO is the Eilenberg-MacLane space K(Zwi

, 1)
whose cohomology is the group cohomology

Hr(Zwi
,Z) =


Z for r = 0,

Zwi
for r > 0 even,

0 for r odd.

Moreover, p−1(U1) ∩ p−1(U2) = Ũ1 ∩ Ũ2 ×Γ1∩Γ2 EO and since w1, w2

are relatively prime Γ1 ∩ Γ2 = Zw1 ∩ Zw2 = {1l}. So for r = 2 the
Mayer-Vietoris sequence becomes

(40) 0−−→Z
j
−−→H2(BCP1[w],Z)−−→Zw1w2−−→0.
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From the E2 term of the Leray-Serre spectral sequence of the fibration
(39), we see that the map j in (40) must be multiplication by w1w2

implying that H2(BCP1[w],Z) ≈ Z.
For r > 2 even the sequence gives Hr(BCP1[w],Z) ≈ Zw1 ⊕ Zw2 ≈

Zw1w2 , whereas for r odd Hr(BCP1[w],Z) ≈ 0. �

One now easily sees that

Lemma 4.3. The only non-vanishing differentials in the Leray-Serre
spectral sequence of the fibration (39) are those induced naturally by
d4(α) = w1w2s

2 for s ∈ H2(BS1,Z) ≈ Z[s] and α the orientation class
of S3.

Now the map ψ of Diagram (38) is that induced by the inclusion
eiθ 7→ (eil2θ, e−il1θ). So noting

H∗(BS1 × BS1,Z) = Z[s1, s2]

we see that ψ∗s1 = l2s and ψ∗s2 = −l1s. This together with Lemma
4.3 gives d4(α) = w1w2l

2
1s

2 in the Leray-Serre spectral sequence of the
top fibration in Diagram (38).

Further analysis depends on the differentials in the spectral sequence
of the fibration

(41) M−→N−→BS1.

Algorithm 4.4. Given the differentials in the spectral sequence of the
fibration (41), one can use the commutative diagram (38) to compute
the cohomology ring of the join manifold Ml1,l2,w.

It is worth mentioning that the finiteness of deformation types of
smooth Fano manifolds implies a bound on the Betti numbers of the
join which only depends on dimension. This gives a Betti number
bound on the manifolds obtained from our construction when N is
Fano. In particular, in dimension seven b2(M7

l1,l2,w
) ≤ 9, whereas, in

dimension nine we have the bound b2(M9
l1,l2,w

) ≤ 10 [BG00].

4.2. An Example in General Dimension. One case that is partic-
ularly easy to describe in all odd dimensions is when M is the odd-
dimensional sphere S2r+1 with r = 2, 3, . . . ,. Here we have N = CPr

which is monotone with Fano index IN = r + 1. We have

Theorem 4.5. The join M2r+3
l1,l2,w

= S2r+1 ?l1,l2 S
3
w has integral cohomol-

ogy ring given by

Z[x, y]/(w1w2l
2
1x

2, xr+1, x2y, y2)

where x, y are classes of degree 2 and 2r + 1, respectively.
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Proof. The E2 term of the Leray-Serre spectral sequence of the top
fibration of diagram (38) is

Ep,q
2 = Hp(BS1, Hq(S2r+1 × S3

w,Z)) ≈ Z[s]⊗ Λ[α, β],

where α is a 3-class and β is a 2r+1 class. By the Leray-Serre Theorem
this converges to Hp+q(M2r+3

l1,l2,w
,Z). From the usual Hopf fibration and

Lemma 4.3 the only non-zero differentials in the Leray-Serre spectral
sequence of the bottom fibration in Diagram (38) are d4(α) = w1w2s

2
2

and d2r+2(β) = sr+1
1 . By naturality the differentials of the top fibration

of (38) are d4(α) = w1w2(−l1s)2 and d2r+2(β) = (l2s)
r+1. It follows that

Hp(M2r+3
l1,l2,w

,Z) has an element x of degree 2 with w1w2l
2
1x

2 vanishing,

and since l2 is relatively prime to w1w2l
2
1, xp vanishes for p ≥ r + 1.

Similarly, for dimensional reasons there is an element y of degree 2r+1
such that y2 and x2y vanish. �

The connected component Aut0(M2r+3
l1,l2,w

) of the Sasaki automorphism

group Aut(M2r+3
l1,l2,w

) of the manifolds M2r+3
l1,l2,w

is SU(r+ 1)×T 2. Hence,
these manifolds are toric Sasaki manifolds. In fact, the join of toric
Sasaki manifolds is a toric Sasaki manifold [Boy13]. However, our
methods only make essential use of the 2-dimensional w-subcone, not
the full Sasaki cone. The manifolds M2r+3

l1,l2,w
are studied further in

[BTF14e].

5. Admissible CSC constructions

We now pick up the thread from Section 2.3 and describe the con-
struction (see also [ACGTF08a]) of admissible Kähler metrics on Sn
(in fact, more generally on log pairs (Sn,∆)). Consider the circle ac-
tion on Sn induced by the natural circle action on Ln. It extends to
a holomorphic C∗ action. The open and dense set Sn0 ⊂ Sn of stable
points with respect to the latter action has the structure of a principal
C∗ bundle over the stable quotient. The hermitian norm on the fibers
induces via a Legendre transform a function z : Sn0 → (−1, 1) whose
extension to Sn consists of the critical manifolds z−1(1) = P (1l⊕0) and
z−1(−1) = P (0⊕Ln). Letting θ be a connection one form for the Her-
mitian metric on Sn0, with curvature dθ = ωNn , an admissible Kähler
metric and form on the base Sn are given up to scale by the respective
formulas

(42) g =
1 + rz

r
gNn +

dz2

Θ(z)
+ Θ(z)θ2, ω =

1 + rz

r
ωNn + dz ∧ θ,

valid on Sn0. Here Θ is a smooth function with domain containing
(−1, 1) and r, is a real number of the same sign as gNn and satisfying
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0 < |r| < 1. The complex structure yielding this Kähler structure is
given by the pullback of the base complex structure along with the re-
quirement Jdz = Θθ. The function z is hamiltonian with K = J grad z
a Killing vector field. In fact, z is the moment map on Sn for the cir-
cle action, decomposing Sn into the free orbits Sn0 = z−1((−1, 1)) and
the special orbits D1 = z−1(1) and D2 = z−1(−1). Finally, θ satisfies
θ(K) = 1.

Remark 5.1. Note that on Sn

φ :=
−(1 + rz)

r2
ωNn + zdz ∧ θ

is a Hamiltonian 2-form of order one.

We can now interpret g as a metric on the log pair (Sn,∆) with

∆ = (1− 1/m1)D1 + (1− 1/m2)D2

if Θ satisfies the positivity and boundary conditions

(43)

Θ(z) > 0, −1 < z < 1,

Θ(±1) = 0,

Θ′(−1) = 2/m2 Θ′(1) = −2/m1.

Remark 5.2. This construction is based on the symplectic viewpoint
where different choices of Θ yields different complex structures all com-
patible with the same fixed symplectic form ω. However, for each Θ
there is an S1-equivariant diffeomorphism pulling back J to the original
fixed complex structure on Sn in such a way that the Kähler form of the
new Kähler metric is in the same cohomology class as ω [ACGTF08a].
Therefore, with all else fixed, we may view the set of the functions Θ
satisfying (43) as parametrizing a family of Kähler metrics within the
same Kähler class of (Sn,∆).

The Kähler class Ωr = [ω] of an admissible metric is also called
admissible and is uniquely determined by the parameter r, once the
data associated with Sn (i.e. dN , sNn , gNn etc.) is fixed. In fact, up to
scale

(44) Ωr = [ωNn ]/r + 2πPD[D1 +D2],

where PD denotes the Poincaré dual. The number r, together with
the data associated with Sn will be called admissible data.
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Define a function F (z) by the formula Θ(z) = F (z)/p(z), where
p(z) = (1 + rz)dN . Since p(z) is positive for −1 ≤ z ≤ 1, conditions (43)
are equivalent to the following conditions on F (z):

(45)

F (z) > 0, −1 < z < 1,

F (±1) = 0,

F ′(−1) = 2 p(−1)/m2 F ′(1) = −2 p(1)/m1.

5.1. The CSC condition. From [ACG06] we have that the scalar
curvature of an admissible metric given by (42) equals

(46) Scal =
2dNsNnr

1 + rz
− F ′′(z)

p(z)
.

Thus the CSC condition is equivalent the ODE

(47) F ′′(z) = (2dNsNnr − k(1 + rz)) (1 + rz)dN−1,

where k is a constant (equal to Scal when (47) is solved). Notice that if
(47) has a solution such that the boundary conditions from (45) holds,
then it will also follow that F (z) > 0 for −1 < z < 1 and thus all of
(45) is satisfied. To see this, merely observe that since (1+rz)dN−1 > 0
for 0 < |r| < 1 and −1 < z < 1, then F ′′(z) can change sign at
most once over the interval −1 < z < 1. Together with this fact, the
endpoint conditions rule out any possibility of F (z) being zero for any
−1 < z < 1.

Integrating and using the conditions of F ′(±1) in (45), we immedi-
ately get that

F ′(z) =

(
2sNn − k

1

r(dN + 1)
(1 + rz)

)
(1 + rz)dN + c,

where

(48) c =
2 (1− r2)

dN (m2(1− r) +m1(1 + r)− 2m1m2sNn)

m1m2 ((1 + r)dN +1 − (1− r)dN +1)

and
(49)

k =
2(dN + 1)r

(
m2(1 + r)dN (1 +m1sNn)−m1(1− r)dN (−1 +m2sNn)

)
m1m2 ((1 + r)dN +1 − (1− r)dN +1)

.

Now we have a solution to (47), namely

F (z) =

∫ z

−1

((
2sNn − k

1

r(dN + 1)
(1 + rt)

)
(1 + rt)dN + c

)
dz,
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satisfying (45) iff

(50)

∫ 1

−1

((
2sNn − k

1

r(dN + 1)
(1 + rz)

)
(1 + rz)dN + c

)
dz = 0.

Now we integrate (50) to arrive at the equation

(51)
2sNn

(
(1 + r)dN +1 − (1− r)dN +1

)
r(dN + 1)

−
k
(
(1 + r)dN +2 − (1− r)dN +2

)
r2(dN + 1)(dN + 2)

+2c = 0.

Thus the existence of an admissible CSC Kähler metric on the log pair
(Sn,∆) correspond to solving all three equations (48), (49), and (51).

5.2. Extremal Kähler metrics. If we generalize equation (47) to the
condition that Scal from (46) is a affine function of z, then we obtain
the equation

(52) F ′′(z) = (1 + rz)dN−1(2dNsNnr + (αz + β)(1 + rz)),

where α and β are constants. It is well known that this corresponds to
extremal Kähler metrics (see e.g. [ACGTF08a]). Moreover, similarly
to the smooth case, one easily sees (by integrating and solving for A
and B) that (52) has a unique solution F (z) satisfying the endpoint
conditions of (45). Finally, if the Kähler form ωN on N is assumed to
have positive scalar curvature, this polynomial F (z) also satisfies the
positivity condition of (45) by the standard root-counting argument
introduced by Hwang [Hwa94] and Guan [Gua95]. For completeness
we give the root-counting argument for this special case: Assume for
contradiction that the positivity condition of (45) fails. Then, due to
the endpoint conditions on F (z), the function F (z) has at least two
relative maxima and at least one relative minimum inside the interval
(−1, 1). Thus, in the interval (−1, 1), the concavity of F (z) changes at
least twice, i.e. F ′′(z) is zero at least twice. Since (1 + rz)dN−1 > 0 for
−1 < z < 1, we see that this implies that the second order polynomial
P (z) = (2dNsNnr + (αz + β)(1 + rz)) has two roots inside (−1, 1) and
further the concavity changes exactly twice. Thus F (z) has two relative
maxima at z = a1 and z = a3 and one relative minimum at z = a2 such
that −1 < a1 < a2 < a3 < 1 and the roots r1, r2 of P (z) are such
that a1 < r1 < a2 < r2 < a3. Moreover, P (a1) < 0 and P (a3) < 0.
Now we observe that P (−1/r) = 2dNsNnr and thus if sNnr ≥ 0, we
see that P (z) must have one more root in either [−1/r, a1) (if r > 0)
or (a3,−1/r] (if r < 0). Obviously P (z) cannot have three roots and
so we have a contradiction. We conclude that the positivity condition
of(45) must be satisfied.
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This yields the following proposition which also proves Theorem 1.2
as we shall see below.

Proposition 5.3. Assume that the scalar curvature sN of (N,ωN) is
non-negative. For any log pair (Sn,∆), any admissible Kähler class
on Sn contains an admissible extremal metric which is smooth in the
orbifold sense on (Sn,∆).

5.3. The Einstein Conditions. A Kähler metric is KE if and only if

ρ− λω = 0

for some constant λ. From [ACG06] we have that the Ricci form of an
admissible metric given by (42) equals

(53) ρ = ρN−
1

2
ddc logF = sNnωNn−

1

2

F ′(z)

p(z)
ωNn−

1

2

(F ′(z)
p(z)

)′
(z)dz∧θ.

Thus the KE condition is equivalent the ODE

(54)
F ′(z)

p(z)
= 2sNn − 2λ(z + 1/r).

Now (45) implies the necessary conditions

sNn − λ(−1 + 1/r) = 1/m2

sNn − λ(1 + 1/r) = −1/m1,

which are equivalent to

(55)
2λ = 1/m2 + 1/m1

2sNnr = (1 + r)/m2 + (1− r)/m1.

Since sNnr > 0 we see that the base manifold N (not surprisingly)
must have positive scalar curvature. If (55) is satisfied, then (54) is
equivalent to the ODE:

(56)
F ′(z)

p(z)
= (1− z)/m2 − (1 + z)/m1

Now it is easy to see that for a solution satisfying (45) to exist we
need

(57)

∫ 1

−1

((1− z)/m2 − (1 + z)/m1) p(z)dz = 0.

On the other hand, if this is satisfied

(58) F (z) :=

∫ z

−1

((1− t)/m2 − (1 + t)/m1) p(t)dt
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would yield a solution of (54) satisfying all the conditions of (45).
Setting sNn = IN/n in the second equation of (55) we have the following
result.

Proposition 5.4. Given admissible data and a choice of m1,m2 as

above the admissible metric (42), with Θ(z) = F (z)
p(t)

and F (z) given by

(58), is KE iff

2rIN/n = (1 + r)/m2 + (1− r)/m1

and (57) are both satisfied.

6. CSC and Extremal Rays

In order to finish the proofs of Theorem 1.1 and Theorem 1.2, we
now connect the Kähler geometry of Section 5 with the Sasaki geome-
try of Section 3. Assume Ml1,l2,w = M ?l1,l2 S

3
w is the join as described

in the beginning of the Section 3 with the induced contact structure
Dl1,l2,w, and now we assume that w1 > w2. Let v = (v1, v2) be a weight
vector with relatively prime integer components and let ξv be the cor-
responding Reeb vector field in the w-Sasaki cone t+

w. Let the log pair
(Sn,∆) be the quotient of Ml1,l2,w by the flow of the Reeb vector field
ξv. Using Theorem 3.8 we have mi = vi

l2
s

and n = l1
(
w1v2−w2v1

s

)
, where

s = gcd(|w2v1 − w1v2|, l2). Writing [ωNn ] = 2πnp∗v[ωN ] and using that

PD[D1 +D2] = 2PD(D1)− PD(D1 −D2) = 2PD(D1)− n[ωN ],

we see that (44) can be re-written to

Ωr = 4π

(
n(1− r)

2r
[ωN ] + PD(D1)

)
and so [ωB] given by Lemma 3.11 is indeed admissible, where r is such
that

n(1− r)
2r

= k1/k2 = m1l1w2/l2

which gives

(59) r =
w1v2 − w2v1

w1v2 + w2v1

,

and
(60)

Ωr = 4π

(
k1

l2
[ωN ] + PD(D1)

)
=

4π

l2
(k1[ωN ] + k2PD(D1)) =

4π

l2
[ωB].

For a description of extremal Sasaki metrics we refer the reader to
[BGS08] and Section 4.4 of [BTF14a].
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6.1. Lifting the Admissible Data. We now want to lift the admis-
sibility conditions on (Sn,∆) to Ml,w using Theorem 3.8, and we need
to determine the scale factor involved in this lifting. Let M0 denote
the dense open subspace of Ml1,l2,w defined by the condition z1z2 6= 0,
and let Zi be the submanifolds of Ml,w defined by setting zi+1 = 0 with
i = 1, 2 mod 2. This gives a stratification

(61) Ml1,l2,w = M0 t Z1 t Z2.

It is easy to see that

Lemma 6.1. For each pair of relatively prime positive integers v1, v2

the dense open submanifold M0 is the total space of an S1-bundle over
Sn0 and Zi = π−1

v (Di) is independent of v and n.

This lemma says that although the quotient spaces of different Reeb
vector fields in the Sasaki cone may be quite different even topologically,
their lifted geometry on Ml1,l2,w is similar.

Now Theorem 3.8 shows that the quotient space of Ml1,l2,w by the
circle action generated by the quasi-regular Reeb vector field ξv is a
ruled projective algebraic orbifold given as the log pair (Sn,∆); how-
ever, although there is a specific Sasakian structure Sv on Ml1,l2,w the
theorem does not specify the Kähler structure on (Sn,∆). It is now
our purpose to do so, and relate it to Sv.

Proposition 6.2. Let v1, v2 be relatively prime positive integers, and
consider the Sasakian structure Sv = (ξv, ηv,Φ, gv) on Ml1,l2,w. Then
the induced Kähler structure (gB, ωB) on (Sn,∆) satisfies

gT =
l2
4π

π∗vg

mv1v2

=
π∗vgB
mv1v2

, dηv =
l2
4π

π∗vω

mv1v2

=
π∗vωB
mv1v2

= ωT

where gT = dη ◦ (1l⊗ Φ).

Proof. For any ξv ∈ t+
w define the quadratic form qv = v1|z1|2 + v2|z2|2.

Then the Sasakian structure Sv is related to reducible Sasakian struc-
ture Sw by qvηv = qwηw. This gives the relation between the transverse
Kähler forms,

(62) dηv|D = q−1
v qwdηw|D.

Now choose coordinates on S3 so that qv = v1|z1|2 + v2|z2|2 = 2κ with
κ ∈ R+. Let z̃ : Ml1,l2,w−−→[−1, 1] be the moment map of the lifted
circle action of the moment map z. Then Lemma 6.1 implies

z̃ =
κ− v2|z2|2

κ
=
v1|z1|2 − κ

κ
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which gives

|z1|2 = (κz̃ + κ)/v1 |z2|2 = (κ− κz̃)/v2.

This gives, using Equation (59)

(63) q−1
v qw =

(w1v2 − w2v1)z̃ + w1v2 + w2v1

2v1v2

=
w1v2 − w2v1

2v1v2

(z̃ + r−1).

Now by Equation (60) the Kähler form (4π/l2)ωB is in the admissible
class Ωr and we choose it to be admissible. So (4π/l2)ωB = ω. Thus,
pulling back and using Equation (42) we have by identifying N with
the zero section of Sn = P(1l⊕ Ln),

(64) ωB|N =
l2n

2
(r−1 + z)ωN .

Thus, to find the scale factor we write

(65) π∗vωB = bdηv

for some positive constant b. Now from the commutative Diagram (35)
we have π∗wωN = π∗vωN . To find b it is enough to compare coifficients
of the pullback of ωN on both sides of Equation (65). Using Equations
(62)-(64) together with the equation for n in Theorem 3.8 gives b =
mv1v2. �

Remark 6.3. The factor mv1v2 can be thought of as arising from the
multiple cover argument in Diagram 29 which occurs on Sasakian level
as well.

Proposition 6.2 allows us to consider the Sasakian structure Sv as
an admissible Sasakian structure. We simply view Θ as a function of
the lifted moment map z̃. This function Θ(z̃) satisfies the positivity
conditions and boundary conditions of Equation (43). We then get a
Sasaki metric in the usual way, namely gv = gT + ηv ⊗ ηv together
with its full Sasakian structure Sv = (ξv, ηv,Φv, gv). Although this
construction was done for a pair of relatively prime positive integers
v1, v2 we can extend this to the entire ray by applying a transverse
homothety (ξ, η) 7→ (a−1ξ, aη) which implies the following scaling of
the admissible data:

θ 7→ a−1θ, Θ 7→ aΘ, mi 7→ a−1mi,

and m is scale invariant. This defines the Sasaki admissible data for
all quasi-regular Reeb vector fields.

We now wish to extend the concept of admissible Sasaki data to the
irregular case. For this we consider the components v1, v2 of v to be any
positive real numbers. We shall assume that the function Θ of Section
5 is chosen such that mΘ is independent of m and varies smoothly
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with v1, v2. As we shall see later this is the case for any (quasi-regular)
extremal Sasakian structure. We need

Lemma 6.4. Let v1, v2 ∈ R+. Then the family of transverse Kähler
metrics and forms of Proposition 6.2 vary smoothly with v = (v1, v2).

Proof. It is convenient to rewrite the transverse metric gT and Kähler
form ωT of Proposition 6.2 on the dense open set M0 in the form

(66) gT =
l2
4π

(2πl1(w1v2 − w2v1)

l2v1v2

(r−1 + z̃)π∗vgN +
dz̃2

Θ̃(z̃)
+ Θ̃(z̃)θ̃2

)
ωT =

l2
4π

(2πl1(w1v2 − w2v1)

l2v1v2

(r−1 + z̃)π∗vωN + dz̃ ∧ θ̃
)

where Θ̃ = mv1v2π
∗
vΘ and θ̃ = π∗vθ

mv1v2
. Note that Θ̃ satisfies the bound-

ary conditions Θ̃(±1) = 0, Θ̃′(−1) = 2v1 and Θ̃′(1) = −2v2. We will
ignore the term l2/4π and consider the terms in brackets as our admis-
sible data.

We claim that we can interpret Equation (66) as a family of trans-
verse Kähler metrics and forms that varies smoothly with v. First from
the commutative Diagram (35) we see that π∗vgN = π∗wgN , so the term
π∗vgN is independent of v.

So to show that the family is smooth on M0 we only need to show θ̃
is a family of 1-forms on M0 that varies smoothly with v. Since on M0

we have coordinates induced by z1, z2 such that

v1|z1|2 = κ+ ε, v2|z2|2 = κ− ε

where −κ < ε < κ. This trivializes M0 as M0 ≈ T 2 × (−κ, κ) × N as
well as Sn0 ≈ S1 × (−κ, κ) × N . Now the Hamiltonian vector field K
vanishes nowhere on Sn0 and lifts to a vector field on M0. Choosing
κ = v1 we see that this vector field is H1 with moment map z̃ and
satisfies πv∗H1 = mv1v2K (cf. Remark 6.3). Since θ̃ is a pullback we

have θ̃(ξv) = 0 implying that θ̃(H2) = −v1/v2. Moreover, since both
H1 and H2 are nowhere vanishing on M0 we have coordinates ϕ1 and ϕ2

such that θ̃ = dϕ1− v1
v2
dϕ2 +A where the A is a 1-form on N satisfying

dA =
2πl1(w1v2 − w2v1)

l2v1v2

π∗vωN .

Since π∗vωN is independent of v, this shows that θ̃ depends smoothly
on v on M0.

As in the Kähler case the admissible quasi-regular Sasaki structures
smoothly extend to the boundary Z1tZ2 with the indicated boundary
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conditions. Moreover, any irregular Sasakian structure Sv in the w-
Sasaki cone can be represented as a limit of quasi-regular structures
by Theorem 7.1.10 of [BG08] which from the above can be taken to be
admissible. Hence, by continuity the irregular admissible structures on
M0 extend to the boundary as well. �

Remark 6.5. Beginning from a Kähler class Ωr of Equation (44) we
obtain an admissible Kähler form within the Kähler class by performing
a deformation of the form ω 7→ ω + i∂∂̄ϕ where the function ϕ is
invariant under the Hamiltonian circle action. This is equivalent on
the Sasaki level to a deformation of the contact structure of the form
η 7→ η + ζ where ζ is a basic 1-form that is invariant under the lifted
Hamiltonian circle action. Once this is done for a fixed v we see from
the discussion above that it holds for all v.

Remark 6.6. It is convenient to consider the space of rays of the
w-Sasaki cone. We let Rw denote the space of rays in t+

w and the ray
defined by the vector v by v̄. By mapping a ray v̄ ∈ t+

w to its slope
v2/v1 gives a homeomorphism of Rw with the open interval (0,∞).
It follows from Equation 7.3.12 of [BG08] that under the transverse
homothety (ξ, η) 7→ (a−1ξ, aη) extremality as well as constant scalar
curvature are preserved. Thus, being extremal or CSC is a property of
rays and descends to Rw. Let Rrat

w denote the subset of rational rays,
that is, those rays with rational slope. By Theorem 7.1.10 of [BG08],
Rrat

w is dense in Rw. Moreover, for every rational ray there is a unique
pair of relatively prime positive integers v1, v2. So by Theorem 3.8 there
is unique log pair (Sn,∆) associated to the ray r ∈ Rrat

w .

6.2. Applying the Admissible Sasaki Data. For a choice of co-
prime integers (v1, v2) 6= (w1, w2) and the values of mi, n, and r given as
above, we recall that the metric (42) is extremal when Θ(z), satisfying
the boundary conditions (43), is such that when Θ(z) = F (z)/p(z),
then F (z) satisfies the ODE (52). The constants α and β are uniquely
determined from this ODE and the boundary conditions.

Now we are setting sNn = A/n = As
l1(w1v2−w2v1)

, where, by Remark

2.3, A ≤ dN + 1. In any case, A depends solely on (N, gN , ωN). (If
ωN is Kähler-Einstein, A is just IN as introduced in Remark 2.3). As
a consequence, since m = l2/s, msNn depends only on the join data
and the choice of (v1, v2). Thus the function mΘ(z) is independent of
m and varies smoothly with v1, v2. This is precisely the assumption
we need to be able to use Lemma 6.4, and so moving forward any
pair (v1, v2) such that v1, v2 ∈ R+ has a well-defined “extremal” Θ̃(z̃)
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resulting in the existence of an admissible extremal Sasakian metric
whenever Θ̃(z̃) > 0 for −1 < z̃ < 1.

Notice that together with Propostion 5.3, this proves that when the
scalar curvature sN of (N,ωN) is non-negative, then each ray in Rw can
be represented by extremal Sasaki metrics. Consequently this proves
Theorem 1.2.

Assuming w1 > w2, the existence of an admissible quasi-regular CSC
ray in the w-Sasaki cone t+

w corresponds to showing that for a choice
of (v1, v2) 6= (w1, w2) and the values of mi, n, and r given as above,
the equation system (48), (49), and (51) is solved. Notice that with
sNn = A/n = As

l1(w1v2−w2v1)
the value s (equivalently m) predictably

cancels from the equation system (48), (49), and (51). In fact, we have
(assuming (v1, v2) 6= (w1, w2)), that the system is equivalent to the
equation f(b) = 0 for b > 0, where b = v2

v1
6= w2

w1
is the slope alluded to

in Remark 6.6 and

(67)

f(b) = w
2(dN +1)
1 b2dN +3(Al2 + l1(dN + 1)w2 − b(dN + 1)l1w1)

− wdN +2
1 wdN

2 bdN +3((dN + 1)(A(dN + 1)l2 − l1((dN + 1)w1 + (dN + 2)w2)))

+ wdN +1
1 wdN +1

2 bdN +2(2AdN(dN + 2)l2 − (dN + 1)(2dN + 3)l1(w1 + w2))

− wdN
1 wdN +2

2 bdN +1(dN + 1)(A(dN + 1)l2 − l1((dN + 2)w1 + (dN + 1)w2))

+ w
2(dN +1)
2 (b(Al2 + l1(dN + 1)w1)− (dN + 1)l1w2).

When a solution b ∈ Q+, we have a quasi-regular CSC metric and,
since CSC is just a special case of extremal, when b ∈ R+ \ Q+, we
have an irregular CSC metric.

Since f(b) is a polynomial which is formally defined for any real value
of b and

f(
w2

w1

) = f ′(
w2

w1

) = f ′′(
w2

w1

) = 0

while

f ′′′(
w2

w1

) = 3(dN + 1)(dN + 2)l1w
dN
1 wdN

2 (w1 − w2) > 0

and

lim
b→+∞

f(b) = −∞,

we see that there is at least one solution b ∈ (w2

w1
,+∞) to f(b) = 0.

This completes the proof of Theorem 1.1. 2
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In the special case when ωN is Kähler-Einstein, A = IN > 0 and

l1 =
IN

gcd(w1 + w2, IN)
, l2 =

w1 + w2

gcd(w1 + w2, IN)

we set t = w2/w1 and realize that the equation f(b) = 0 (and b 6= t)
above reduces to the equation h(b) = 0 where

h(b) = (1+dN)bdN +3−(1+2t+dN t)b
dN +2+(2+dN+t)tdN +1b−(1+dN)tdN +2.

We easily check that h(t) = h ′(t) = 0, i.e. h has a double root at the
forbidden b = t. Moreover,

h′′(t) < 0, and lim
b→+∞

h(b) = +∞,

confirming what we already know from above, namely that there is at
least one CSC ray. In this case, however, we can also use Descartes’
rule of signs to see that counting with multiplicity there are at most
three positive roots of g(b) and so there is at most one admissible CSC
ray in the w-Sasaki cone.

To finish the proof of the first part of Theorem 1.4 we need to show
that the w-Sasaki cone has a Reeb vector field giving an admissible
Sasaki-Einstein structure. Obviously this must then correspond to the
one and only admissible CSC ray in the w-Sasaki cone. The proof of
the last statement of Theorem 1.4 is given in Section 6.5 below.

For co-prime integers (v1, v2) 6= (w1, w2) and the values of mi, n,
and r given as above, we realize that Proposition 5.4 implies that the
admissible extremal Sasaki structure associated to ξv is η-Einstein (and
thus, up to transverse homothety, SE) iff
(68)∫ 1

−1

((v1 − v2)− (v1 + v2)z)) ((w1v2 +w2v1) + (w1v2−w2v1)z)dNdz = 0.

Again, we set w2/w1 = t and v2/v1 = b and assume b 6= t. We also still
assume 0 < t < 1 (i.e. w1 > w2). Now equation (68) is equivalent to

(69)

∫ 1

−1

((1− b)− (1 + b)z)) ((b+ t) + (b− t)z)dNdz = 0.

Let j(b) denote the left hand side of (69) and assume t ∈ (0, 1) ∩ Q is
fixed. Now it is easy to check that

j(t) > 0 and lim
b→+∞

j(b) = −∞.

Thus ∃ b ∈ (t,+∞) such that (69) is solved. This completes the proof
of the first part of Theorem 1.4. 2
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Although the majority of the SE structures obtained in this paper
are irregular, we can, however, produce many quasi-regular SE cases
as follows: Set b = kt. Then (69) is equivalent with

(70)

∫ 1

−1

((1− kt)− (1 + kt)z)) ((k + 1) + (k − 1)z)dNdz = 0.

or

(71) t =

∫ 1

−1
(1− z) ((k + 1) + (k − 1)z)dNdz

k
∫ 1

−1
(1 + z) ((k + 1) + (k − 1)z)dNdz

.

Lemma 6.7. For k > 1,

0 <

∫ 1

−1

(1− z) ((k+1)+(k−1)z)dNdz <

∫ 1

−1

(1 + z) ((k+1)+(k−1)z)dNdz.

Proof. The first inequality is obvious and the next is equivalent to∫ 1

−1

z((k + 1) + (k − 1)z)dNdz > 0.

By integrating, this in turn is equivalent to

−dNn + (2 + dNn)k − (2 + dNn)kdNn+1 + dNnk
dNn+2 > 0.

Setting p(k) = −dNn + (2 + dNn)k − (2 + dNn)kdNn+1 + dNnk
dNn+2 we

observe that p(1) = p′(1) = 0 while p ′′(k) > 0 for all k > 1. Thus
p(k) > 0 for all k > 1 and hence the inequality holds. �

Now it follows that for any given k ∈ (1,+∞) ∩ Q, ∃ t ∈ (0, 1) ∩ Q
(determined by (71)) such that if the co-prime integers w1 and w2 are
such that w2/w1 = t and then co-prime integers v1 and v2 are such
that v2/v1 = kt (and l1 and l2 are chosen according to Lemma 3.2)
then the ray determined by (v1, v2) in the w-Sasaki cone contains a
quasi-regular SE structure.

Example 6.8. Y p,q. These is an infinite sequence of toric contact
structures on S2×S3 that admit an SE metric in their Sasaki cone dis-
covered by the physicists [GMSW04b]. The pair (p, q) consists of rela-
tively prime positive integers satisfying 1 ≤ q < p. This was treated in
Example 4.7 of [BP14] although the conventions1 are slightly different.
Here we set

(72) w =
1

gcd(p+ q, p− q)
(
p+ q, p− q

)
.

1In particular, there we chose w1 ≤ w2; whereas, here we use the opposite
convention, w1 ≥ w2.
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Note that the conditions on p, q eliminate the case w = (1, 1). It is
also easy to see that

(73) l1 = gcd(p+ q, p− q), l2 = p.

Now we have N = S2 so IN = 2 and dN = 1. Most of the SE metrics
on Y p,q are irregular; however, one can obtain quasi-regular solutions
from Equation (71) which simplifies to

t =
2 + k

k(1 + 2k)
.

The quasi-regular SE solutions are given by the Diophantine equation
[GMSW04b]

(74) 4p2 − 3q2 = n2,

for some n ∈ Z. Note that the Equation (74) has an infinite number
of solutions. A particular example is (p, q) = (13, 8) which in terms of
our join parameters gives w = (21, 5), l1 = 1, l2 = 13. The Reeb vector
field corresponding to the SE metric is determined by v = (5, 7) which
gives the the base orbifold Hirzebruch surface (S122,∆) with

∆ = (1− 1

65
)D1 + (1− 1

91
)D2

and m = 13. Of course, this base orbifold has a positive KE orbifold
metric.

In general, the following result follows from Theorem 1.4.

Proposition 6.9. The Reeb vector field of the unique Sasaki-Einstein
metric of Y p,q lies in the w-Sasaki cone with w determined by Equations
(72).

As the examples in the next subsection will illustrate we can also
produce many non-Einstein quasi-regular CSC rays in all dimensions.

6.3. A Special Case: N = CPr. Consider the special case of Section
4.2 in which case A = IN = r+1. Now if we let (l1, l2) be any relatively

prime pair of positive integers except ( r+1
gcd(|w|,r+1)

, |w|
gcd(|w|,r+1)

) we know

that the CSC ray from the proof of Theorem 1.1 is not Sasaki-Einstein
by Lemma 3.2, and by Equation (9) c1(Dl1,l2,w) 6= 0. Again, for the
majority of choices of (w1, w2), the CSC ray discovered will be irregular.
However we can produce quite a lot of quasi-regular CSC rays as the
example below shows.

This case is studied in much more depth in [BTF14e]. In particular,
it is shown there that if r, l1 and w are fixed, there is only a finite
number of diffeomorphism types among the manifolds Ml1,l2,w. So for
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each r > 1, l1, w1, w2 with w1 > w2, there exists a smooth 2r + 3-
dimensional manifold Ml1,w which admits a countably infinite number
of contact structures of Sasaki type each with a compatible Sasaki
metric of constant scalar curvature.

Example 6.10. For example with A = r + 1, l1 = r
gcd(|w|,r) , and

l2 = |w|
gcd(|w|,r) we set t = w2

w1
and b = kt in f(b) above. Then the

equation f(b) = 0 is equivalent to

t =
r − (r + 1)k + kr+1

k(1− (r + 1)kr + rkr+1)
.

It is a straightforward calculus exercise to check that for k > 1 we get
a solution 0 < t < 1 as predicted in the previous section (so b = kt >
t = w2

w1
and w1 > w2). In particular, if we pick a rational k > 1 we

get a rational t. This value of t will determine (w1, w2) and then with
(v1, v2) such that v2/v1 = b = kt we have our CSC quasi-regular Sasaki
metric.

Example 6.11. Let us assume that r = 2 (hence A = 3), l1 = 1 and
w = (3, 2). So to have smooth 7-manifolds M7

1,l2,(3,2) we must have

gcd(l2, 6) = 1. Then f(b) = 3(2− 3b)3g(b), where

g(b) = 81b5− 27(l2− 4)b4− 54(l2− 2)b3 + 36(l2− 1)b2 + 8(l2− 6)b− 16.

Now g(2/3) = −32 < 0 and lim
b−>+∞

g(b) = +∞, justifying the solution

to g(b) = 0 in the interval (2/3,+∞) as already established. Notice
however that g(0) = −16 < 0 and g(1/3) = (13l2 − 115)/3. So for any
l2 ≥ 9 with gcd(l2, 6) = 1, we have two additional solutions to g(b) = 0
in the interval (0, 2/3). Furthermore, one can check that the other two
solutions are negative, so there are 3 rays of CSC Sasaki metrics in the
w-cone. It can also be checked that for l2 = 1, 5, 7, there is only one
solution to g(b) = 0. We thus have

Proposition 6.12. For each l2 ≥ 9 relatively prime to 6 there are three
distinct constant scalar curvature rays in the w-Sasaki cone of the toric
contact 7-manifold (M7

1,l2,(3,2),D1,l2,(3,2)).

It also follows from our results in [BTF14e] that infinitely many of
the manifolds M7

1,l2,(3,2) are diffeomorphic. Thus, there exists an infinite

subsequence sj ⊂ {l2} of the integers l2 ≥ 9 giving distinct contact
structures Dsj

of Sasaki type occurring on the same 7-manifold all
containing three rays of CSC Sasaki metrics in their w-Sasaki cone.

Example 6.13. Wang-Ziller manifolds. In the calculus analysis we
have done on f(b) so far, we have assumed that w1 > w2. For arguments
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sake let us assume that w1 = w2 = 1 in which case our manifolds
Ml1,l2,(1,1) = M1,r

l2,l1
, a Wang-Ziller manifold [WZ90]. If we assume that

N = CP2 and pick l1 = 1, we know from Proposition 2.3 of Wang
and Ziller that M1,2

l2,1
is S2 × S5 when l2 is even and the non-trivial S5-

bundle over S2, which we denote by S2×̃S5, when l2 is odd. So there
are exactly these two diffeomorphism types. Moreover, we know that
we have at least one CSC ray, namely the regular ray in the S1-bundle
over the product N × CP1. This case corresponds to b = 1, although
f(b) has no geometric meaning for b = 1. However, we also get that
f(b) = −3(b− 1)4g(b) with

g(b) = (1 + (3− l2)b− 4b2l2 + 6b2 + (3− l2)b3 + b4).

Now we observe that g(0) = 1 > 0, g(1) = 2(7− 3l2), and lim
b→+∞

g(b) =

+∞. So for l2 ≥ 3 f(b) has at least 2 roots not equal to 1 ; one in the
interval (0, 1) and one in the interval (1,+∞). Thus we have at least
three CSC rays in this case as well.

Now the Wang-Ziller manifolds are toric, in fact, they are homoge-
neous, and in our case M1,2

l2,1
have a four-dimensional Sasaki cone, and

when l2 ≥ 3 the w-Sasaki cone (i.e. the 2-dimensional Sasaki cone
associated with S3) has three CSC rays, one regular and the other two
irregular or quasi-regular. Notice also in our case the first Chern class
of the contact bundle is c1(D1,l2) = (3l2 − 2)γ. Summarizing we have

Theorem 6.14. The 7-manifolds S2×S5 and S2×̃S5 admit countably
infinite inequivalent toric contact structures D1,l2 of Reeb type with l2
even for the former and l2 odd for the latter. Furthermore, when l2 ≥ 3
these contact structures admit three distinct rays of Sasaki metrics with
constant scalar curvature in t+

w.

As l2 varies the contact structures are clearly inequivalent as contact
structures, not just as toric contact structures.

Remark 6.15. In this Wang-Ziller case two of the three CSC metrics
are actually equivalent under a transformation in the Weyl group Z2

acting on the unreduced w-cone t+
w. This transformation sends a root

to its reciprocal. Thus, there are only two CSC Sasaki metrics in the
moduli space κ. See the proof of Theorem 1.3 in [Leg11] for another
approach to this phenomenon.

6.4. Multiple CSC Rays. The multiple CSC rays in Proposition 6.12
and Theorem 6.14 illustrate a somewhat common phenomenon that was
first illustrated in the case of quadrilateral toric structures (S3-bundles
over S2) by Legendre [Leg11]. Consider f(b) in (67). As already stated,
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any positive solution b 6= w2

w1
to the equation f(b) = 0 corresponds to a

CSC ray in the w-Sasaki cone. So far we know that, assuming w1 > w2,
there is at least one solution in the interval (w2

w1
,+∞). Since

f(
w2

w1

) = f ′(
w2

w1

) = f ′′(
w2

w1

) = 0

while

f ′′′(
w2

w1

) = 3(dN + 1)(dN + 2)l1w
dN
1 wdN

2 (w1 − w2) > 0

we know that for b < w2

w1
sufficiently close to w2

w1
, we have f(b) < 0.

Further it is easy to see that f(0) < 0. Now we notice that f( w2

2w1
) is a

linear function of l2 with slope equal to

Aw2dN +3
2

22d+3w1

[
1 + 2dN

(
2dN +2 − (d2

N + 2dN + 5)
)]
.

When A > 0, which is equivalent to the scalar curvature sN of (N,ωN)
being positive, then this slope is positive and thus for sufficiently large
value of l2 we have that f( w2

2w1
) > 0. In that case we have at least two

more roots; one in the interval (0, w2

2w1
) and one in the interval ( w2

2w1
, w2

w1
).

As Example 6.13 illustrates, even if w1 = w2 = 1, we can have several
CSC rays in the w-Sasaki cone. This proves Theorem 1.3.

6.5. Sasaki-Ricci solitons. In this section we finish the proof of The-
orem 1.4 by proving the existence of Sasaki-Ricci solitons for each ray
in the w-Sasaki cone. Our definition of Sasaki-Ricci soliton is a slight
generalization of the definition found in [FOW09]). In effect, we view
the Sasaki structures of the entire ray to be Sasaki-Ricci solitons when-
ever there is a choice of Reeb vector field in the ray that would give
a Sasaki-Ricci solution according to the definition in [FOW09] where
the constant λ in Definition 6.16 below is fixed. Note that by Proposi-
tion 2.2 of [CFO08] the Lie algebra of holomorphic Hamiltonian vector
fields defined in [FOW09] coincides with the Lie algebra of transverse
holomorphic vector fields. We mention also that Sasaki-Ricci solitons
on toric 5-manifolds were studied in [LTF13].

Definition 6.16. A Sasaki Ricci Soliton (SRS) is a transverse Kähler
Ricci soliton, that is the equation

ρT − λωT = £V ω
T

holds where V is some transverse holomorphic vector field, and λ is
some constant.
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We are interested here in shrinking Sasaki Ricci solitons, that is,
when the constant λ is positive. Now to prove the last statement of
Theorem 1.4, we realize that generalizing (54) to

(75)
F ′(z)

p(z)
− aF (z)

p(z)
= 2sNn − 2λ(z + 1/r),

where a ∈ R is some constant, corresponds to generalizing the KE
equation ρ− λω = 0 to the Kähler Ricci soliton (KRS) equation

ρ− λω = £V ω,

with V = a
2
gradgz. By following e.g. Section 3 in [ACGTF08b] and

adapting it to our more general endpoint conditions (45) (but letting
d0 = d∞ = 0), it is now straightforward and completely standard to
verify that Proposition 5.4 generalizes with “KE” replaced by “KRS”,
(57) replaced by

(76)

∫ 1

−1

e−a z ((1− z)/m2 − (1 + z)/m1) p(z)dz = 0,

and (58) replaced by

(77) F (z) := ea z

∫ z

−1

e−a t ((1− t)/m2 − (1 + t)/m1) p(t)dt.

It is not hard to show that equation (76) can always be solved for
some a ∈ R. This “a” varies smoothly with v1 and v2 and moreover
mF (z), hence mΘ(z), is clearly independent of m and varies smoothly
with v1 and v2. Finally, gradgz = −JK and K is a Hamiltonian Killing
vector field that lifts to the Sasaki manifold as we saw in the proof
of Lemma 6.4.2 Thus we realize that when ωN is Kähler-Einstein,
A = IN > 0 and the pair (l1, l2) is given by Lemma 3.2, the Sasaki
structure associated to every single ray, ξv, in our w-Sasaki cone is (up
to isotopy) a Sasaki-Ricci soliton. This proves the last statement in
Theorem 1.4. 2

Our set-up, starting from a join construction, allows for cases where
no regular ray in the w-Sasaki cone exists. If, however, the given
w-Sasaki cone does admit a regular ray, then the transverse Kähler
structure is a smooth Kähler Ricci soliton and the existence of an SE
metric in some ray of the Sasaki cone is predicted by the work of
[MN13].

2See also this proof for the scaling factor between the admissible metric and the
resulting transverse metric. The reciprocal of this scaling factor applies to the lift of
V above and thus it is easy to see that the resulting vector field (which is basically
just a multiple of H1) on the Sasaki manifold depends smoothly on v1 and v2 as
well. (see also Lemma 7.1 in [BTF13a]).
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[Cas14] Candelario Castañeda, Sasakian geometry of lens space bundles over
Riemann surfaces, University of New Mexico Thesis (2014).

[CFO08] Koji Cho, Akito Futaki, and Hajime Ono, Uniqueness and examples
of compact toric Sasaki-Einstein metrics, Comm. Math. Phys. 277
(2008), no. 2, 439–458. MR MR2358291

[CMS10] Suyoung Choi, Mikiya Masuda, and Dong Youp Suh, Topological
classification of generalized Bott towers, Trans. Amer. Math. Soc.
362 (2010), no. 2, 1097–1112. MR 2551516 (2011a:57050)

[CPS12] Suyoung Choi, Seonjeong Park, and Dong Youp Suh, Topological
classification of quasitoric manifolds with second Betti number 2, Pa-
cific J. Math. 256 (2012), no. 1, 19–49. MR 2928539
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