
Journal of Algebra 256 (2002) 180–193

www.academicpress.com

Cofiniteness and associated primes
of local cohomology modules

Thomas Marleya,1 and Janet C. Vassilevb,∗

a University of Nebraska-Lincoln, Department of Mathematics and Statistics,
Lincoln, NE 68588-0323, USA

b University of Arkansas, Department of Mathematical Sciences, Fayetteville, AR 72701, USA

Received 22 January 2002

Communicated by Craig Huneke

Abstract

Let R be a d-dimensional regular local ring,I an ideal ofR, and M a finitely
generatedR-module of dimensionn. We prove that the set of associated primes of

Exti
R
(R/I,H

j
I
(M)) is finite for all i and j in the following cases: (a) dimM � 3;

(b) dimR � 4; (c) dimM/IM � 2 and M satisfies Serre’s condition Sn−3;
(d) dimM/IM � 3, annR M = 0,R is unramified, andM satisfies Sn−3. In these cases we
also prove thatHi

I
(M)p is Ip-cofinite for all but finitely many primesp of R. Additionally,

we show that if dimR/I � 2 and SpecR/I − {m/I } is disconnected thenHd−1
I

(R) is not
I -cofinite, generalizing a result due to Huneke and Koh.
 2002 Elsevier Science (USA). All rights reserved.

1. Introduction

Let R be a local Noetherian ring,I an ideal ofR andM a finitely generated
R-module. It is well known that the local cohomology modulesHiI (M) are not
generally Noetherian fori > 0. However, in recent years there have been several
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results showing that, under certain conditions, local cohomology modules share
some special properties with Noetherian modules. Perhaps the most striking of
these results is the following: ifR is an unramified regular local ring then for all
idealsI of R and alli � 0 the set of associated primes ofHiI (R) is finite and the
Bass numbers (with respect to any prime) ofHiI (R) are finite. This was proved in
the case of positive characteristic by Huneke and Sharp [HS] and in the case of
characteristic zero by Lyubeznik [L1,L2].

In a 1970 paper Hartshorne [Ha] gave an example which shows that the Bass
numbers ofHiI (R) may be infinite ifR is not regular. Until recently, it was an
open question as to whether the set of associated primes ofHiI (R) is finite for
an arbitrary Noetherian ringR and any idealI . However, examples given by
A. Singh [Si] (in the non-local case) and M. Katzman [Kz] (in the local case)
show there exist local cohomology modules of Noetherian rings with infinitely
many associated primes.

In this paper, we show that when dimR or dimM/IM is ‘small’ the set of
associated primes ofHiI (M) for i � 0 is finite. In fact, we are able to prove the

stronger result that the set of associated primes of Exti
R(R/I,H

j
I (M)) is finite

for all i andj . Furthermore, we show thatHiI (M) is ‘almost’ locally I -cofinite,

meaning that for all but finitely many primesp of R,HjI (M)p is Ip-cofinite. We
can summarize many of our main results (found in Section 3) as follows.

Theorem 1.1. Let R be a regular local ring,I an ideal ofR, andM a finitely
generatedR-module of dimensionn. Suppose one of the following conditions
holds:

(a) dimM � 3;
(b) dimR � 4;
(c) dimM/IM � 2 andM satisfies Serre’s conditionSn−3;
(d) dimR/I = 3, annRM = 0, R is unramified, andM satisfiesSn−3.

ThenExtiR(R/I,H
j
I (M)) has finitely many associated primes for alli and j .

Furthermore,HjI (M)p is Ip-cofinite for almost all primesp; i.e., ExtiR(R/I,

H
j
I (M))p is a finitely many generatedRp-module for alli, j and all but finitelyp.

We give examples in Section 3 to show that some of the above conditions for
H
j
I (M) to be almost locallyI -cofinite are the best possible. Also, Katzman’s

example shows that the finiteness of the set of associated primes ofH
j
I (M) does

not hold for arbitrary modules over a six-dimensional regular local ring. It remains
an open question whether there exists a local cohomology module over a five-
dimensional regular local ring with infinitely many associated primes.
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Of central importance in this paper is the concept of cofiniteness, first defined
by Hartshorne [Ha] and further studied by Huneke and Koh [HK]. Many of our
ideas were inspired by a careful reading of these two papers. AnR-moduleN
is calledI -cofinite if SuppR N ⊆ V(I) and ExtiR(R/I,N) is finitely generated
for all i � 0. (Here and throughout, V(I) denotes the set of prime ideals
containingI .) Hartshorne proved that ifR is a complete regular local ring andM
is a finitely generatedR-module then the local cohomology modulesHiI (M) are
I -cofinite if either dimR/I � 1 orI is principal. Subsequently, these results were
shown to hold for arbitrary Noetherian local rings in [Yo,DM,Ka]. Hartshorne,
and later Huneke and Koh, gave examples of local cohomology modulesHiI (M)

which are notI -cofinite. A key step in many of our proofs is to choose an element
x ∈R avoiding a countably infinite set of primes such thatHiI (M)x is Ix -cofinite
for all i. When such an element exists is the subject of Section 2.

In Section 3 we prove Theorem 1.1 as well as the following generalization of
[HK, Theorem 3.6(ii)].

Theorem 1.2. Let (R,m) be a complete Cohen–Macaulay normal local ring and
I an ideal such thatdimR/I � 2 andSpecR/I − {m/I } is disconnected. Then
HomR(R/I,H

d−1
I (R)) is not finitely generated. Consequently,Hd−1

I (R) is not
I -cofinite.

By a ‘ring’ we always mean a commutative ring with identity. Local rings are
assumed to be Noetherian. We refer the reader to [Mat] or [BH] for any unex-
plained terminology. In particular, AssRM denotes the set of associated primes
of theR-moduleM and SuppRM denotes the support ofM. For the definition of
local cohomology and its basic properties, we refer the reader to [BS].

2. Preliminary results

We begin this section with an elementary result.

Lemma 2.1. LetR be a Noetherian ring andM anR-module. Then the set

{x ∈R |Mx is a finitely generatedRx -module}
is an ideal ofR.

Proof. It is enough to show that ifMx andMy are finitely generated modules
(overRx andRy , respectively), thenMx+y is a finitely generatedRx+y -module.
Let A, B be a finitely generatedR-submodules ofM such thatAx = Mx and
By =My . We claim that(A+B)x+y =Mx+y . Letm ∈M. SinceRxm⊆ Ax we
havex ∈ √

(A :m), where(A :m)= {r ∈ R | rm ∈ A}. Similarly, y ∈ √
(B :m).

Hence,x + y ∈ √
(A+B :m), which impliesRx+ym⊆ (A+B)x+y . ✷
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Definition 2.2. Let R be local ring of dimensiond , I an ideal, andM a finitely
generatedR-module. For eachi � 0 define

Di(I,M) := {
x ∈ R ∣∣HiI (M)x is Ix -cofinite

}
.

By the lemma, it is clear thatDi(I,M) is an ideal ofR. Further, let

D(I,M) :=
d⋂
i=0

Di(I,M).

We note that ifp �⊃ Di = Di(I,M) then HiI (M)p is Ip-cofinite. Thus,
V(Di) contains the non-I -cofinite locus ofHiI (M). The following are some
additional observations concerningDi(I,M). Throughout this section, we adopt
the convention that the dimension of the zero ring is−1.

Remark 2.3. Let R be a Noetherian local ring,I an ideal ofR, andM a finitely
generatedR-module of dimensionn. LetDi =Di(I,M). Then

(a) HiI (M) is I -cofinite if and only ifDi =R;
(b) Di is a radical ideal containingI ;
(c) D0 =R;
(d) dimR/Dn � 0;
(e) dimR/Dn−1 � 1.

Proof. Statements (a)–(d) are clear. For (e), we note that SuppR H
n−1
I (M) is

finite by [Mar, Corollary 2.5]. ✷
The main result of this section is that under certain conditions dimR/D � 1. In

Section 3 we give examples to show that this inequality does not hold in general.

Theorem 2.4. LetR be a local ring,I an ideal ofR, andM a finitely generated
R-module of dimensionn. LetD := D(I,M) and suppose one of the following
conditions holds:

(a) dimM � 3;
(b) dimR = 4 andR is a UFD;
(c) R is the quotient of a Cohen–Macaulay ring,dimM/IM � 2, and either

dimM � 4 orM satisfies Serre’s conditionSn−3;
(d) R is a unramified regular local ring,dimR/I � 3, andM satisfiesSd−3

whered = dimR = dimM.

ThendimR/D � 1.
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The proof of case (a) follows immediately from parts (c)–(e) of Remark 2.3.
We give the proofs of the remaining cases separately. The following proposition
will be useful in our arguments.

Proposition 2.5. Let R be a Noetherian ring,I an ideal ofR, andM a finitely
generatedR-module. Suppose there exists an integerh � 0 such thatHiI (M) is
I -cofinite for all i �= h. ThenHiI (M) is I -cofinite for all i.

Proof. Consider the Grothendieck spectral sequence

E
p,q

2 = ExtpR
(
R/I,H

q
I (M)

) ⇒ Extp+q
R (R/I,M).

SinceEp,qr is a subquotient ofEp,q2 for all r � 2, our hypotheses give us thatEp,qr
is finitely generated for allr � 2,p � 0, andq �= h. For eachr � 2, andp,q � 0,
letZp,qr = ker(Ep,qr →E

p+r,q−r+1
r ) andBp,qr = im(Ep−r,q+r−1

r →E
p,q
r ). Note

thatBp,qr is finitely generated for allp, q , andr � 2, since eitherEp−r,q+r−1
r or

E
p,q
r is finitely generated. For allr � 2 andp� 0 we have the exact sequences

0 →B
p,h
r →Z

p,h
r →E

p,h

r+1 → 0

and

0 →Z
p,h
r →E

p,h
r → B

p+r,q−r+1
r → 0.

NowEp,h∞ is isomorphic to a subquotient of Extp+h
R (R/I,M) and thus is finitely

generated for allp. SinceEp,hr =Ep,h∞ for r sufficiently large, we have thatEp,hr
is finitely generated for allp and all larger. Fix p andr and supposeEp,hr+1 is

finitely generated. From the first exact sequence we obtain thatZ
p,h
r is finitely

generated. From the second exact sequence we get thatE
p,h
r is finitely generated.

Continuing in this fashion, we see thatEp,hr is finitely generated for allr � 2 and
all p. In particular,Ep,h2 = ExtpR(R/I,H

h
I (M)) is finitely generated for allp. ✷

We note some easy consequences of this result.

Corollary 2.6. LetR be a Noetherian ring,I an ideal ofR,M a finitely generated
R-module, andh ∈ Z.

(a) If R is local anddimR � 2 thenHiI (M) is I -cofinite for alli � 0.
(b) SupposeHiI (M) is finitely generated for alli < h andHiI (M) = 0 for all

i > h. ThenHiI (M) is I -cofinite for all i. In particular, ifHiI (M)= 0 for all
i > 1 thenHiI (M) is I -cofinite for alli (cf. [Ha,Ka]).

(c) SupposeHiI (M) = 0 for all i �= h,h + 1. ThenHhI (M) is I -cofinite if and
only ifHh+1

I (M) is I -cofinite.
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Proof. For part (a), note thatH 0
I (M) andHdI (M), whered = dimR, are both

I -cofinite [DM, Theorem 3]. The remaining statements follow immediately from
Proposition 2.5. ✷

We will also need the following result.

Lemma 2.7. LetR be a local ring which is the homomorphic image of a Cohen–
Macaulay ring, I an ideal ofR, andM a finitely generatedR-module. Let
n= dimM andr = dimM/IM. Suppose that

(a) M is equidimensional, and
(b) M satisfies Serre’s conditionSl for somel � n− r − 1.

ThenHiI (M) is finitely generated for alli < l + 1.

Proof. Without loss of generality we can assume that annRM = (0). AsM is an
equidimensionalR-module with annRM = (0), we noteR is equidimensional.
As R is a quotient of a Cohen–Macaulay ring, we may assumeR is complete as
well ([BS, 9.6.3], [Mat, §23, §31]). Letp ∈ SpecR. If hgtp � l then

depthMp + hgt(I + p)/p = hgt(I + p)� n− r � l + 1.

If hgtp > l andp �⊃ I then depthMp + hgt(I + p)/p � l + 1. Hence

min
{
depthMp + hgt(I + p)/p ∣∣ p /∈ V(I)

}
� l + 1.

By [Fa] or [BS, 9.5.2],HiI (M) is finitely generated for alli < l + 1. ✷
The following lemma is a generalization of [EGA, 5.10.9].

Lemma 2.8. Let (R,m) be a catenary local ring andM a finitely generated
indecomposableR-module which satisfies Serre’s conditionS2. ThenM is
equidimensional.

Proof. Without loss of generality, we may assume annRM = 0. SupposeR is
not equidimensional. LetX := {P ∈ MinR | dimR/P = dimR} andY := {P ∈
MinR | dimR/P < dimR}. Furthermore, let

I =
⋂
P∈X

P and J =
⋂
P∈Y

P.

ThenI + J ⊆m and hgt(I + J )� 1.
We claim that hgt(I + J )� 2. For, suppose there exists a height one primeQ

containingI + J . Then there existP1 ∈X andP2 ∈ Y such thatP1 +P2 ⊆Q. As
R is local, catenary and hgtQ/P1 = hgtQ/P2 = 1, we have

dimR/P1 = dimR/Q+ hgtQ/P1 = dimR/Q+ hgtQ/P2 = dimR/P2,
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a contradiction.
Since hgt(I +J )� 2 andM satisfies S2, we haveH 0

I+J (M)=H 1
I+J (M)= 0.

Thus, by the Mayer–Vietoris sequence, we obtain

M =H 0
I∩J (M)∼=H 0

I (M)⊕H 0
J (M).

But H 0
I (M) and H 0

J (M) are nonzero, contradicting thatM is indecompos-
able. ✷

The condition thatM be indecomposable in the above lemma is necessary.
For example, letR = k❏u,v,w,x, y❑ be a power series ring over a fieldk. Then
M =R/(u, v)⊕R/(w,x, y) is S2 but not equidimensional.

We now give the proof of part (c) of Theorem 2.4.

Proposition 2.9. Let R be a local ring which is the homomorphic image of
a Cohen–Macaulay ring,M a finitely generatedR-module of dimensionn, and
I an ideal ofR such thatdimM/IM � 2. Suppose that eithern � 4 or M
satisfiesSn−3. ThendimR/D � 1 whereD =D(I,M).

Proof. We consider first the case whenn � 4. If n � 3 the result follows
by Theorem 2.4(a). Assume that dimR/p = 4 for all p ∈ AssR M. ThenM
satisfies S1 and HiI (M) is finitely generated fori < 2 by Lemma 2.7. Let
J = D3(I,M) ∩D4(I,M). Then dimR/J � 1 by Remark 2.3. For anyx ∈ J ,
HiI (M)x is Ix -cofinite fori �= 2. By Corollary 2.6,HiI (M)x is Ix -cofinite for alli
and for allx ∈ J . Thus,J ⊆D and dimR/D � 1.

Now letM be an arbitrary finitely generated four-dimensionalR-module. Let
N be the largestR-submodule ofM such that dimN � 3. Then dimR/p = 4 for
all p ∈ AssRM/N . Thus, dimR/D(I,M/N) � 1 by the preceding argument.
Let V(J1) = SuppR H

2
I (N) ∪ SuppR H

3
I (N) and J = J1 ∩ D(I,M/N). By

Remark 2.3, dimR/J � 1. For allx ∈ J , HiI (N)x = 0 for i > 1 andHiI (M/N)x
is Ix -cofinite for all i. HenceHiI (M)x

∼=HiI (M/N)x for all i > 1; consequently,
HiI (M)x is Ix -cofinite for all i > 1. By Proposition 2.5, we obtain thatHiI (M)x
is Ix -cofinite for alli and allx ∈ J . Thus,J ⊆D.

We now consider the case whenn � 5 andM satisfies Sn−3. Without loss
of generality, we may assume thatM is indecomposable. (IfM =M1 ⊕M2 ⊕
· · · ⊕ Mn thenD(I,M1) ∩ · · · ∩ D(I,Mn) = D(I,M).) SinceR is catenary,
M is equidimensional by Lemma 2.8. Hence, by Lemma 2.7,HiI (M) is finitely
generated fori < n − 2. Let J = Dn−1(I,M) ∩ Dn(I,M). Then dimR/J � 1
and for allx ∈ J and i �= n − 2 we have thatHiI (M)x is Ix -cofinite. Thus, by
Proposition 2.5,HiI (M)x is Ix -cofinite for alli � 0 andx ∈ J . ✷

We next give the proof of part (b) of Theorem 2.4.
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Proposition 2.10. LetR be a four-dimensional local UFD,I an ideal ofR, and
M a finitely generatedR-module. ThendimR/D � 1 whereD =D(I,M).

Proof. We may assume that dimM = 4 by Theorem 2.4(a). The case when
hgtI = 0 is trivial (D =R).

Case 1. hgtI � 2.
Suppose first thatM is torsion-free. SinceR is a domain there exists a torsion

R-moduleC and a short exact sequence

0→M → Rn →C→ 0,

wheren= rankM. SinceR satisfies Serre’s condition S2 we haveHiI (R)= 0 for
i = 0,1. ThereforeH 1

I (M)
∼=H 0

I (C), which is a finitely generatedR-module. Let
J =D3(I,M)∩D4(I,M). Then dimR/J � 1 andHiI (M)x is Ix -cofinite for all
x ∈ J and i �= 2. Therefore, by Proposition 2.5,HiI (M)x is Ix -cofinite for all i
andx ∈ J . Consequently,J ⊆D.

Now let M be an arbitrary finitely generatedR-module andT the tor-
sion submodule ofM. ThenM/T is torsion-free and dimT � 3. Let J =
J1 ∩ J2 whereJ1 = D(I,M/T ) and V(J2) = SuppR H

2
I (T ) ∪ SuppR H

3
I (T ).

Then dimR/J � 1. Letx ∈ J . From the exact sequence

0→ Tx →Mx → (M/T )x → 0

we obtain thatHiI (M)x
∼= HiI (M/T )x for all i � 2. Therefore,HiI (M)x is Ix -

cofinite for all i �= 1. By Proposition 2.5HiI (M)x is Ix -cofinite for all i. Thus,
dimR/D � 1.

Case 2. hgtI = 1.
We may assumeI = √

I . As R is a UFD,I =K ∩ (f ) where hgtK � 2 and
hgt(K+ (f ))� 3. LetJ =D(K,M)∩ (K + (f )). Then dimR/J � 1 by Case 1.
Forx ∈ J we have thatKx + (f )x = Rx and(R/I)x ∼= (R/K)x ⊕ (R/(f ))x . By
the Mayer–Vietoris sequence, we obtain that

HiI (M)x
∼=HiK(M)x ⊕Hi(f )(M)x

for all i. Furthermore,

ExtiR
(
R/K,H

j

(f )(M)
)
x

= 0= ExtiR
(
R/(f ),H

j
K(M)

)
x

for all i and j , since any prime in the support of these modules contains
Kx + (f )x =Rx . Combining these facts, we have for allx ∈ J and alli, j :

ExtiR
(
R/I,H

j

I (M)
)
x

∼= ExtiR
(
R/K,H

j

K(M)
)
x
⊕ ExtiR

(
R/(f ),H

j

(f )(M)
)
x
.

The first summand is finitely generated asx ∈D(K,M) and the second is finitely
generated by Corollary 2.6. Thus,J ⊆D(I,M) and dimR/D(I,M)� 1. ✷
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Finally, we prove part (d) of Proposition 2.4.

Proposition 2.11. Let R be an unramified regular local ring,I an ideal ofR,
andM a faithful finitely generatedR-module. Suppose thatdimR/I � 3 andM
satisfiesSd−3 whered = dimR. ThendimR/D(I,M)� 1.

Proof. By Proposition 2.9, we may assume that dimR/I = 3. By Lemma 2.7,
HiI (M) is finitely generated fori < d − 3.

Suppose first thatR/I is equidimensional.

Claim. SuppR H
d−2
I (M) is finite.

Proof. LetQ ∈ SuppR H
d−2
I (M). Clearly, hgtQ� d − 2. In fact, hgtQ� d − 1

by the Hartshorne–LichtenbaumVanishing Theorem (HLVT), as dimRQ/IQ > 0.
If hgtQ = d − 1 thenQ ∈ SuppR H

d−2
I (R) (sinceHd−1

I (R)Q = 0, again by
HLVT). Thus,Q ∈ AssR H

d−2
I (R), sinceQ is minimal in SuppR H

d−2
I (R). As

the set AssR H
d−2
I (R) is finite [HS,L1,L2], the claim now follows. ✷

By the claim, we have dimR/Dd−2(I,M) � 1. Now letJ = Dd−2(I,M) ∩
Dd−1(I,M)∩Dd(I,M). Then dimR/J � 1 and for allx ∈ J ,HiI (R)x is finitely
generated for alli �= d − 3. Thus,HiI (R)x is Ix -cofinite for alli � 0 andx ∈ J by
Proposition 2.5. Hence,J ⊆D(I,M).

Now suppose thatR/I is not equidimensional. AssumeI = √
I and let

I = K ∩ L whereR/K is equidimensional, dimR/K = 3, dimR/L � 2, and
dimR/(K + L) � 1. Now, let J = D(K,M) ∩ D(L,M) ∩ (K + L). Then
dimR/J � 1 by the preceding argument and Proposition 2.9. For allx ∈ J we
have thatKx+Lx =Rx andHiI (M)x

∼=HiK(M)x⊕HiL(M)x for all i. Proceeding
as in Case 2 of the proof of Proposition 2.10, we obtain thatHiI (M)x is Ix -cofinite
for all i andx ∈ J . Thus,J ⊆D(I,M) and dimR/D(I,M)� 1. ✷

3. Cofiniteness and associated primes

In this section we apply the results of Section 2 to show that, under the
conditions of Theorem 2.4, the set of associated primes ofHiI (M) is finite.

Moreover, we prove that the set AssR ExtiR(N,H
j

I (M)) is finite for all i, j , and
any finitely generatedR-moduleN with support in V(I). We first recall some
facts from [Mar].

Remark 3.1. Let (R,m) be a local ring,I an ideal ofR, andM anR-module.
Let R̂ be them-adic completion ofR.



T. Marley, J.C. Vassilev / Journal of Algebra 256 (2002) 180–193 189

(a) If AsŝR(M ⊗R R̂) is finite then AssRM is finite.
(b) If SuppRM ⊆ V(I) then AssRM = AssRHomR(R/I,M).

We also need a slight improvement of a result due to Burch [Bu].

Lemma 3.2. Suppose(R,m) is a complete local ring and{Pi}i∈Z+ is a countable
collection of prime ideals ofR, none of which containI . Then there is an element
x ∈ I which is not contained inPi for all i.

Proof. Without loss of generality, we can assume there are no containment
relations among thePi . We construct a Cauchy sequence{x1, x2, x3, . . .} ⊆ I
inductively as follows: Choosex1 ∈ I with x1 /∈ P1. Suppose we havex1, x2,

. . . , xr−1 ∈ I such that for alli, s with i � s � r − 1 we havexs /∈ Pi and
xs − xi ∈ Pi ∩ I i .

If xr−1 /∈ Pr , setxr = xr−1. If xr−1 ∈ Pr , chooseyr such thatyr /∈ Pr but
yr ∈ P1 ∩P2 ∩ · · · ∩Pr−1 ∩ I . Setxr = xr−1 + yr−1

r . Note thatxr ∈ I butxr /∈ Pi
for all i � r. Clearly,

xr − xr−1 = yr−1
r ∈ P1 ∩ P2 ∩ · · · ∩ Pr−1 ∩ I r−1.

Furthermore, for alli � r − 1

xr − xi = xr − xr−1 + xr−1 − xi ∈ Pi ∩ I i .
Assume thatxr is chosen in this fashion for all positive integersr. Then{xr}∞r=1 is
a Cauchy sequence in the complete local ringR and hence has a limitx. As ideals
are closed in them-adic topology,x ∈ I . Also, for any fixedi � 1, {xs − xi}∞s=i is
a Cauchy sequence contained inPi . Thusx − xi ∈ Pi for all i and hencex /∈ Pi
for all i. ✷
Theorem 3.3. LetR be a local ring,I an ideal ofR, andM a finitely generated
R-module of dimensionn. Suppose one of the following conditions holds:

(a) dimM � 3;
(b) dimR = 4 and the completion ofR is a UFD;
(c) R is the quotient of a Cohen–Macaulay ring,dimR/I � 2, and either

dimM � 4 orM satisfies Serre’s conditionSn−3;
(d) R is a unramified regular local ring,dimR/I � 3, andM satisfiesSd−3

whered = dimR = dimM.

Then for any finitely generatedR-moduleN such thatSuppR N ⊆ V(I) we have

AssR ExtiR(N,H
j
I (M)) is a finite set for alli andj . In particular, AssR H iI (M)

is finite for all i.
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Proof. By Remark 3.1 we can assume thatR is complete. Suppose that
AssR ExtiR(N,H

j
I (M)) is infinite for somei, j ,N . By Theorem 2.4, dimR/D � 1

whereD = D(I,M). Hence, there exists a countably infinite subset{Pl} of
AssR ExtiR(N,H

j
I (M)) such thatPl �⊃ D for all l. By Lemma 3.2, there exists

x ∈ D such thatx /∈ Pl for all l. As x ∈ D, ExtpR(R/I,H
q
I (M))x is a finitely

generatedRx -module for allp, q . Hence, by [HK, Lemma 4.2] we have that
ExtiR(N,H

j
I (M))x is a finitely generatedRx -module. But asx /∈ Pi for all i,

AssRx ExtiR(N,H
j

I (M))x is an infinite set, a contradiction.
The last assertion follows by Remark 3.1.✷
In [Kz], M. Katzman proves that ifR = k[x, y,u, v, s, t]/(f ), wherek is an

arbitrary field andf = sx2v2 − (t + s)xyuv + ty2u2, and I = (u, v)R, then
H 2
I (R) has infinitely many associated primes. This shows that the conclusion of

Theorem 3.3 does not hold in general if dimR = 5 or dimR/I = 4, even whenM
is Cohen–Macaulay.

Under the conditions of Theorem 2.4, we can also show that the non-I -cofinite
locus ofHiI (M) is finite for all i.

Theorem 3.4. Let (R,m) be a local ring,I an ideal ofR, andM a finitely
generatedR-module of dimensionn. Suppose one of the following conditions
holds:

(a) dimM � 3;
(b) dimR/I � 2;
(c) dimR = 4 andR is a UFD;
(d) R is an unramified regular local ring,dimR/I � 3, andM satisfiesSd−3

whered = dimR = dimM.

ThenHiI (M)p is Ip-cofinite for all but finitely many primesp ofR. Furthermore,
the Bass numbersµj(p,H iI (M)) are finite for i, j and all but finitely many
primesp.

Proof. The second assertion follows readily from the first and [HK, Lemma 4.2].
Case (b) follows from [DM, Theorem 1], since dimRQ/IQ � 1 for all Q �= m.
For cases (a), (c), and (d), we have that dimR/D � 1 whereD = D(I,M) by
Theorem 2.4. Therefore, V(D) is a finite set and for allp /∈ V(D), HiI (M)p is
Ip-cofinite for all i. ✷

We now wish to give some examples to show that the conclusion of
Theorem 3.4 (and therefore of Theorem 2.4) does not hold in general. Before
doing so, we first prove the following result, which is the core argument in the
proof of [HK, Theorem 2.3].
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Lemma 3.5. Let (R,m) be a complete local ring,I an ideal ofR, and N
an R-module such thatSuppR N ⊆ {m}. SupposeHomR(R/I,N) is finitely
generated. ThenN is Artinian,I + annR N ism-primary, andExtiR(R/I,N) has
finite length for alli.

Proof. Since HomR(R/m,N) is isomorphic to a submodule of HomR(R/I,N),
we have that HomR(R/m,N) is finitely generated. Consequently, as
SuppR N ⊆ {m},N is Artinian and the Matlis dualN∨ ofN is a finitely generated
R-module. Now, by [Ro, Theorem 11.57], Exti

R(R/I,N)
∨ ∼= TorRi (R/I,N

∨).
As HomR(R/I,N) is finitely generated and Artinian, it has finite length. Con-
sequently,R/I ⊗R N∨ has finite length andI + annR(N∨) is m-primary. This
implies that TorRi (R/I,N

∨) has finite length for alli. The last assertion now fol-
lows by Matlis duality. ✷
Proposition 3.6. Let(R,m) be ad-dimensional analytically normal local Cohen–
Macaulay domain andI an ideal ofR. Suppose

(a) dimR/I � 2, and
(b) dimR/Q= 1 for someQ ∈ MinR R/I .

ThenHomR(R/I,H
d−1
I (R)) is not finitely generated.

Proof. By passing to the completion, we can assumeR is a complete CM
normal domain. Suppose HomR(R/I,H

d−1
I (R)) is finitely generated. Assume

that I = √
I and let I = J ∩ K where dimR/J = 1, dimR/p � 2 for all

p ∈ MinR R/K, and
√
J +K = m. By HLVT, we haveHdJ (R) = HdK(R) = 0.

Also, SuppR H
d−1
K (R) ⊆ {m}, since for all dimension-one primesP containing

K one has dim(R/K)P > 0 andRP is analytically irreducible. By the Mayer–
Vietoris sequence we have

0→Hd−1
J (R)⊕Hd−1

K (R)→Hd−1
I (R)→Hdm(R)→ 0.

Thus, we have the long exact sequence

0 → HomR
(
R/J,Hd−1

J (R)
) ⊕ HomR

(
R/J,Hd−1

K (R)
)

→ HomR
(
R/J,Hd−1

I

) → HomR
(
R/J,Hdm(R)

)
→ Ext1R

(
R/J,Hd−1

J (R)
) ⊕ Ext1R

(
R/J,Hd−1

K (R)
) → ·· · .

Now HomR(R/J,H
d−1
I (R)) is finitely generated as it is isomorphic to a submod-

ule of HomR(R/I,H
d−1
I (R)). Also, since dimR/J = 1, ExtiR(R/J,H

d−1
J (R)) is

finitely generated for alli [DM, Theorem 1]. Further, as HomR(R/J,H
d−1
K (R))

is finitely generated (by the sequence above) and SuppR H
d−1
K (R)⊆ {m}, we

can apply Lemma 3.5 to get that Exti
R(R/J,H

d−1
K (R)) has finite length for
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all i. Hence, HomR(R/J,Hdm(R)) is finitely generated. Applying Lemma 3.5
again, we haveJ + annR Hdm(R) is m-primary, which is a contradiction since
annR Hdm(R)= 0. ✷
Example 3.7. LetR = k[x, y, z](x,y,z) wherek is a field. LetI = ((x)∩ (y, z))R.
Then HomR(R/I,H 2

I (R)) is not finitely generated. Consequently,HiI (R) is not
I -cofinite fori = 1,2 by Proposition 2.5.

In a sense, this example represents the “minimal” example of a local
cohomology module which is not cofinite. If dimR � 2 thenHiI (M) is I -cofinite
for all I , M, andi � 0 by Corollary 2.6(a). IfR is a three-dimensional regular
local ring andI is an ideal such thatHiI (R) is notI -cofinite for somei, then one
can easily show thatI = (f )∩ J where dimR/J = 1 and(J, f ) ism-primary.

Example 3.8. Let R = k[x, y, z,u, v](x,y,z,u,v), I = ((x) ∩ (y, z))R, andP =
(x, y, z)R. Then HomR(R/I,H 2

I (R))P is not a finitely generatedRP -module
by Proposition 3.6. Hence HomR(R/I,H 2

I (R))Q is not a finitely generated
RQ-module for any primeQ of R containingP .

The above example shows there exists a five-dimensional regular local ringR

and an idealI with dimR/I = 4 such thatHiI (R)Q is notIQ-cofinite fori = 1,2
and infinitely many primesQ. Hence, dimR/D(I,R) � 2. However, the Bass
numbers and the sets of associated primes ofHiI (R) are finite for alli for this
example by [HS,L1].

Our final result extends Proposition 3.6 and generalizes [HK, Theorem 3.6(ii)].

Theorem 3.9. Let (R,m) be an analytically normal Cohen–Macaulay local
domain and I an ideal such thatdimR/I � 2. If SpecR/I − {m/I } is
disconnected thenHomR(R/I,H

d−1
I (R)) is not finitely generated.

Proof. We may assumeR is a complete CM normal domain. By virtue of
Proposition 3.6, we can assume dimR/Q � 2 for all Q ∈ MinR R/I . Hence,
SuppR H

d−1
I (R) ⊆ {m}, since for all primesP of heightd − 1 containingI we

have dim(R/I)P > 0 andRP is analytically irreducible. Now, as the punctured
spectrum ofR/I is disconnected, we can use the Mayer–Vietoris sequence to
obtain a surjective mapHd−1

I (R)→ Hdm(R). Since annR Hdm(R) = 0 we obtain
that annR H

d−1
I (R) = 0. Hence HomR(R/I,H

d−1
I (R)) is not finitely generated

by Lemma 3.5.

Example 3.10. Let k be a field,R = (k[x, y,u, v]/(xu − yv))(x,y,u,v), and
I = (x, y)R ∩ (u, v)R. Then HomR(R/I,H 2

I (R)) is not finitely generated.
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