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Abstract. This paper concerns the accurate evaluation of the principal value integral governing
axisymmetric vortex sheet motion. Previous quadrature rules for this integral lose accuracy near the
axis of symmetry. An approximation by de Bernadinis and Moore (dBM) that converges pointwise
at the rate of O(h3) has maximal errors near the axis that are O(h). As a result, the discretization
error is not smooth. It contains high wavenumber frequencies that make it difficult to resolve the
vortex sheet motion. This paper explains the reason for the degeneracy near the axis and proposes a
modified quadrature rule that is uniformly O(h3). The results are based on an analytic approximation
of the integrand, whose integral can be precomputed. The modification is implemented at negligible
additional cost per timestep. As an example, it is applied to compute the evolution of an initially
spherical vortex sheet.
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1. Introduction. This work is motivated by an open question regarding the
formation of singularities in vortex sheet evolution. It is known that planar vortex
sheets with analytic initial data develop singularities in finite time [10], [13], [14], and
[19], and that the singularity type is generic for all planar sheets [6]. One would like
to know which types occur in three-dimensional (3D) sheets. To address this issue
numerically, it is necessary to compute the vortex sheet motion accurately. In partic-
ular, one needs to resolve the high wavenumbers which determine the singularity type.
This paper concerns the accurate evaluation of axisymmetric vortex sheet motion.

We consider closed vortex sheets that cross the axis of symmetry. An example is
the sheet that induces flow past a sphere, shown in Figure 1.1. Here, x is the axis
of symmetry. The vortex sheet evolution is described by its cross section with the
upper x-y plane, (x(α, t), y(α,t)), α ∈ [a, b], and by the initial velocity jump across
this curve, the vortex sheet strength σ(α). For the spherical sheet,

x(α, 0) = cos(α), y(α, 0) = sin(α), σ(α) = sin(α)/2, α ∈ [0, π].(1.1)

To compute the evolution the vortex sheet is discretized by N + 1 circular vortex
filaments corresponding to a uniform mesh in α,

αj = jh, j = 0, . . . , N, h = π/N.(1.2)

The filaments are initially located at (x(αj , 0), y(αj , 0)) and evolve with the vortex
sheet velocity. The axial and radial velocity components u, v are given by principal
value integrals

u(αj , t) = �

∫ π

0

Gu(α, αj , t)dα, v(αj , t) = �

∫ π

0

Gv(α, αj , t)dα, αj ∈ [0, π].(1.3)
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Fig. 1.1. Axisymmetric vortex sheet inducing flow past a sphere. (a) 3D perspective. (b) Curve
representing the sheet in the symmetry plane.
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Fig. 1.2. Error in the velocity (u, v) of the spherical vortex sheet (1.1), computed using the
dBM discretization with N = 50. The correct velocity is (uc, vc). (a), (b) Periodic extension of the
errors eu = uc − u, ev = vc − v. (c) Fourier coefficients êk of the complex error eu + iev.

The integrands Gu, Gv, which will be specified later, have singularities at α = αj
of the form 1/(α−αj) and (α−αj)k log |α−αj | for all k ≥ 0. [20] discussed quadrature
rules and the associated discretization errors for this type of equation. In the case
considered in this paper, there is a difficulty that occurs near the axis of symmetry,
when αj ≈ 0, π.

This difficulty w as noted by dBM [5]. They proposed a discretization of (1.3)
and applied it to the spherical vortex sheet (1.1), a good test case since the exact
induced velocity is known [3, section 6.8]. Figure 1.2 plots the periodic extension of
the discretization error (eu, ev) in the computed vortex filament velocity, using N = 50
filaments. Figures 1.2a, 1.2b show that in a thin region near the axis the discretization
loses accuracy. As a result, the error is not smooth. Figure 1.2c plots the Fourier
coefficients êk of the complex error eu + iev. It shows that the error contains high
wavenumber frequencies of large amplitude. Pugh [18] used dBM’s approximation to
study singularity formation and found that the high modes in the error were too large
to resolve the singularity type. He improved the accuracy near the axis using matched
spherical harmonics expansions of the velocity but was unable to sufficiently smooth
the error.

The loss of accuracy illustrated in Figure 1.2 is a general feature of closed
axisymmetric interface problems. Lundgren and Mansour [12] used a boundary in-
tegral method proposed by [2] to compute the motion of liquid drops with surface
tension and observed similar inaccuracies. Nie and Baker [16] circumvented the prob-
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Fig. 1.3. Errors |eu|, |ev | in the velocity of the test case (1.1), computed with N =
50, 100, 200, 400, 800. (a) Axisymmetric point vortex analogue. (b) dBM. (c) Modified dBM.

lem using local mesh refinement. They interpolated the filament position at every
timestep to a sufficiently fine mesh which is then used to evaluate the principal value
integrals. The object of this paper is to explain the reason for the difficulty near
the axis and to find a quadrature rule based on the N + 1 vortex filaments that is
uniformly accurate. We remark that the difficulty discussed here is not present for ax-
isymmetric sheets which remain far from the axis [8], nor for analogous planar vortex
sheet problems.

The simplest approximation to (1.3) is the axisymmetric analogue of the point
vortex approximation for planar sheets. The principal value integrals are approxi-
mated using the trapezoid rule, omitting the self-induced contribution of each vortex
filament. The associated discretization error is O(h log h) [4], [20]. Figure 1.3a plots
the error |eu| and |ev| using N = 50, 100, 200, 400, 800. It shows that the error decays
slowly as N increases and that it is relatively large. Furthermore, the error is not
smooth. Figure 1.4a plots the Fourier coefficients êk of the error, with respect to a
scaled wavenumber k/N . Here, only the even coefficients are plotted since for the
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Fig. 1.4. Fourier coefficients |êk| of the complex error eu + iev in the test case (1.1), computed
with N = 50, 100, 200, 400, 800. Only the even coefficients are plotted. (a) Point vortex analogue.
(b) dBM. (c) Modified dBM.

test case (1.1), the odd ones are zero. The figure shows that the error contains high
wavenumber frequencies of large amplitude. The largest mode êN decays as O(h2).
Note that this situation is different than in the planar case. The point vortex approx-
imation for closed planar vortex sheets has a smooth discretization error with no high
frequencies. This point is discussed further in [17].

In [5] dBM improve the point vortex analogue by extending van de Vooren’s [21]
correction for planar vortex sheets to the axisymmetric case. The correction consists
of finding the unbounded singular components 1/(α − αj) and log |α − αj | of the
integrand G(α, αj , t), integrating them exactly, and approximating the remainder by
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the trapezoid rule. Figure 1.3b plots the associated discretization error for a range of
values of N . For fixed αj , the error decreases at the rate of O(h3), which follows from
Sidi and Israeli’s results [20]. However, the convergence rate does not hold uniformly
and degenerates near the axis, αj ≈ 0, π. We will show that the maximum error
near the axis is O(h). As a result, the discretization error remains nonsmooth. The
Fourier coefficients of the error are plotted in Figure 1.4b. The amplitude of the high
wavenumbers, albeit smaller than in 1.4a, does not decay any faster. The decay rate
of êN remains O(h2).

We will show that the reason for the degeneracy of dBM’s approximation near the
axis is that the derivatives of the integrand G at the endpoints as well as the constants
multiplying the logarithmic singularities become unbounded as αj → 0, π. These
results will be derived from an analytic approximation of the exact integrand near the
axis. We propose a modification to dBM’s quadrature rule based on the approximate
integrand. We subtract the approximate integrand from G, precompute its integral
to machine precision, and integrate the remainder using dBM’s approximation. Since
the derivatives and relevant constants in the remaining integrand do not become
unbounded as fast, the modified quadrature rule is uniformly O(h3). The error plotted
in Figure 1.3c shows that the inaccuracies near the axis have been removed. The
discretization error is also significantly smoother. The Fourier coefficients plotted in
Figure 1.4c are smaller than in Figures 1.4a and b. Moreover, the amplitude of the
high wavenumbers decays faster. In Figure 1.4c, êN decays as O(h4).

The modification of dBM’s approximation requires a minimal additional cost
per timestep since the most costly component, the integration of the approximate
integrand, is precomputed. As an example, we apply it to compute the evolution of
the spherical sheet (1.1).

The paper is organized as follows. Section 2 presents the discretization of dBM
[5] and the associated discretization error. Section 3 describes the approximation of
the original integrand, its properties, and the error in the approximation. Section 4
describes how to modify dBM’s discretization using the approximate integrand. The
modification is applied to the initially spherical sheet in section 5. The results are
summarized in section 6.

2. dBM’s quadrature rule.

2.1. The exact integrand. As described in the introduction, the axisymmetric
vortex sheet (x(α, t), y(α, t)), α ∈ [0, π], is discretized by N + 1 vortex filaments at
(x(αj , t), y(αj , t)) corresponding to a uniform mesh in α. The velocity of the jth
filament is given by (1.3), where

G(α, αj , t) = σ(α)G(x(α, t), y(α, t), x(αj , t), y(αj , t))(2.1)

and G(x, y, xj , yj) is the velocity at (xj , yj) induced by an axisymmetric filament at
(x, y) of unit strength (see [11, section 161]),

Gu(x, y, xj , yj) =
1

2πρ2

[
F (λ) − (x− xj)2 + y2

j − y2

ρ2
1

E(λ)

]
,(2.2a)

Gv(x, y, xj , yj) =
1

2πρ2

x− xj
yj

[
F (λ) − (x− xj)2 + y2

j + y2

ρ2
1

E(λ)

]
.(2.2b)

Here, ρ2
1 = (x− xj)2 + (y − yj)2, ρ2

2 = (x− xj)2 + (y + yj)
2, F (λ) and E(λ) are

the complete elliptic integrals of the first and second kind, and λ2 = 4yyj/ρ
2
2. The
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Fig. 2.1. Exact integrand G(α, αj , 0) (solid curves) and approximate integrand Bl(α, αj , 0)
(dashed curves) for αj = π/5, π/10, π/20. For reference, G(α, αj , 0) is also shown (dotted curve).
(a) u-velocity. (b) v-velocity.

superscripts u, v, refer to the axial and radial velocity components, respectively. The
lack thereof, as in (2.1), implies that the expression applies to both u and v.

The integrand G(α, αj , t) for the test case (1.1) is plotted in Figure 2.1 for αj =
π/5, π/10, π/20 (solid curves). As αj decreases, the solid curves approach the limiting
curve with αj = 0 (dotted curve). The dashed curves are plots of the approximate
integrand and will be discussed later. The exact integrand G is singular at α = αj .
The form of the singularity is found using expansions of the elliptic integrals F (λ)
and E(λ) for λ ≈ 1 [1, section 17.3] and Taylor series expansions for α ≈ αj . One
finds that

G(α, αj , t) = Go(α, αj , t) +
c−1(αj , t)

α− αj +

∞∑
k=0

ck(αj , t) (α− αj)k log |α− αj |,(2.3)

where Go is smooth.
The integral of the simple pole c−1/(α − αj) is evaluated in the principal value

sense. All the logarithmic singularities are integrable. The form of the coefficients
ck in the expansion (2.3) will be important for the results of this paper and will be
discussed below. For reference, the first five coefficients ck are given in the appendix.

2.2. Quadrature rule dBM. The integral of the two unbounded singularities
of G,

J(α, αj , t) =
c−1(αj , t)

α− αj + c0(αj , t) log |α− αj |,(2.4)

can be evaluated numerically, but the associated error is large. However, the function
J is time independent except for the factors c−1, c0. Up to these factors, its integral
can therefore be precomputed exactly. This is analogous to van de Vooren’s method
for planar vortex sheets and is the main idea in dBM’s approximation.

Here, we present a derivation of dBM’s method which will motivate the results
later in this paper. It is summarized in (2.5) below. The function J is defined on
α ∈ (−∞,∞). The integrand G(α, αj , t) is extended from α ∈ [0, π] to (−∞,∞)



1072 MONIKA NITSCHE

by zero. Subtract the unbounded component J(α, αj , t) from G on a large interval
[−L,L], integrate it exactly, and approximate the remaining integral by the trapezoid
rule, as in (2.5a,b). Now rearrange the terms involving J and evaluate them in the
limit L→∞, as in (2.5c),

�

∫ π

0

Gdα = lim
L→∞

 L∫
−L

(G− J)dα+�

∫ L

−L
Jdα

(2.5a)

≈ lim
L→∞

[
h

L/h∑
k=−L/h

′
(G− J)k +�

∫ L

−L
Jdα

]
(2.5b)

= h

N∑
k=0
k 6=j

′
Gk + h(G− J)j + lim

L→∞

 �∫ L

−L
Jdα− h

L/h∑
k=−L/h
k 6=j

′
Jk

 .(2.5c)

The reason for taking the limit L→∞ is to avoid errors in the trapezoid approxima-
tion in (2.5b) introduced by derivatives of J at the endpoints α = −L,L. Furthermore,
dBM found that the last term in (2.5c) can be evaluated in closed form in this limit.

The notation in (2.5) will be used throughout this paper. Integer subscripts k
denote evaluation at α = αk, with αj , t fixed (for example, Jk = J(αk, αj , t), (G −
J)j = limα→αj (G−J)(α, αj , t)). The prime on the summation indicates that the first
and last summands are weighted by 1/2. The lack of superscript u, v denotes that the
approximation applies to both velocity components. Furthermore, all derivatives that
appear below (denoted by a dot, prime, or integer in brackets) are total derivatives
with respect to α, unless otherwise specified.

The first term in (2.5c) is the axisymmetric analogue of the point vortex approx-
imation. The middle term is given by

(G− J)
u
j =

σj
4πyj

[
log

8yj
fj
− ẋ2

j

f2
j

]
+
σ̇j ẏj
2πf2

j

+
σj

4πf4
j

[
ÿj(ẋ

2
j − ẏ2

j )− 2ẋj ẏj ẍj
]
,(2.6a)

(G− J)
v
j =

σj
4πyj

[
− ẋj ẏj

f2
j

]
− σ̇j ẋj

2πf2
j

+
σj

4πf4
j

[
ẍj(ẋ

2
j − ẏ2

j ) + 2ẋj ẏj ÿj
]
,(2.6b)

where f2
j = ẋ2

j + ẏ2
j . The derivatives required to evaluate (2.6) are approximated

numerically. The last term in (2.5) can be evaluated exactly in closed form, using
Stirling’s formula [5],

lim
L→∞

�∫ L

−L
J dα− h

∑
k 6=j

′
Jk

 = c0(αj , t) h log
h

2π
.(2.7)

In summary, dBM’s approximation with h = π/N is

�

∫ π

0

Gdα ≈ h
N∑
k=0
k 6=j

′
Gk + h(G− J)j + c0(αj , t) h log

h

2π
= dBM [G]

h

[0,π].(2.8)
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Fig. 2.2. Maximum errors in the computed velocity (u, v) of the test case (1.1) versus h = π/N .
(a) Point vortex analogue. (b) dBM. (c) Modified dBM. The crosses denote the computed values. The
solid curves are eau = −c1h log h+ c2h, eav = c3h, ebu = c4h, ebv = c5h2, ecu = c6h3, ecv = c7h3 + c8h4

(c1,2 = 0.04, 0.17, c3 = 0.08, c4 = 0.0003, c5 = 0.0006, c7,8 = 0.00005, 0.00019).

2.3. The error EdBM. The discretization error associated with the approxima-
tion (2.8) follows from Navot’s work [15] and the results in [20]. It contains contribu-
tions from both the derivatives of G at the endpoints and the remaining logarithmic
singularities in G − J . The odd derivatives G(k)(α, αj , t) at α = 0, π contribute to
errors of size hk+1, as in the Euler–MacLaurin expansion (see [9, section 7.4]). In
the present case only k ≥ 3 contributes since the first derivative of G vanishes at the
endpoints, α = 0, π. This can be seen in Figure 2.1 for both Gu and Gv, and can be
shown to hold at all times. The even logarithmic singularities remaining in G − J ,
(α−αj)k log |α−αj |, k ≥ 2, contribute to errors of size hk+1. The total discretization
error has the form

EdBM [G]
h

[0,π] =

[
�

∫ π

0

Gdα− dBM [G]
h

[0,π]

]
=

∞∑
k=3
k odd

γk

[
G(k)(π, αj , t)−G(k)(0, αj , t)

]
hk+1 +

∞∑
k=2

k even

νkck(αj , t)h
k+1(2.9)

= O(h3).

The constants γk and νk are specified in [20, Proposition 2.29]. The expansion (2.9)
of the discretization error neglects any errors in the approximation of the derivatives
needed in (2.6), which are assumed to be sufficiently small.

The convergence rate O(h3) holds pointwise for fixed αj . The results presented in
Figures 1.2, 1.3b, however, suggest that the convergence rate does not hold uniformly
in αj . To confirm this, Figure 2.2 plots the maximal errors for the test case (1.1)
versus the meshsize h, for the three approximations discussed in this paper: (a)
the axisymmetric point vortex analogue, (b) the approximation by dBM, and (c)
the modified dBM approximation. The least squares fit through the data points in
Figure 2.2b (see caption) indicates that the maximal error in the u and v velocity
components computed with dBM’s approximation are O(h) and O(h2), respectively.
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The reason for the nonuniformity of dBM’s approximation near the axis is the
behavior of both the coefficients ck and the derivatives G(k) near the endpoints, as
αj → 0, π. In the next section we show that

cuk(αj , t) ∼ 1

αkj
, cvk(αj , t) ∼ 1

αk−1
j

(2.10)

and

G(k),u(0, αj , t) ∼ 1

αkj
, G(k),v(0, αj , t) ∼ 1

αk−1
j

(2.11)

as αj → 0. Substituting (2.10), (2.11) into (2.9) shows that if αj is O(h), then there
are infinitely many contributions to the error of size h in the case of Gu, and of size
h2 in the case of Gv. The largest error, near the left endpoint, occurs when αj = h,
that is, for j = 1. This can be seen in Figure 1.3b. Similar results hold near the right
endpoint, when αj ≈ π.

The results (2.10), (2.11) imply that one cannot alleviate the problem near the axis
by approximating any finite number of the terms in the expansion (2.9) and removing
them. The maximal error would always remain O(h). In the next section we find an
analytic approximation to the integrand G near each endpoint which approximates all
of the terms in (2.9) to second order. We will use this fact to reduce the inaccuracies
near the axis.

3. The approximate integrand.

3.1. Definition. This section presents the approximation B l of G near the left
endpoint α, αj ≈ 0. The approximation Br of G near the right endpoint is obtained
similarly and is not discussed here but is discussed in section 4 when we need it.

The approximation B l is obtained using Taylor series about α, αj ≈ 0. The sym-
metry of the vortex sheet across the axis implies that the functions x(α, t), y(α, t), σ(α)
have smooth extensions across α = 0 defined by x(−α, t) = x(α, t), y(−α, t) =
−y(α, t), σ(−α, t) = −σ(α, t). It follows that for α ≈ 0,

x(α, t) = x0(t) +
ẍ0(t)

2
α2 +O(α4),

y(α, t) = ẏ0(t)α+
y
...

0(t)

6
α3 +O(α5),

σ(α) = σ̇0α+
σ
...

0

6
α3 +O(α5).

(3.1)

Similar expansions hold for x(αj , t), y(αj , t), σ(αj). In the remainder of this paper we
assume that ẏ0 6= 0, that is, that the sheet crosses the axis at a right angle.

The exact integrandG is defined by (2.1) through the function G. LetH(ξ, y, yj), ξ =
(x− xj)2 be defined by (2.2) such that

σ Gu(x, y, xj , yj) =
σ

2π
Hu(ξ, y, yj),

σ Gv(x, y, xj , yj) =
σ

2π
(x− xj)Hv(ξ, y, yj).

(3.2)

The approximation B l of G is defined using the first term of a Taylor expansion of H
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about the base point (0, ẏ0α,ẏ0αj),

Gv(α, αj , t) ≈ Bu,l(α, αj , t) =
σ̇0

2π
αHu(0, ẏ0α,ẏ0αj),

Gv(α, αj , t) ≈ Bv,l(α, αj , t) =
σ̇0ẍ0

4π
α (α2 − α2

j )Hv(0, ẏ0α,ẏ0αj).

(3.3)

We will first discuss the properties of B l and then describe the form of the error in
the approximation.

3.2. Properties. Figure 2.1 plots the approximate integrand B l(α, αj , 0) for

αj = π/5, π/10, π/20 (dashed curve). Note that the first derivatives of both B l and

G vanish at the left endpoint and all the derivatives of B l vanish as α→∞.
The functions B l plotted have an apparent self-similar structure: B(α, π/20, 0)

appears to be a rescaled version of B(α, π/10, 0). One can indeed show that

Bu,l(α, αj , t) = b
u

0 (t)Bu,?

(
α

αj

)
, b

u

0 =
σ̇0

2πẏ0

,

Bv,l(α, αj , t) = αjb
v

0 (t)Bv,?

(
α

αj

)
, b

v

0 =
σ̇0ẍ0

4πẏ2
0

,

(3.4)

for nondimensional functions

Bu,?(η) =
η

η + 1
F (λ) +

η

η − 1
E(λ),

Bv,?(η) = η
[

(η − 1) F (λ)− η2 + 1

η − 1
E(λ)

]
.

(3.5)

Here, λ2 = 4η/(η + 1)2.
Several properties of B l can be deduced from the self-similar behavior (3.4). Just

as G has an expansion of the form (2.3), B? has the expansion

B?(η) = B?
o(η) +

c?−1

η − 1
+
∞∑
k=0

c?k (η − 1)k log |η − 1|,(3.6)

where B?
o is smooth. The factors c?k are constants, independent of αj or t. The first

five of them are recorded in the appendix. Substituting η = α/αj one finds that B l,
given by (3.4), has an expansion of the form

Bl(α, αj , t) = Blo(α, αj , t) +
c̃−1(αj , t)

α− αj +

∞∑
k=0

c̃k(αj , t) (α− αj)k log |α− αj |,(3.7)

where c̃uk = b
u

0 (t)c?,uk /αkj and c̃vk = b
v

0 (t)αjc
?,v
k /αkj . It thus follows that

c̃uk ∼
1

αkj
, c̃vk ∼

1

αk−1
j

.(3.8)

This shows that (2.10) is satisfied if G is replaced by the approximate integrand B.
From the self-similar scaling behavior (3.4) it also follows by differentiation that

the kth derivatives of B at the endpoint α = 0 are

Bu,l(k)(0, αj , t) ∼ 1

αkj
, Bv,l(k)(0, αj , t) ∼ 1

αk−1
j

,(3.9)

where k is odd and k ≥ 3 since the first as well as all even derivatives of B? at
the endpoint vanish. Thus, (2.11) is satisfied if G is replaced by the approximate
integrand B.
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3.3. The error in the approximation. We would like to conclude from (3.8)
and (3.9) that (2.10) and (2.11) is satisfied not only by the approximate integrand
B but by the exact integrand G. To be able to do so, we need to know the form
of the error in the approximation B of G. The error is obtained from Taylor series
expansions of H and about the base point (ξ, y, yj) = (0, ẏ0α,ẏ0αj) and α = 0,

Gu(α, αj , t) =
σ(α)

2π
Hu(ξ(α, αj , t), y(α, t), y(αj , t))

=
1

2π

(
σ̇0α+

σ
...

0

6
α3

)[
Hu(0, ẏ0α,ẏ0αj)

+
∂Hu
∂y

(0, ẏ0α,ẏ0αj)
y
...

0

6
α3 +

∂Hu
∂yj

(0, ẏ0α,ẏ0αj)
y
...

0

6
α3
j

+
∂Hu
∂ξ

(0, ẏ0α, ẏ0αj)
ẍ2

0

4
(α2 − α2

j )

]
+ h.o.t.

(3.10)

The first term on the right-hand side is the approximate integrandBu,l. LetHu
1 = Hu,

Hu
2 = ∂Hu/∂y, Hu

3 = ∂Hu/∂yj , and Hu
4 = ∂Hu/∂ξ, evaluated at the base point.

Then (3.10) reduces to

Gu(α, αj , t) = Bu,l(α, αj , t) +
σ
...

0

12π
α3Hu

1 (α, αj , t) +
σ̇0y

...

0

12π

[
α4Hu

2 (α, αj , t)

+αα3
jH

u
3 (α, αj , t)

]
+
σ̇0ẍ

2
0

8π
α(α2 − α2

j )
2Hu

4 (α, αj , t) + h.o.t.

(3.11)

It turns out that not only the first term but every term on the right-hand side of (3.11)
can be expressed in terms of self-similar functions. After some algebraic manipulation,
(3.11) is expressed as shown below in (3.12a). All factors ek(t) and functions E?

k that
appear are listed in the appendix. Similar results are obtained for Gv and are given
in (3.12b):

(Gu −Bu,l)(α, αj , t) = α2
j

3∑
k=1

euk(t)E?,uk

( α
αj

)
+O(α4, α4

j )(3.12a)

(Gu −Bv,l)(α, αj , t) = α3
j

4∑
k=1

evk(t)E?,vk

( α
αj

)
+O(α5, α5

j ).(3.12b)

The form of the error G−B given by (3.12) is significant not only because it gives
the next order correction to the approximation but because it suggests that the error
itself is a sum of the form

G−B l =
∑

αkj ek(t)Ek

(
α

αj

)
,(3.13)

where k ≥ 2 in the case of Gu, and ≥ 3 in the case of Gv. If we make this assumption
about the error terms O(α4, α4

j ), O(α5, α5
j ) in (3.12), then differentiation of (3.12)

shows that

(Gu −Bu,l)
(k)

(0, αj , t) = O(1/αk−2
j ),

(Gv −Bv,l)
(k)

(0, αj , t) = O(1/αk−3
j ).

(3.14)
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This estimate for the derivatives of the error, together with the estimate (3.9) for the
derivatives of B, implies the estimate (2.11) for the derivatives of G. We have thus
proven (2.11), under the assumption (3.13).

To show (2.10), we note that each of the functions E? in (3.12), given in terms
of elliptic integrals, can in turn be expanded in the form (3.6). It therefore appears
that the left-hand side and the right-hand side of (3.12) have such an expansion. By
equating coefficients, we obtain that

cuk − c̃uk = O(1/αk−2
j ), cvk − c̃vk = O(1/αk−3

j ).(3.15)

This result together with the estimate (3.8) for c̃k proves (2.10).
In summary, this section presented an approximation B l from which we can de-

duce the unbounded growth (2.10), (2.11) of the coefficients and derivatives of G.
Furthermore, the function B l approximates all of these values to second order.

4. Modified dBM quadrature rule.

4.1. Quadrature rule for αj ≈ 0. The nonuniformity in dBM’s approximation
arises from the unbounded growth (2.10), (2.11) of the coefficients and derivatives of G
near the axis. The function B l approximates all of these values to second order. Thus
integration of G− B l should be more accurate than the integration of G. Moreover,
B l is time independent up to the factor bo, and its integral can be precomputed. We
therefore propose the following modification of dBM’s approximation of (1.3).

The approximate integrand B l is defined on α ∈ [0,∞). The exact integrand
G is extended from α ∈ [0, π] to α ∈ [0,∞) by zero. We subtract the approximate
integrand B l from G on a large interval [0, L], integrate it exactly, and approximate
the remaining integral G − B l using dBM’s approximation. We then rearrange the
terms involving B l and evaluate them in the limit L→∞. The proposed quadrature
rule for αj ≈ 0 is

�

∫ π

0

Gdα = lim
L→∞

[
�

∫ L

0

(G−B l)dα+�

∫ L

0

B ldα

]

≈ lim
L→∞

[
dBM [B l]

h

[0,L] +�

∫ L

0

B ldα

]

= dBM [G]
h

[0,π] + lim
L→∞

[
�

∫ L

0

Bdα− dBM [B l]
h

[0,L]

]
= dBM [G]

h

[0,π] + EdBM [B l]
h

[0,∞).

(4.1)

This approximation equals dBM’s quadrature rule plus a correction. The correc-
tion can be written in terms of the nondimensional functions B?, as follows:

EdBM [Bu,l]
h

[0,∞) = b
u

0 (t)αjEdBM [Bu,?]
1/j

[0,∞),

EdBM [Bv,l]
h

[0,∞) = b
v

0 (t)α2
jEdBM [Bv,?]

1/j

[0,∞).
(4.2)

Up to the factors bo(t), the correction (4.2) is time independent and can be pre-
computed. In order to evaluate dBM [B?] as in (2.8), the following information is
needed:

c?,u0 = −1

2
, c?,v0 = 0, (B − J)

?,u
j = 1 +

1

2
log 8, (B − J)

?,v
j = −4,(4.3)

where J? contains the unbounded terms of B?.
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The factors bo(t) depend only on the derivatives of x and y at one point, α =
0. The vortex sheet is smooth at that point and the required derivatives can be
evaluated accurately at a negligible cost. The correction to dBM’s approximation is
thus implemented at a minimal additional cost per timestep.

4.2. Quadrature rule for αj ≈ π. The steps taken to approximate the integral
of G near the right endpoint are analogous to the ones described for the left. Define

Bu,r(α, αj , t) =
σ̇N
2π

(α− π)Hu(xN , ẏN(α− π), xN , ẏN(αj − π)),

Bv,r(α, αj , t) =
σ̇N ẍN

4π
(α− π)

(
(α− π)2 − (αj − π)2

)
×Hv(xN , ẏN(α− π), xN , ẏN(αj − π)),

(4.4)

which can be written in terms of the function B? given in (3.5) as

Bu,r(α, αj , t) = b
u

N(t)Bu,?

(
α− π
αj − π

)
, b

u

N =
σ̇N

2πẏN
,

Bv,r(α, αj , t) = −(π − αj)bvN(t)Bv,?

(
α− π
αj − π

)
, b

v

N =
σ̇N ẍN
4πẏ2

N

.

(4.5)

The quadrature rule that is accurate for αj ≈ π is

�

∫ π

0

Gdα = lim
L→∞

[
�

∫ π

−L
(G−Br)dα+�

∫ π

L

Brdα

]
≈ dBM [G]

h

[0,π] + EdBM [Br]
h

(−∞,π].

(4.6)

Approximation (4.6) equals dBM’s quadrature rule plus a correction for αj ≈ π. The
correction can be written as

EdBM [Bu,r]
h

(−∞,0] = b
u

N(t)(π − αj)EdBM [Bu,?]
1/N−j
[0,∞) ,

EdBM [Bv,r]
h

(−∞,0] = −bvN(t)(π − αj)2EdBM [Bv,?]
1/N−j
[0,∞)

(4.7)

and is precomputed except for the factors bN (t).

4.3. Uniformly accurate quadrature rule. To obtain a quadrature rule that
is uniformly accurate for all αj ∈ [0, π], we combine the left and right approximations
in a weighted sum, as follows

�

∫ π

0

Gdα ≈ dBM [G]
h

[0,π]

+ w1(αj)EdBM [B l]
h

[0,∞) + w2(αj)EdBM [Br]
h

(−∞,π] + q(αj , t)h
4(4.8)

= MdBM [G]
h

[0,π].

The weights w1(αj) = cos2(αj/2) and w2(αj) = sin2(αj/2) are chosen so that they
are positive, add up to one, vanish at one or the other endpoint, and are smooth and
periodic. They introduce a second-order error at each endpoint, but this does not
affect the size of the discretization error, as shown below.

The last term in (4.8) is a small correction for the u-velocity component given by
the third derivatives of the integrand at the endpoints,

qu = γ3(Gu − w1B
u,r)

′′′
(π, αj , t)− (Gu − w2B

u,l)
′′′

(0, αj , t), qv = 0,(4.9)
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and γ3 = 1/720. Although this term is of size O(h3) near the endpoints, it turns out
to be slightly larger than the remaining O(h3) terms in the discretization error. We
remove it in (4.8) in order to obtain cleaner results.

The discretization error associated with (4.8) is

EMdBM [G]
h

[0,π] =

[
�

∫ π

0

Gdα−MdBM [G]
h

[0,π]

]
= EdBM [G]

h

[0,π] − w1(αj)EdBM [B l]
h

[0,∞) − w2(αj)EdBM [Br]
h

(−∞,π] − qh4

=
∞∑
k=3
k odd

γk
[

(G− w1B
r)(k)(π, αj , t)− (G− w2B

l)(k)(0, αj , t)
]
hk+1

+
∞∑
k=2

k even

νk(ck − w1c̃
l
k − w2c̃

r
k)(αj , t)h

k+1 − qh4.

(4.10)

The error contains contributions from the derivatives of B l at α = 0, but none as α→
∞, since all the derivatives vanish in that limit. Similarly, it contains no contribution
from the derivatives of Br as α→ −∞. In the case of Gu, the correction qh4 removes
the first term in the expansion of the error.

Away from the endpoints, each one of the terms in the expansion (4.10) is O(h3).
Near the endpoints, each term remains O(h3). For example, consider a term in the
second series in (4.10) for G = Gu. Near the left endpoint, this term is

νk(cuk − w1c̃
u,l
k − w2c̃

u,r
k )hk+1 = νk

(
(cuk − c̃u,lk ) + (α2

j/4 +O(α4
j ))c̃

u,l
k − w2c̃

u,r
k

)
hk+1,

where we used that w1(αj) = 1−α2
j/4+O(α4

j ). In view of (3.15), the first term on the

right-hand side νk(cuk − c̃u,lk )hk+1 is O(1/αk−2
j )hk+1. In view of (3.8), the same holds

for the second term. The last term on the right-hand side is O(1)hk+1. Similar results
hold for terms in the first sum in (4.10). Thus, if αj = O(h), all of the terms in the
expansion (4.10) are O(h3) for G = Gu. The same arguments apply to G = Gv. The
expansion converges and the approximation is uniformly O(h3). Figure 1.3c, which
plots the error |eu|, |ev| for the test case (1.1), shows that the loss of accuracy near
the axis has been removed.

It is possible to improve the convergence rate beyond O(h3) by removing the
largest-order terms in the error (4.10). To that effect one needs a higher-order ap-
proximation B for G, given by the error terms listed in the appendix, higher-order
weight functions w1, w2, the third derivatives at the endpoints, and the constants c2
of both G and B.

4.4. Velocity on the axis. The approximation (4.8) holds at points αj with
j 6= 0, N , since neither B nor G are defined if αj = 0, π or y(αj) = 0. That case is
treated by taking the limit αj → 0, π in (2.1),

Gu(α, αj , t) =
σ

2

y2

[(x− xj)2 + y2]3/2
, Gv(α, αj , t) = 0, j = 0, N.(4.11)

The integrands are plotted as dotted curves in Figure 2.1. Both integrands are
bounded, even in the limit (x, y) → (xj , 0). In this limit α → αj and Gu(α, αj , t) →
σ̇j/(2ẏj), j = 0, N . As a result, the integrals (1.3), for j = 0, N , are approximated
using the trapezoid rule by
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Fig. 4.1. Fourier coefficient of the error with largest wavenumber, |êN |, versus h = π/N .
(a) Point vortex analogue. (b) dBM. (c) Modified dBM. The crosses denote the computed values.
The solid curves are fa = c1h2, fb = c2h2, fc = c3h4 (c1 = .03, c2 = .0002, c3 = .0003).

∫ π

0

Gu(α, αj , t)dα ≈ h
N−1∑
k=1

Gu
k +

h

4

σ̇j
ẏj
,

∫ π

0

Gv(α, αj , t)dα = 0, j = 0, N.(4.12)

All odd derivatives of Gu vanish at one endpoint, but the third derivative is
nonzero at the other endpoint. Hence the approximation (4.12) is O(h4).

4.5. Comparison of PV analogue, dBM, and MdBM. Figures 1.3, 1.4,
2.2, and 4.1 compare the discretization error associated with (a) the point vortex
analogue, (b) the approximation by dBM, and (c) the modified dBM approximation,
using N = 50, 100, 200, 400, 800. The discretizations are applied to the test case (1.1).

Figure 1.3 plots the errors in the computed u- and v-velocity components, |eu|,
|ev| as a function of αj , and has already been discussed. The maximal errors are
plotted in Figure 2.2 versus h. Least squares approximations to the data are given
in the caption. For the point vortex analogue, the maximal errors are O(h log h)
and O(h) for the u- and v-velocity, respectively. The h log h term arises from the
largest logarithmic singularity in Gu which is absent in Gv, hence the difference in
the convergence rates. For dBM’s approximation, the maximal axial and radial errors
are O(h) and O(h2), as follows from (2.10), (2.11). In the modified dBM discretization
the maximal errors are O(h3).

Figures 1.4 and 4.1 compare the Fourier coefficients êk of the complex error,
(eu+iev)j =

∑N
k=−N êke

ikαj , k even. Figure 1.4 shows that in all three discretizations,
the error contains high nonzero Fourier modes, whose amplitude does not decay with
k. The high modes are smallest in Figure 1.4c. The rate of convergence of the high
modes is also fastest in Figure 1.4c. To estimate the rate of convergence, Figure 4.1
plots |ê

N
| versus h = π/N . The least squares fit to the data (see caption) shows that

the decay is O(h2) in both the point vortex analogue and dBM’s approximation, and
O(h4) in the modified approximation.



AXISYMMETRIC VORTEX SHEET MOTION 1081

Fig. 5.1. Time evolution, computed with N = 200. (a) Vortex sheet. (b) Fourier coefficients
|ck| of the complex velocity u+ iv. The horizontal line indicates the cut-off level for the filter.

5. Time evolution. In order to describe details of the implementation of (4.8),
this section applies the modified quadrature rule to compute the evolution of the
spherical vortex sheet (1.2). The discrete system of ordinary differential equations

dxj/dt = MdBM [Gu]
h

[0,π](αj , t),

dyj/dt = MdBM [Gv]
h

[0,π](αj , t), j = 1, . . . , N − 1,

dxj/dt = h

N−1∑
k=1

y2
k σk

2((xk − xj)2 + y2
k)3/2

+
hσ̇j
4ẏj

, dyj/dt = 0, j = 0, N,

xj(0) = cos(αj), yj(0) = sin(αj), σj =
1

2
sin(αj), j = 0, . . . N

(5.1)

is integrated in time using the Runge–Kutta method. The velocity computed at each
stage of the method contains high Fourier modes introduced by the discretization
error, as shown in Figure 1.4. To prevent the growth of these modes under the
Kelvin–Helmholtz instability of the sheet, Krasny’s Fourier filter [10] is applied to the
vortex sheet velocity: all the Fourier modes in the velocity which are smaller than a
preset upper bound τ are removed every time the velocity is computed. The filter
level τ is chosen to be the amplitude of the largest mode in the computed velocity at
t = 0 which is not present in the exact velocity.

Figure 5.1 shows that this filter level is sufficient to prevent the growth of the
high modes. The figure plots the solution to (5.1) using N = 200 and timestep
4 t = 0.005. Figure 5.1a shows the computed vortex sheet represented by the points
(xj(t), yj(t)), j = 0, . . . , N and their images in the symmetry plane, at the indicated
times. Figure 5.1b plots the corresponding Fourier coefficients of the complex velocity,
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as well as the filter level τ = 10−10. The figure shows that the size of the modes
introduced primarily by the discretization error remains bounded by their size at
t = 0. Thus the filter level determined at t = 0 is sufficient to remove these modes
at all times. As the number of points increases, the filter level can be reduced as
τ(h) = O(h3), and one obtains a sequence of solutions. Caflisch, Hou, and Lowengrub
[7] recently analyzed the convergence of such a process.

6. Summary. The motion of closed axisymmetric vortex sheets is governed by
a pair of principal value integrals (1.3) which are difficult to evaluate accurately.
dBM proposed a quadrature rule which converges pointwise at the rate of O(h3),
but near the axis, the maximal error is O(h). As a result, the discretization error is
not smooth. It contains high Fourier modes which grow under the Kelvin–Helmholtz
instability of the sheet and preclude accurate computation of the vortex sheet motion.

This paper explains the reason for the loss of accuracy near the axis. The in-
tegrand contains logarithmic singularities of the form ck(α − αj)k log |α − αj | for all
k ≥ 0. The coefficients ck and the odd derivatives of the integrand at the endpoints
grow unboundedly as αj approaches the axis of symmetry. They each introduce an
error of size O(h). The situation is different than for planar vortex sheets problems,
where the integrand contains no logarithmic singularities.

We derive an analytic approximation to the axisymmetric integrand that approx-
imates all of the unbounded terms to second order. By integrating this approximate
integrand exactly, we modify dBM’s quadrature rule and obtain a discretization that
is uniformly O(h3). Without the inaccuracies near the axis, the computed velocity
is sufficiently smooth to permit computations at high precision. This modification
is implemented at a negligible additional cost per timestep, since the approximate
integral can be precomputed. As an example, the modified quadrature rule is applied
to compute the evolution of an initially spherical vortex sheet. The order of accuracy
can be improved if desired using the information given in the Appendix.

Appendix. The coefficients ck(αj , t) in the expansion (2.3) of the integrand G
are given by derivatives of x(α,t) and y(α,t) at α = αj . The first five coefficients are

cu−1
=
σj ẏj
2πf2

j

, cu
0

= − σj
4πyj

, cu
1

=
1

16πy2
j

[−4σ̇jyj + σj ẏj ],

cu
2

=
1

64πy3
j

[4yj(σ̇j ẏj − 2σ̈jyj) + σj(3ẋ
2
j − ẏ2

j + 2yj ÿj)],

cu
3

=
1

384πy4
j

[
4y2
j (−4σ

...

jyj + 3σ̈j ẏj) + 6σ̇jyj(3ẋ
2
j − ẏ2

j + 2yj ÿj)

+σj

(
18ẋj ẍjyj − 81

4
ẋ2
j ẏj +

3

4
ẏ3
j − 6yj ẏj ÿj + 4y2

j y
...

j

)]
,

cv−1
=− σj ẋj

2πf2
j

, cv
0

= 0, cv
1

=
−3σj ẋj
16πy2

j

,

cv
2

=
−3

32πy3
j

[2yj σ̇j ẋj + σj(ẍjyj − ẋj ẏj)],

cv
3

=
1

512πy4
j

[− 48yj(σ̈j ẋjyj + σ̇j ẍjyj − σ̇j ẋj ẏj)

+ σj(15x
...

j − 16x
...

j ẏ
2
j + 24ẍjyj ẏj − 21ẋj ẏ

2
j + 24ẋjyj ÿj)

]
,
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where f2
j = ẋ2

j + ẏ2
j and all derivatives (denoted by a dot) are taken with respect to

α.
The coefficients c?k in expansion (3.6) of the nondimensional function B? are

constants. The first five are

c?,u−1
= 1, c?,u

0
= −1/2, c?,u

1
= −3/8, c?,u

2
= 3/32, c?,u

3
= −7/256,

c?,v−1
= −2, c?,v

0
= 0, c?,v

1
= −3/4, c?,v

2
= −3/4, c?,v

3
= 3/128.

The error in the approximation (3.3) of the exact integrand G by the approximate
integrand B l is given by (3.12) where the coefficients ek and the functions E?

k are

eu1 (t) =
σ
...

0

12πẏ0

, eu2 (t) =
σ̇0y

...

0

12πẏ2
0

, eu3 (t) =
σ̇0ẍ

2
0

16πẏ3
0

ev1(t) =
σ
...

0ẍ0

24πẏ2
0

, ev2(t) =
σ̇0ẍ0y

...

0

24πẏ3
0

, ev3(t) =
σ̇0x

....

0

48πẏ2
0

, ev4(t) =
σ̇0ẍ

3
0

32πẏ4
0

E?,u
1 (η) = η3

[
F (λ)

η + 1
+
E(λ)

η − 1

]
,

E?,u
2 (η) = −η

[
F (λ)

η + 1
− 2η2 + 1

η − 1
E(λ)

]
,

E?,u
3 (η) = η

[
(η − 1)F (λ)− 1 + 7η2

η − 1
E(λ)

]
,

E?,v
1 (η) = η3

[
(η − 1)F (λ)− η2 + 1

η − 1
E(λ)

]
,

E?,v
2 (η) = η

[
− (η − 1)(η2 + 2)F (λ) +

η4 + 9η2 + 2

η − 1
E(λ)

]
,

E?,v
3 (η) = η(η2 + 1)

[
(η − 1)F (λ)− η2 + 1

η − 1
E(λ)

]
.

E?,v
4 (η) = η

[
− (η − 1)(η2 + 1)F (λ) +

η4 + 14η2 + 1

(η − 1)
E(λ)

]
, λ2 = 4η/(η + 1)2.
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