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Corrected trapezoidal rule for near-singular integrals
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Abstract The paper presents a method to evaluate near-singular boundary inte-
grals in axi-symmetric interfacial Stokes flow for target points close to but not on
the interface. The method consists of appoximating the integrand by a function
with analytically available integral and numerically approximating the difference
by a standard 4th order trapezoidal rule with uniform meshsize h. The resulting
correction is applied to all points at distance d sufficiently close to the boundary.
The maximum errors are reduced from order O(h/d) to O(h™), where m depends
on the number of terms in the approximating function. The paper presents all nec-
essary details in the axi-symmetric Stokes case, implements specific O(h?), O(h?)
and O(h*) versions, and shows that the analytically predicted convergence rates
are attained for sample test cases. The method is applied to compute the evolution
of double emulsions through a tapered nozzle and shown to resolve the unphysical
tangling of interfaces that occurs with standard quadratures.
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1 Introduction

Stokes equations model incompressible fluid flows in the limit of vanishing Reynolds
number, and are the model of choice when length scales are on the order of mi-
crometers. These are the scales of microfluidic devices, which have a large range
of applications in areas such as biomedicine, microscale chemical production, drug
delivery, food processing, inkjet printing and cosmetics. Understanding droplet
motion in these devices is fundamental to the device design. One particular aspect
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Fig. 1 Simulation of double emulsion (red and blue) flowing through a tapered nozzle (green),
driven by a uniform flow in the back of the nozzle.

of interest is to develop a good understanding of droplet breakup [2]. The present
work is focused on droplet motion in axi-symmetric geometries. It is motivated by
an experiment performed by Chen et. al[10], who explored the breakup of dou-
ble emulsions flowing through a tapered nozzle. The emulsions consist of a double
droplet with an inner phase in the inner droplet, surrounded by a shell phase in the
outer droplet, flowing in an outer phase, in this case water. The objective of the
experiment was to determine in which parameter regime the droplets break, thus
releasing the inner phase, and what the composition of droplets is after breakup.
Due to the axi-symmetric geometry and the small length scales, this sample flow
is well modeled by the axi-symmetric Stokes equations. The ultimate goal of the
present work is to study the motion of such drops or double droplets through
constrained geometries using numerical simulations.

Interfacial flows in Stokes flow are efficiently simulated using a boundary inte-
gral formulation (BIF) of the governing elliptic partial differential equations. The
BIF enables us to accurately resolve the interface motion, accomodating moving
boundaries of arbitrary shape, at low cost since the dimension of the interfaces is
one lower than that of the fluid domain. The boundary integrals provide a rep-
resentation of the fluid velocity at any target point xo. If xo lies on an interface
S, the integral over that interface is generally singular. If x¢ lies far away from .5,
the integral over that interface is regular. In both cases, well established methods
exist to accurately evaluate them. However, if xg is not on S but close to it, at a
small distance d, the integral is near-singular and standard quadratures are known
to lose accuracy as d — 0.

An example illustrating the consequence of inaccuracies is given in figure 1. The
figure shows an instant during the motion of double droplets through a tapered
nozzle in axi-symmetric Stokes flow, driven by a parallel flow at the back of the
nozzle. In axi-symmetric geometry, all boundary integrals reduce to line integrals
over curves in the symmetry z-r plane, where z is the axial and r» > 0 the radial
coordinate. The figure shows the nozzle (green), outer drop (red) and inner drop
(blue) in the z-r plane, in addition to the symmetric image for » < 0. The fluid
velocity at any point x¢ is given by a sum of line integrals over all three curves. At
the instant shown, the blue and red curves have tangled due to inaccuracies when
the interfaces are close to each other. A short time later this particular simulation
breaks down. In order to accurately resolve the drop motion, we need to apply a
method to resolve the axi-symmetric boundary integrals in the near-singular case.
The presentation and evaluation of such a method is the purpose of this paper.



Near-singular integrals in axi-symmetric Stokes flow 3

X9

L

Fig. 2 Sketch showing curve C given by x(«) with target point x¢ at distance d from C.

Accurate evaluation of near-singular integrals has been the subject of extensive
research, motivated by solutions to the Laplace, Helmholtz or Stokes equations.
While plain adaptive quadrature is a possible approach, the numerical cost is high
when d < 1. By now, several alternative methods have been developed. The most
simple and accurate ones are based on complex variable representations in planar
geometries [32,14,33,4,3]. However, the integrands in axi-symmetric geometry are
not analytic and these methods cannot be applied here. Another accurate and well-
understood approach that has been generalized to a range of kernels is the method
of quadrature-by-expansion (QBX), in which the integrals are expanded about
points in the interior of the fluid, at sufficient distance from the boundary that
all integrals can be evaluated accurately [21,12,18-20,38,41]. Other approaches
include matched asymptotics [9]; integrand regularization coupled with asymptotic
approximations of the regularization error [5,11,44,6,45]; interpolation of integral
values in the domain interior [48,37]; interpolation of the density on the boundary
coupled with identities in Stokes flow that reduce the near-singularity [34]; and
asymptotic approximations of the integrals [17]. Most of these methods have been
applied in planar geometries, and several have been extended to 3D, although no
particular results for axi-symmetric geometries exist. Here we apply a method most
closely resembling corrected trapezoidal rules for singular integrals [40,39,26,27,
30,24,47,46]. The method was introduced in [28] and applied to planar potential
and vortex sheet flow. The current version for axisymmetric Stokes flow may also
be applicable to the types of problems addressed in [16,13].

The method. The goal is to evaluate line integrals of the form

b

/ Fy/2(x, xo0) w(a) da, /Fo(x, x0) log |x — x0|> w(a) da, (1.1)
[x — xo[
a

for any integer p. Here, F is a problem dependent kernel, assumed to be smooth.
The variable x = x(«a), a € [a,b] is a parametrization of a curve C in the plane,
w(a) is the density function, and xo is a fixed target point not on C, but at
a small distance d, as illustrated in figure 2. The curve x(«) and density w(«)
are also assumed to be sufficiently smooth, as required for the desired order of
accuracy. In axi-symmetric Stokes flow the relevant cases are p = 2,3,4,5,7,9 and
the logarithmic near-singularity, all of which appear in the governing boundary
integrals.

The method was developed to be applicable for any kernel F. It is based
on Taylor series approximations of both x(a) and w(a) about the point on C
closest to the target point xo, obtained by orthogonal projection. The Taylor
expansions are used to find a function H in terms of elementary near-singular basis
functions, that approximates the integrand G and can be integrated analytically.
The method consists of integrating H exactly while integrating the remainder
G — H using a basic 4th order trapezoidal rule. In practice, this is equivalent to
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adding a correction for each of the basis functions to the 4th order approximation
of [ G. The order of accuracy depends on the number of terms used to represent

H.

Relation to prior work. A number of accurate existing methods use integral val-
ues in the domain interior far from the boundary to approximate the near-singular
integrals. These include the QBX methods and the integral interpolation methods
of [48,37]. The method described here uses function values on the boundary to
approximate the integrand. Similarly, the method of [32], concisely described in
[33], uses function values on the boundary, within a panel, that are interpolated,
resulting in an analytic integral that is evaluated exactly. The present approach,
via an application of the geometric series, may be viewed as generalizing the inte-
gration of analytic basis functions 1/(z—z0)’, z = x+iy, which is a key component
in [32] and other works for planar geometries. The present axi-symmetric results,
albeit of interest in themselves, may thus also be viewed as a step towards 3D.

Contributions of this work. The method as presented applies to line integrals that
appear in planar or axi-symmetric geometries. It requires Taylor expansions of
x(a) and w(a), but also expansions of the kernels F'. In [28] we considered planar
vortex sheet flow, for which these expansions are quite simple. For axi-symmetric
Stokes flow, the details are more complex. Thus, the main contributions of this
paper are to :

— Present all details necessary in the axi-symmetric Stokes case.

— Evaluate the method on sample axi-symmetric test cases to show that the
theoretically predicted convergence rates are achieved.

— Apply the method to a more elaborate example with multiple interfaces that
illustrates the importance of accurate near-singular integration in interfacial
flow. The example of choice here is the evolution of a double emulsion moving
through a constriction.

— The example includes the presence of finite, non-periodic, solid boundaries
of the fluid domain. With the exception of [8], most works in the literature
focus on periodic smooth interfaces. Here we show the results obtained for
nonperiodic boundaries using a representation by a superposition of Stokeslets.

Organization of the paper. The paper is organized as follows. Section 2 presents
the boundary integral formulation for axi-symmetric Stokes flow, including all
necessary details to find the approximations H. Section 3 presents the key idea of
the numerical method, and implementation details. Section 4 presents the numer-
ical results. We first confirm the theoretically predicted convergence rates for test
cases, including a spherical test case (§4.1) and the nonperiodic surface represent-
ing a nozzle (§4.2). We then present the evolution of the double droplet through
the nozzle computed with and without corrections (§4.3). The work is summa-
rized in section 5. All information about the axi-symmetric kernels is given in the
appendices.
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2 The boundary integrals

This section presents the boundary integrals in axi-symmetric Stokes flow, includ-
ing all necessary details for the remainder of the paper. For further reference, see
[35], [36], [42].

2.1 Boundary integral formulation in axi-symmetric Stokes flow

Stokes equations approximate the incompressible Navier-Stokes equations for a
homogeneous fluid with viscosity p, in the limit of zero Reynolds number. They
are given by,

0=-Vp+pAu=V.oc, V:u=0, xeDCR?

8ui 8uk (2'1)
+ k),
8% Bxi

with oy, = —pdik + M(

where p is pressure, §;; is the Kronecker delta function, u; are the Cartesian
coordinates of the velocity u and o is the stress tensor.

Here we consider axi-symmetric flow with zero swirl, and represent all variables
in axi-symmetric coordinates (z,r). For example, u = (u1,u2) = (u,v) = ue, +
ver. The solution to (2.1) in the symmetry plane, {(z,7),r > 0}, can be shown to
satisfy the Green’s representation formula [22],

) u(xo) if xo € D\C
—/M(x,xo) -f(x) ds(x)—][u(x) - Q(x,x%0) - n(x) ds(x) = { 2u(xo) if xo € C
Mc c 0 ifxo¢ D
(2.2)
given in terms of line integrals over the curve C representing the boundary of the
domain D in the z-r plane. The vector n is the outward normal unit vector, M
and @ are the axi-symmetric Stokeslet and Stresslet tensors, and f = o(x)-n, are
forces acting on the boundary, obtained from boundary conditions. The first and
second integrals on the left hand side of (2.2) are referred to as single- and double-
layer potentials and denoted here by u® and u?, respectively. The single layer
potential is integrable and continuous across C. The double layer is discontinuous
across C' and accounts for the jump in (2.2). If xg € C' the double layer is integrable
in the principal value sense. The fluid velocity u given by Eq (2.2) is continuous
across C.
Let x(a) = (z(), r(a)), a € [a,b] be a parametrization of the curve C. Then,

u; (x0) = % f: M;j(x(r),x0) fi(a) sa da (2.3a)
uf(x0) = f; Qijk[x(@), x0]ujng so da (2.3b)

where so = V22 + 72, n = (r,—%)/sq, and, for each i = 1,2, we use Einstein

notation to denote summation over repeated indeces, where j = 1,2, k = 1,2. All
components M;;, Q;;x are given in [35,23] in terms of complete elliptic integrals
of the first and second kind, and reproduced in Appendix A, for reference. The
remainder of this paper focuses on the accurate evaluation of these axi-symmetric
single- and double- layer potentials, when x¢ ¢ C.
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2.2 The form of the kernels

The components M;j, Qi listed in Appendix A are given in terms of functions
Ik. From the expansions of I;; given in (A.3) it follows that,

Fi(x,x
Mij(x,%0) = ﬁ + Fo(x,x0) log(|x — xo|) + h.o.t. (2.4a)
Fh(x,%0) | Fi(x,%o)
Qijr(x,%0) = Py R ea—n + Fo(x,x0) log(|x — xo0|) + h.o.t.(2.4b)

where h.o.t. = O(|x — xol). That is, the M;;s are less singular than the Q;jss,
and both consist of a sum of near-singular functions of the form (1.1). Due to
some symmetry, (Q;;rx = Qix;) there are a total of 26 functions F; describing the
near-singular components of the kernels. They are obtained using Mathematica,
and listed in Appendix B.

Appendix B also lists the order of the root of each function at x = xo. For
example, if X &~ xg, all functions F} and F> satisfy,

Fi~|x—x0>, Fp~|x—x0f (2.5)

while Fp is O(1) in general. That is, F1 has a double root at x = xo, and F» has
a triple root. This implies that the p = 2 integral in both M and @ is integrable
if xo € C. Thus the single layer contains only integrable singularities, consistent
with the fact that it is continuous across the curve C. Furthermore, the cubic root
of F» implies that the p = 4 integral in @ is integrable in the principal value sense
if xo € C, consistent with the fact that the double layer is discontinuous across
the surface. In summary, all functions F' have a root of sufficiently high order so
that the functions are integrable in at least the principal value sense, as expected.
The multiplicity of the root will be important below in estimating the size of the
integration error of various terms.

The expressions (2.4) for the kernels M and @Q are valid for target points xo
not on the axis, with 79 > 0. For target points x¢ on the axis, with ro = 0, the
radial velocity v* = v? = 0. An expression for the axial velocity is obtained by
taking the limit of (2.3) as rg — 0, and given in Appendix C. It follows that,

b Fy0(x, %
woa) =, | |X/(x|)da P o x—xof’, (2.60)
HJa - X0
b F,
Wiy = [ Bor200X0) s ot (2.6b)
|x — xo[°
a 0|

In addition, we will use the radial derivatives of the velocities on the axis, also
given in appendix C, which have higher order singularities. Thus, for axi-symmetric
Stokes flow, we require accurate integration of all cases (1.1) with p = 2,3,4,5,7,9,
as well as the logarithm.
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3 Numerical Method
3.1 Key points

We begin with a brief description of the key points of the method introduced in
[28]. The generic integrands G of interest are

_Fpk@x) .
GP/Q(a) - |x(a) _Xolp ( )v (31 )

Go(a) = Fo(x(a),x0) log |x(a) — xo|w(a). (3.1b)

The curve x(a), o € [a, b] is discretized by a uniform mesh with meshsize h = (b—
a)/n and n gridpoints ay = a 4+ kh, k = 0,...n. The main idea is to approximate
the near-singular functions G(«) to leading order for d < 1 by a function H(«) that
captures the near-singularity and can be integrated exactly. We then approximate
the integral of interest by,

/G:/(G—H+H) (3.2a)

~ Tu[G — H]) + /’H (3.2b)
= T4[G] + (/7—[ — Ta[H]) (3.2¢)
= T4[G] + Es[H] :=T"[G] . (3.2d)

In (3.2a), we add and subtract the approximation from G. In (3.2b), we approxi-
mate the smoother difference G — H by a fourth order generalized trapezoid rule
Ty, while integrating H exactly. In (3.2c), we rearrange terms using the linearity
of T4. The last equality (3.2d) summarizes the method as implemented: it consists
of adding the correction E4[H] := [ H — T4[H] to the trapezoid approximation of
the uncorrected integral. The corrected quadrature is denoted by T™[G] in §3.4
below. In some cases below we replace T4 by the sixth order rule T, in order to
reduce the background errors, where,

Tlf] = RS Flaw) = 17 0) — £ (@) (3:32)
k=
nO/ h2 / / h4 n 111

Tel) = Y Flaw) = S (F/0) — (@) + s [770) = F@)] . (330)
k=0

The prime on the summation denotes that the first and last term in the sum are
weighted by 1/2. This basic approach follows that of earlier work by the author
and coworkers to approximate singular integrals in [26,27,30].

The approximation H is obtained by first approximating both the numerator
and the denominator in G using Taylor series of x(a) and w(a) about a basepoint
ap. The basepoint is chosen so that x(ay) is the orthogonal projection of xo onto
C, as illustrated in figure 3. An application of the geometric series then yields a
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Fig. 3 Projection to basepoint x; = x(ay) of xg onto curve x(«), which is discretized by
points x(ay). The point x(oy, ) is the gridpoint closest to xy.

converging series expansion of G in terms of basis functions H;;, which capture
the near-singular behaviour of G and can be integrated exactly,
Ak
0 oo S i>1
G=>""cpH,  Hj,={ (@ +ca2) , (3.4)
7=0k=0 @ log(d® + &%), j=0

where & = o — ap. The coefficients c;» r depend on o and on the function G, given
in turn by the functions F), /2, x(a),w(a). The next section explains in more detail
how to obtain the c;-ks.

The approximation H is then obtained by truncating the series expansion (3.4)
of G. To determine where to truncate the series for a desired order of accuracy in
J G, we use the upper bounds for the error E[H;;] = [ H;i — T4[H;j| made in
integrating H by the trapezoid rule, derived in [28]. They are given by,

O(hd*=27) | j>1
E4[Hjx) ={ O(hlogd), j=0k=0, (3.5)
oMLYy, j=0,k>0

in addition to an O(h*) term (or O(h*logh) if j = 0) for k > 2j + 4. To illustrate,
the details on how to obtain H are presented next for an example.

3.2 The approximation H

Suppose we wish to approximate [ G2 to O(h*). We need to find H ~ G, where
G = G2. We begin by finding the orthogonal projection x; = x(a) of x¢ onto the
curve C (see figure 3). This step determines d = |xo — X3| and the basepoint .
We then approximate

L ar L ab 4

x(a) = xp + Xp& + Xo + ng + 0(&") (3.6a)
NG .3

w(a) = wy + wpc + W +0(&”) (3.6b)

where the subscript b denotes evaluation at ap, and & = a — ap. Note that w is
approximated to a lower order than x. These expressions are substituted into the
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expression for the numerator Fa. Since Fs, given in Appendix B, is in all cases a
polynomial, we multiply all terms to obtain

Fa(x,%0) w(a) = co+c1a+c28” + 36> + cad” + c56° + 0(6° +da° + d*a* + d*a®)
(3.7)
Here, we used the fact that F»> has a triple root at x = x¢ and thus ¢ = O(d3),
c1 = O(d?), and c2 = O(d). The last term denotes that the error in the series
approximation of Fs is a sum of terms of the given order.
The denominator of G is expanded as

Ix(a) — x0|? = d* + *6° + e36> + esd” + O(&°) (3.8)
where
= [%p|” + % - (x5 — X0) , (3.9a)
e3 = %y - %o + %(xb —x0)- %y = &3+ O(d) , (3.9b)
é3 =Xp-%p (3.9¢)
eas =Xp- Xp/3+Xp - Xp/d+ (xp —%0) - X'p/12=¢€1+ O(d) , (3.9d)
€4 = %p - Xp/3+ %p - Xp/4 (3.9¢)

Here, the low order approximations é3 and é4 of ez and e4 are included for later
reference. A linear term o — ay, does not appear in (3.8) since x; is defined to be
the orthogonal projection of xp onto the sheet, and %X; is tangent to the sheet,
so that Xp - (xp — x0) = 0. It is not necessary to ensure that the linear term
vanishes, but it simplifies the resulting expressions for Hj;, and thereby simplifies
the corresponding integrals. In addition, in the presence of a linear term one must
be careful to avoid division by zero that can occur after truncation. In general,
finding the orthogonal projection accurately is easy, as described in §3.3, and no
advantage has been found to considering the more general inclusion of a linear
term. We do require that ¢ > 0. In [28] we show that this is always the case if
C' is piecewise linear (such as the nozzle considered below). If C' is curved but
uniformly discretized in arclength (such as the evolving drops below), we show
that ¢ > 0 whenever x¢ is “outside” of the curve, or, if it is “inside”, when d is
less than the radius Rosc of the osculating circle, where the inside is defined to be
the side of the osculating circle.

Next, we apply the geometric series to obtain an expansion of G in terms of
Hji and order the terms with respect to the corresponding bounds for E[H ]
given in (3.5):

_ Fo(x(@), x0)
|x(a) = xol*

Ga(a)

w(a)

_co+ 16+ e26? + e3d® + cad? + c56° + 0(6° + da° + d*at + dPa?)
- (d2 + 262 + 363 + eqat 4+ O(45))2

co + 16+ c26® + 36 + cad? + c56° + O(6° + da® + d2at)
= ~ X
(d2 +02a2)2

e36® + esd* + O(4°) N 3e§d6 +0(a") 0(a?) }

1-2
[ A2 + 262 (d2 + c262)? (d2 + c2a2)3
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_ co +61(34+CQ(312 +63(313 C4d4 9% (Co +Cl(31+02612 -|-03613)d3 Hy
(d2 + 242)? (d2 + 242)2 3 (d2 + c262)3
E[]=0(h/d) E[]=0(h)
9 04647 9 (Co +cia+ C2d2 + 63&3)(3(4
3(d2 T c242)3 4 (d2 + c242)3
E[]=0(hd)
Ho
L6 oo(co+adted® +e3a?)al
(d2 + c2a2)? 3 (d2 + c2a2)"

E[]=0(hd)

O(d?a* 4+ da® + &%) O(d*@® 4+ d*a8 +da"™ + &%)  Oo(d*a" +--- +a'")
(d2 + c262)? (d2 + c262)3 (d2 + c2a2)4

E[]=0(hd2+h?)

(3.10)

Thus it becomes clear how to approximate G to obtain a desired order of
accuracy: If G =~ H1 where H1 consists of all terms with error bigger than O(hd),
as indicated in (3.10), then the resulting integral is approximated to within O(hd+
h*). Since the approximation is applied if d = O(h), this yields an overall O(h?)
method. If G = H1+Hz2, where Ha consists of all remaining terms with error bigger
than O(hd?), then the resulting integral is approximated to within O(hd? + h?),
or O(hs). Moreover, if all derivatives at x;, are computed with sufficient accuracy,
the approximation errors vanish as d — 0, up to the background pointwise error
of O(h*).

If higher order approximations are desired, they can be obtained using more
terms in the expansions of G and a higher order background Trapezoid approxi-
mation, if necessary.

Table 1 summarizes the result for all near-singular integrals present in axi-
symmetric Stokes flow: the functions G, /o with p =0,1,2,3,4,5. For each G, H1
and Hso are indicated where G' ~ H; yields an O(h?) method, and G ~ H1 + Ha
yields an O(h*) method. Here, we used the fact that in Stokes flow all G have
a second order root at x = xo. Furthermore, for the functions Gz, and G5/
that appear when the target point lies on the axis, the numerator is odd and the
denominator even, thereby greatly simplifying the resulting approximation. The
functions G759 and Gy /2 given in Appendix C are handled similarly.

Finally, note that the O(hg) order approximation requires

— for Ga: 3 derivatives in x, 2 in w,
— for G1: 2 derivatives in x, 1 in w, (in view of the double root of Fi)
— for Go: 1 derivatives in x, 1 in w.

Similarly, one can extend these expansions to obtain an approximation of order
O(h™) that requires

— for G2: m derivatives in x, m — 1 in w,
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Fi (x(ar),%x0) co + c1é + c2d? + c3d® + O(&* + da3 + d?a?)

G —_— =
U o) =2 Y@ & 1 242 1 e3a® + O(ad)
- co + c1& + cad? + c363 [ B é343 ]
42 + 242 &2 + 242
” - co + c16 + c24?
! a2 1 242
” - coéc3 + 184 + c2ab C3&3
—€
2 3T (@2 + 2a2)2 d2 + 242
c Fa(x(a),x0) w(a) = & + 16+ 262 + 363 + cad? + c5a° + O(&0 + da® + d2a* + d363)
> | x(a) —xolt (42 + c242 + €363 + esa* + O(a5))2
_¢ctead+ c2&? + 383 4 c1d? + c5a° [ e3&3 4 6442 e§d6 ]
~ (d2 + c242)? d2 + 262 (d2 + c242)?
” co + c16 + 262 + c363 + ca6t 5 coa® + c16% + c2a® + c3a8
~ —2e
1 (42 + c242)2 3 (42 + c242)3
” e C4d7 e (Co +c1a+ ng2 + 03d3)d4
2 3(d2 + 242)3 4 (& + c242)3
I 65&5 I 3~2 (Co + 1+ 625(2 =+ 03d3)é¢6
[
(d? + 242)? 3 (d2 + c2a2)4

Go | F(x(),x0)w(a)log|x(a) — x0|> = [co + c16 + O(&?)] log (d® + c*62 + e3> + O(a*))

e3ds

~ ~ 2 2 A2
~ [co + c1a] [log(d® 4 c*a?) + 42 _,_02@2]
H1 | = colog(d®+c?a2)
A3
H dlog(d*+ c2a2) + E3—2%
2 + c1é log( +Ca)+63d2+c2d2
o F3 (x(a), x0) ) — €10 €308 + 0@ +dat 1 d?a% + d%a?)
2 |x(a) — xo[3 (d? + c2a? + O(a%))3/2
H, ~ C1&+CA3&3
(d2 + c242)3/2
Ha +0
o Fs (x(a), o) i) — 1Ot 3% 4567 +O(67 + . + d*a?)
2 | |x(a) —xol? (d2 + 242 4 ega + O(&5))5/2
16+ 38 4 c5d® [ 5 &8t ]
(d2 + c242)5/2 242 4 262
Cld+03d3 +C5d5
Hl N o o aorio
(d2 +02a2)5/2
” 5 (61&4—03&3)&4
2

T2 (@ 2a2)T2

Table 1 Summary of the approximations G &~ H; + H2. In each case, the approximations
G ~ Hi and G =~ H1 + Hz yield an O(h?) and O(h3) approximations of [ G, respectively. For
the O(h?) method, it is sufficient to replace es by its dominant term és in H;. Throughout,
& =a—ap.
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— for Gi: m — 1 derivatives in X, m — 2 in w, (in view of the double root of F})
— for Go: m — 2 derivatives in x, m — 2 in w.

Note that Table 1 lists the coefficients ¢}, in terms of the coefficients ¢;, e3
and €4.

In section 4 we show results using the O(h?) and the O(h®) versions described
by Table 1, as well as an O(h*) version obtained by keeping more terms in the
expansion of G. For the necessary details in this latter case we refer the reader to
the code posted publicly on the github repository [29].

3.3 Implementation

The method is implemented as follows, where, for illustration, we describe the
O(h®) method, although the steps easily generalize to the O(h*) version used
below. Steps:
Step 1: Compute T4[G].
Step 2: If xg is too close to C' then

a) find ay, d, and the closest gridpoint oy, to ap

b) find all necessary values at ap: Xp, Xp, Xp, Xp, Wh, Wh, Wp

¢) find all necessary coefficients ¢, ey, cx, as described in §3.2

d) compute all necessary E4[H ;]

e) correct [ G = T4[G] + Y ¢}, Ea[H; 1] where ¢}, are given in Table 1.

Several notes are in order:

(i) Definition of “too close”: In the calculations in section 3 below, the correction
is applied when d < min(5As, Rosc/2), where As is the spacing between the
two gridpoints closest to xg. This criterion is consistent with the criterion used
by Klockner et al [21], who considered the “high-accuracy region” in which
standard quadratures give good results and no correction is necessary to be at
a distance of 5h ~ 5As.

(ii) In step 2a: In general, such as for moving surfaces, «; is found by first fitting
a cubic polynomial to the data at the gridpoints in [, —1, atky+2], and then
applying a few Newton iterations to find the point at which (xo — x(ap))
X(ab) =0.

For prescribed boundaries, for which an expression for x(«) is known, «; can
often be found exactly in one step.

If x¢ does not have an orthogonal projection onto C, for example, if it lies to
the right of the tip of the nozzle, yet is close enough to require correction, we
use the closest point on C as x3. This does not introduce a linear term into
(3.8) since we impose X, = 0 at tips by sufficiently bunching the discretization
points.

(iii) In step 2b: the highest derivatives Xy, wp, need to be evaluated to O(h) only.
The next highest to O(h?), etc. They are obtained by differentiating a suffi-
ciently high order interpolant of the nearest points.

(iv) In step 2d: It is only necessary to evaluate E[H | over an interval centered at
[€7%)

I= [ako_nwin7ak0+nwin] ) (311)
where typically nn = 10 — 40, depending on the desired accuracy [28], at a
cost of O(nwin) per basis function. Here, as before, «y, is the kth gridpoint.
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However, for simplicity and since the cost is minimal, the results in §4 are
computed using I = [a, b].
All E[Hji] = [ Hji, — T[Hji| are evaluated by computing [ Hj, and T'[H;y)
and then subtracting them. This method works well as long as each term is
not large, as discussed below in §3.5. The antiderivatives of all basis functions
Hjj, are obtained in Mathematica. Results of a sample Mathematica notebook
is included in the supplementary materials to this paper.

(v) In step 2e: For the O(h®) method, the sum consists of 3, 7 and 15 terms for
Go, G1 and G2 respectively.

3.4 Correction near Axis

If the interface meets the symmetry axis at a point X4z, such as in the case of
drops, the approximation above loses accuracy for target points near Xg,, and
an additional correction is necessary. This difficulty is a well-known problem in
axi-symmetric geometry [7,25-27,30], caused by unbounded derivatives of the in-
tegrands at the endpoints of integration, in the limit as xo — Xqa4. Here we follow
the approach in [30] for singular integrals, and approximate the integrand G by
a simpler function B that is integrated over a short interval near X,; with high
accuracy using Tschebichev points. We then add the following correction

/G:/(G—B+B)zT*[G—BH/B:T*[G]JrE*[B], (3.12)

where
B [f] = / F-TU], T = Talf] + Ealiy] . (3.13)

This approach works well, giving uniform convergence outside a small remaining
neighbourhood of X4z, as will be seen below. The function B is obtained by ap-
proximating x(«) by a quintic polynomial with appropriate symmetry about x4z,
and approximating the forces fi1, f2 or u,v by quadratic functions. In [30], the
integral of the corresponding approximation could be precomputed due to scaling
of the singular integrals, at a cost of O(1) per timestep. For the near-singular in-
tegrals considered here that scaling is absent, which is why the integral has to be
computed accurately using Tchebishev points at a cost of O(n) per timestep. In
practice, this correction is rarely needed since the near-interface situation generally
occurs away from the axis.

3.5 Avoiding accumulation of roundoff error

There are many sources of large roundoff error in these axisymmetric calculations.
Foremost is the fact that the near-singular axisymmetric integrands consist of
sums of large components that almost cancel each other. The leading order non-
integrable singularity must cancel as xo approaches the interface C, since the
expressions are integrable in at least the principal value sense when xo € C. This
problem is remedied by, in essence, replacing terms such as the left-hand side of
the following equation by the right-hand side,

x° — 32%xo + 3wzl — zf = (xz — .1‘())3 , (3.14)
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as in [30]. In addition, we replace the difference (E(k) — 1) by well-known asymp-
totic approximations if k ~ 1. Note that in planar or fully 3D geometries this
issue does not occur since the numerators of all near-singular terms are already in
factored form, as in the right hand side of equation (3.14).

Secondly, standard functions to evaluate elliptic integrals lose accuracy if the
argument is close to one. For example, MATLABs function ellipke with argument
k? =1 — 1077 returns only 10 correct significant digits. For k2 = 1 — 1072, it
returns only 4 correct digits, and the problem worsens as 1 —k? decreases. We use a
routine based on consecutive arithmetic-geometric means, that returns 15 or more
correct digits for arbitrarily small values of 1 — k2. The improvement is obtained
by replacing the left-hand side of the following equation by the right-hand side,

(z — z0)* — (z 4 z0)* = dzxo . (3.15)

Finally, the present method consists of obtaining accurate results by adding a
correction to a bad result. If the bad error is large, the correction is large, leading
to subtraction of two large numbers to yield a more accurate much smaller number,
which leads to loss of significant digits. This issue is resolved by noting that the
error in the bad result

TGl ~h) Gk (3.16)
is large when the distance |xo — x(a,)| < 1 for some index ko. In that case

|Gy | > 217335|Gk| . (3.17)

That is, one term in the sum accounts for the large value of the error in the
bad result. Similarly, the correction is large due to the contribution of one term
in the sum h ) Hj, namely, hHy,. The problem is resolved by noting that if
|x0 — x(ak, )| < 1, the approximation of G, — Hy, given by Table 1 is small, and
highly accurate. We thus replace the difference of the two large numbers by the
small asymptotic approximation,

G, — Hg, =~ rest(ag,) (3.18)

and eliminate the loss of precision due to roundoff. Here the remainder rest is
obtained in Mathematica, as shown in the sample file given in the supplementary
materials. This method was implemented and tested, although not needed for
the present results since the closest distance of a target point to a gridpoint,
approximately 104, did not yield sufficiently large corrections to contaminate the
results.

4 Numerical Results

4.1 Spherical drop

The corrected trapezoidal quadrature described above is applied to a simple test
case of a spherical drop, given by x(a) = (—cos, sin ), a € [0, 7], and discretized

uniformly by n points with meshsize h = 7/n. The single and double layer velocity
components are computed for sample prescribed functions, fi(a) = cosa, f2(a) =
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Fig. 4 Discretization of spherical drop by n = 25 points (blue). The red dotted line represents
a set of target points xg. The projection x; for a sample target point is indicated.
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Fig. 5 (a,b,d,e) Computed single and double layer components (u®,v°) and (u?,v?) along
red line in Figure 4, vs the signed distance d from the projection. The trapezoid Ty results
(blue) and the corrected O(h?) results (red) are shown. For reference, the yellow curve in
(a,b) shows the velocity at x; on the surface. (c,f) Maximum error along fine grid on red line,
with trapezoidal (blue) and corrected values (red), vs. 1/n = h/m. The dashed lines have the
indicated slopes.

sina, u(a) = cosa,v(a) = sina, using the O(h?), O(h?), and O(h*) versions of
the method.

Figure 4 shows the discretization by n = 50 points (blue) and a dotted line
(red), representing a set of target points xg. Figures 5(a,b,d,e) plot the components
of u® = (u*,v°) and u? = (u¢,v?) along this red line, as a function of the distance
d from x¢ to the projection, computed without corrections (blue) and with the
O(h?) correction (red), using n = 100. The yellow curve in (a,b) shows the values
of u® at the projection x; on the interface. These values are given by a singular
integral that is evaluated using the methods of [40,30]. The corrected single layer
components in figures (a,b) are seen to be continuous across the interface, and
agree with the singular integral values on the interface. The corrected double layer
components in figures (d,e) recover the discontinuity across the surface.

Figures (c,f) plot the maximum errors |u® —us,| and ju® —u<,| over a fine mesh
along the red line, using n = 100, 200, 400, 800, where the reference values ue, are
computed using n = 1600. The corrected values (red) are observed to converge
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Fig. 6 Pointwise errors on a fine grid in the region shown, computed with the O(h?) method
and n = 100. The reference values ue, are computed with n = 1600. (a,b,c) Single layer
component |u®—us,|. (d,e,f) Double layer component [u?—uZ,|. Left column (a,d): uncorrected
trapezoid results T5[G]. Middle column (b,e): corrected O(h?) results Ts[G] + Eg[H] = T*[G].
Right column (c,f): additional correction near axis, T*[G] + E*[B].

max |[u® — u®.,||
max Hud - udsl‘ll
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Fig. 7 Maximum errors in the corrected velocities computed with the O(h3) and the O(h*)

method, vs 1/n = h/m. The maximum is taken over all grid points for the O(h3) method, and

over r > 0.05 for the O(h*) method. (a) Single layer component max|u® — u?,|. (b) Double
d

d
layer component max |u® — u%,|.

as O(h?), as predicted by the error analysis in §3. The uncorrected values for u®
(blue) are observed to converge as O(h). This is consistent with the results in Table
1 for G'1, in view of the second order root of F; at x = xo. On the other hand, the
leading order terms for u?, given by the errors in Ga, satisfy E[] = O(h/d) and
are unbounded near the interface. Thus, in the case of u?, the corrections reduce

O(h/d) errors to O(h?).
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Figure 6 plots the errors |u® —ug,| and [u® —u?, | on a fine grid of target points
not on the interface, for the same spherical testcase considered above, but com-
puted with the O(h*) method. To better distinguish the near-singular errors from
the background, for this figure we used the 6th order standard trapezoid rule T in-
stead of Ty4. The top frames (a,b,c) show the single layer results, the bottom frames
(d,e,f) show the double layer results. The left column (a,d) shows the uncorrected
trapezoid values Es[G], clearly showing large values near the interface. The middle
column (b,e) shows the corrected trapezoid values Fs[G] + Es[H] = E*[G]. Here,
the errors are significantly reduced near the interface, except near the axis. The
O(h?®) errors near the interface remain larger than the background errors, which
are O(h®). The right column (c,f) shows the results with the additional correction
near the axis E*[G] + E*[B]. The results near the point Xq, on the axis are much
improved, with slightly larger errors remaining in a small e-neighbourhood of x4,
where € = \/E/ 4 for the double layer, and = h for the single layer. In this remain-
ing small region we obtain the velocity components using a 6th order interpolating
polynomial based on accurate values on the axis, and accurate values outside of
the region. Details are given in Appendix C. The figure shows that the large errors
obtained with a standard trapezoid rule near the interface, as seen in column 1,
are removed by the corrections.

Figure 7 plots the maximum error obtained after correction with both the
O(h?) and the O(h*) method. The maximum is taken over the whole domain
shown in figure 6 for the O(h*) method, and over r > 0.05 for the O(h*) method.
The maximum errors converge at the predicted rate. For completeness, pointwise
error plots similar to figure 6, for both the O(h3) and the O(h?*) methods using
n = 100, 200, 400, 800 are included in the supplementary materials to this paper.

The results in this section thus show that in the sample test case the predicted
convergence rates for the O(h?), O(h®) and O(h*) methods are attained.

4.2 The Nozzle

Next we apply the corrected quadratures to model flow through an axi-symmetric
tapered nozzle of length L, with exit radius R, and tapering angle 8. The nozzle is
modelled by an axi-symmetric distribution of Stokeslets on two surfaces, denoted

Fig. 8 (a) Sketch of axi-symmetric surfaces modelling a nozzle such that flow is parallel at
the back surface, and zero on the lateral surfaces. (b) Discretization of the surfaces in the
symmetry plane by gridpoints clustered at the ends of the lateral (or top) surface, and at the
top of the back surface.
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together by Sy, in figure 8(a), that induce the desired flow on Si,: the Stokeslet
forces along the flat back piece of Sy, induce a prescribed parallel flow; the forces
on the lateral surface ensure zero flow at the wall. That is, we choose forces f that
satisfy the equation

Uw(xo) = / M(x,x0) fwds, xo€ Sw (4.1)
Sw

where Uy (x0) = (U,0) along the back, and Uy (xp) = 0 on the lateral piece.
To accomodate the incompatibility of the boundary conditions at the top left
corner of the nozzle, we leave a gap of size 0.002L between the lateral surface
and the flat back piece. The surfaces are discretized in the symmetry plane by
Ntop + Nback +2 Tschebichev points that cluster at the tips of the back and the top
pieces, where the force distribution f(s), where s is arclength, grows unboundedly.
In particular, f(s) ~ s~!/2 as s — 0. The quadratic clustering of the Tchebishev
points corresponds to a change of variables s = L(1—cos «)/2 chosen such that, as
s — 0, the product f(s(a))sa stays bounded, as will be shown in Figure 9 below.
The resulting point distribution for niop = 50 and npeer = 12 is shown in figure
8(b).

To find the forces f, we evaluate the singular integral in (4.1),

b
/ M (%, %0) - fuo(5()) e dex (4.2)
a
10° ‘ ‘ ‘ ‘
© f=1
= 1072
Y =
= 3
eagd o
Al |
=104
— 1600
-150 : . ' ' 10 . . : '
0 02 04 06 08 1 0 02 04 06 08 1
a/T a/r
70 : ‘ ‘ w 100 : : : :
(b) —n=100 (d) f=fb
0.1 02 03 0.4 05 0 0.1 02 03 04 05
ajm a/m

Fig. 9 (a,b) Forces f1 and f2 along top (a) and back (b), computed with the indicated values
of n. (c,d) Corresponding relative errors |f — fex|2/|fex|2 along top (c) and back (d).
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where x9 € Sw, using a 3rd order quadrature rule given in [40] (see also [30]). This
yields a Fredholm integral equation of the first kind for the forces f; = f(a;) at the
gridpoints. The corresponding matrix A has slightly increasing condition numbers
K(A) as ntop + Npack increases, but for all our computations, K(a) < 4,000.
Figure 9(a,b) shows the resulting forces using our current approach with ntop =
100, 200, 400, 800, 1600 with corresponding values of npger = ntop/4. The errors
for ntop = 100, 200, 400, 800, computed by comparing with niop = 1600, are shown
in figures (c,d). The errors are seen to decay as O(h*). They are almost constant
except near the back top corner. This is caused by the imposed discontinuity in
the boundary conditions mentioned above. However, the effect of the discontinuity
on the fluid velocity is negligible, as will be seen later, in Figure 11.

To illustrate, figure 10 plots the velocity field induced by the wall forces shown
in figure 9. Here, the integral (4.2) is near-singular for points xo near the wall and
is evaluated, as a function of «, using the method of this paper. Figure 11 plots the
errors in the induced velocity field, on a fine grid around the surface S,,. In figure
(a), the velocity is computed with the uncorrected trapezoid rule T4 with n = 100.
In figures (b-e), the velocity is computed with the corrected O(h®) method using
n = 100, 200, 400, 800. The corrections remove the large trapezoid errors near the
wall. The corrected errors blend into the background errors, which in this case is
O(h?), in view of the convergence rate of the wall forces. The maximum errors
occur near the nozzle opening, where the flow speed is largest, and not near the
interface. The largest errors are caused by the large magnitude of the O(h®) errors
in the wall forces and could be reduced using a higher order approximation of the
singular integrals.

The maximum errors over the whole domain are plotted in figure 12. The
corrected values decay to order O(h*), while the uncorrected ones decay as O(h),
as expected. These results are applied next to simulate the evolution of the double
emulsion moving through a nozzle [10].
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Fig. 10 Velocity field induced by wall forces.
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Fig. 12 Maximum errors max |u — Uez| in the velocity induced by the wall forces, vs 1/n =
h/m.
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Fig. 13 Sketch of axi-symmetric model for double emulsion flow through nozzle.

4.3 Double Emulsions motion through nozzle

The double emulsion flow is modelled by three surfaces, S1, S2 and S, where
Sw represents the nozzle and induces the driving background flow, and Sy, S2
represent a nested set of drops, as shown in figure 13. The surfaces bound three
regions D1, D2, D3 with viscosities u1, p2, u3. The surface tension on S and Sz is
given by v1,2. The uniform parallel background flow is chosen below so that the
average velocity at the nozzle exit is a prescribed value Ug = Up.

For simplicity, we consider the case where all fluid viscosities are equal u; =
p2 = p3. The system of equations governing the double emulsion motion in this
case is given by

Uw(x0) = F(x0;fw), o0 € Sw (4.3a)
ul(Xo) = F(Xo;fw), X0 € S1 (4.3b)
uz2(x0) = F(xo0;fw), o0 € S2 (4.3¢)

where
F(x0: fu) = / M (x, x0) - Fuo (x) dsx (4.3d)
Sw

2 1
_ ];1 Car /Sk: M(x,%0) - ki (x)ng(x) dsx

Here, k is the mean curvature
7E — 27 n 2
RSN

and Cay = Uopi/vk- The integrals are singular whenever xg lies on the surface
of integration and regular or near-singular otherwise. These equations follow from
(2.2) and are equivalent to the formulation in [43]. Equation (4.3a) determines the
forces fy, on Sy, through a Fredholm integral equation of the first kind, as described
above. Given these forces, equations (4.3b,c) determine the drop velocity at a given
time. The initial condition is as illustrated in the sketch.

The drop evolution is computed as follows: Sy, is discretized as described in
84.2. This determines a linear system for f at the gridpoints. The linear system

K =
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Fig. 14 Evolution of double emulsion droplet in nozzle, at the indicated times. The left column
(a-h) uses the uncorrected velocity. The right column (i-p) uses the O(h3) corrected velocity.

is factored initially so that at each timestep, two triangular solves determine f.
The initial surfaces S1,2 are discretized using equally spaced points in arclength.
Instead of solving for the drop evolution in Cartesian coordinates, we follow [15,
31,30] and evolve the total arclength Ly and tangent vector angle ) for each
of the two drops, k = 1,2, in such a way that the discretization points remain
equidistant at all times. The resulting system of ordinary differential equations
for the arclength and tangent angle are solved using the 4th order Runge Kutta
scheme.
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Figure 14 shows the solution of these equation at the indicated times. The
flow parameters are as follows: the nozzle length indicated in 8(b) is L = 6. The
angle f = 6°. The exit diameter of the nozzle and the average velocity across the
opening are D =1, U = 1. Also Ca; = Caz = 0.1. The drops are initially centered
4 units away from the nozzle with initial radii R1 = 0.95, R2 = 0.6. The figure
shows the solution at the indicated times, computed with n¢op = 100, npgcer = 25,
and n1 = n2 = 100, where ni,2 are the number of points on the two drops. The
timestep is At = 0.005.

The left column in figure 14 shows the results using the uncorrected 4th order
trapezoid rule. The right column shows the results using the corrected O(h?)
quadrature. In the uncorrected results, the two drop interfaces intersect and tangle
up around t = 7, when they approach each other as they exit the nozzle. Afterwards
they remain tangled and do not represent a physical solution. In the corrected
results, the drops never tangle up but evolve and approach an apparent steady
motion. The closeups in figure 15 show that the corrected results never tangle,
nor cross the wall. The results in figure 14 remain unchanged, to the eye, under
meshrefinement. To illustrate, results using n1 = n2 = niop = 200, npgcer = 50,
At = 0.0025, as well as n1 = n2 = nop = 400, npecr = 100, At = 0.00125, are
included in the supplementary materials to this paper.

Three movies are posted as supplementary materials to this paper. The first
two show the evolution of the double drops in figures 14 and 15, with and with-
out corrections, both at a large scale and a closeup. The third movie shows the
evolution of the example presented in figure 1, with and without corrections. The
evolution without corrections breaks down around ¢ = 7.5. Similarly, numerical
experiments for a range of parameters showed that with the corrected velocity,
no tangle occurs and the solution proceeds cleanly to large times, while, with the
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Fig. 15 Closeup of figure 14 at indicated times.
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uncorrected velocity, the interfaces intersect and often lead to finite time break up
of the solution. These results show that the corrected integration method yields
accurate velocities that resolve the flow in an application of interest.

5 Concluding remarks

The paper presents a method to evaluate near-singular integrals in axi-symmetric
interfacial Stokes flow. The axi-symmetric boundary integrals are of the form (1.1),
where x(«a) is the domain of integration, w(«) is a density function, and xq is
the target point, at a distance d of the interface x(a). The integrals are near-
singular if 0 < d <« 1. The method consists of approximating the integrand G
for small d by a function H that captures the near-singularity and is integrated
exactly. The remainder G — H is integrated using any quadrature of choice, where
we choose a 4th order trapezoidal rule with uniform meshsize h. In essence, the
method consists of adding a correction to the trapezoid approximation of G. The
approximation H is obtained using Taylor series approximations of the interface
x(«) and the density w(a)) about the orthogonal projection of the target point onto
the interface. A following application of the geometric series yields an expansion of
‘H in terms of basis functions that can be integrated exactly. The order of accuracy
depends on the number of basis functions used in the approximation. The paper
describes the necessary details to apply the method in axi-symmetric Stokes flow.
It applies O(h?), O(h®) and O(h*) versions to test cases and to a sample flow of
double droplets moving through a nozzle. The results for the test cases show that
the single and double layer potentials are evaluated to within the theoretically
predicted accuracy. The results for the double droplet flow show that the problem
of tangling of nearby interfaces that occurs with inaccurate integral evaluation is
removed after corrected integration.

We conclude with some remarks on the method. (1) The method is conceptually
simple, simple to implement, with proven convergence results. (2) It is based on
approximations about a base point «; on the interface, and depends on derivatives
of x(a) and w(«) at ap. An O(h™) method generally requires m derivatives of x,
and m—1 derivatives of w. If the boundary x(«) consists of a solid surface that does
not evolve in time, its derivatives can be found accurately at no cost. In general,
the derivatives are obtained to the necessary order of accuracy by interpolating
values at the grid point obtained by finite differences. (3) The corrections can be
computed using a local set of 2n.,, gridpoints centered at «p. Thus, for fixed
order m the method requires O(nyin Nt) operations per timestep, where Ny is the
number of nearby target points. Larger values of m require larger values of nyin
and larger number of basis functions. (4) The application of the geometric series
yields, in essence, a generalization of the integrals of analytic functions 1/(z — z0)”
used successfully in planar geometries. It thus lends itself to extensions to surface
integrals in fully 3D geometries, which are ultimately the main problem of interest.

In summary, we have addressed the evaluation of near-singular integrals in a
geometry not previously considered in the literature, including non-periodic finite
interfaces, using a method based on some novel ideas that may contribute to
further development.
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The code used for the simple spherical test case in §4.1 is publicly available
on the Github repository [29], as are all the Mathematica files used to obtain the
asymptotic expansions of the integrands G.

Acknowledgments. 1 thank Anna-Karin Tornberg for hosting me and for many
helpful discussions during a short visit at KTH in April 2019.
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A The functions Mij, Q;jk

Mi1 = (o + &%I350)/(87)

M2 = r&(rI30 — rolz1)/(8m)

Mo1 = r&(rIs1 — rolzo)/(8)

Maz = r[l11 + (r? +r2)Is1 — rro(Is0 + I32)]/(87),

Q111 = —67‘53150/(8%), (A1)

Q12 = —6r&>(rls0 — rol51)/(87),

Q122 = —6r&(r2se + 1250 — 2rrols1)/(87),

Q211 = —6r&>(rIs1 — 1oI50)/(8m),

Q212 = —6r€[(r? + r2)Is51 — r7o(Is0 + Is2)]/(87),

Q222 = —61"[7“3[51 — 7‘21"0([50 + 2I52) + T‘T?,(Is:} + 2I51) — 7‘3152]/(8#),
where { = z — zp and Q121 = Q112, Q121 = Q212 With

4

Lo = —F(k),
C

Iy = albF(k) - B(R)

I3 = ;%Esm(k),

Tot = albBya(k) — F(R),

Ingfw@mm—%nm+mm, (A2)
Iso = ;%ES/Z(k)v

Is1 = %a[bEsm(k) — E35(k)],

Tsz = a7 By (k) — 208 (k) + F(R),

Tss = a6 B (k) — 36 By o (k) + 36F (k) — E(R),

where € = 2z — 25, k2 = 417, /(€2 4 (1 4+ 16)?),
E(k) 1 2(2 — k?)
, E k) =
5/2(k) 3(1 — k2) [ 1— k2
F and F are the complete elliptic integrals of the first and second kind, respectively:

T1-—k2

Es/o E(k) - F(k)|

/2 46 /2

— | E(k)= V1 —k2sin2?0d0 ,
0 v1—k2sin?6 0

and a = 2/k?, b= (2 —k?)/2, & = (r+ro)?+ &2 These functions have singularities as
|x —x0|2 = (r —7r6)2 + (2 — 20)%2 — 0. Using expansions for F, E as k — 1 (see, eg, [1], we
find that to leading order in this limit,

Fk) =

2
L~ — log |x — xol ,
To
2 1 a;
=+ L log|x —xo|, A.3
ro |x — %02 4rd el ol (A-3)

4 1 b 1 ¢

— — + -2 _loglx—x
3ro |x — xo|* 47’8 |x — x0[? 64r6’ g ol 5

Igj ~

I5j ~

where ap = 1, a1 = =3, a2 = =7, bp =1, b1 = =3, by = =7, b3 = —11, ¢ = 3, ¢c;1 = —5,
c2 =19, c3 = 75 (obtained with Mathematica). These expressions yield equations (2.4) in §2.2.
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B The functions F(x,xo)

The functions F}j(x,xg) defined in Eq (2.4) are listed here, in addition to their to leading order
behaviour in |x — x¢|, as |x — xo| — 0:

F{222 (x,%0) =

F222 (x,%0) =

FOQ222 (x,%0) =

F2szl (x,%x0) =
FlQ221 (x,%0) =

FO21 (x, xq) —

P ) =
Flell (x,%0) =
FOQ211 (x,%0) =
F3122 (x, x0) =

F9122 (x,x0) =

FOQ122 (x,%x0) =

F2Q121 (x,%x0) =
PO, x0) =
F(?ml (x,%x0) =
P o x0) =
PO, x0) =

FOQ111 (x,%0) =

2

TTOP2
3

- 27‘7‘0,0%

[r2 —rd +§2] [r2 . §2]2

[(r — r0)2(r + r0)3(3r + 7o)

+(r —10)E2(r + 10)2(5r + 3r0)
—3¢4(r? + 4rro + 3r3) — 556}
3
167“7’0,03

+E2(r 4 10)2(17r% + 46719 + 3373)
+%%nﬂ+@um+1&@+1xﬂ

36 [(72 _ 7‘8)2 +4(T‘+T‘0)252 _,’_354]

= [(r +70)2(57% + 2217 + 513)
8rops

+8(r +70)%6% + 3¢%]

8rg2

Top2

2
6T§3 [r2 + 4rro 4 318 + 52]

Top2

3ré% [ o 2 2

_@[r +8rro 4+ Trg + £7]

4¢

rp2

_38

3
TPy

[~ 3+

(r® —r§ —€%)?
[(r = 7o) (r +70)* (57 + 3ro)

—2¢? (r2 + 4rrg + 37‘(2)) - 354}
3¢

P [197“4 + 481370 + 16770 (13 + £2)
P2

+3(rg + €%)% + 22 (211§ + 56°)]
,%&ﬁ,%,g)
P2
7§ [37"2 +4rro 4+ 18 + 52]
P2
3¢2
405
1673
P2
12r&3
P
g3
QpS

[77‘2 +8rro 4+ 18 + 52}

[— (r —7r0)(r +70)3(r% + 22rr0 + 9rd)

\x—xo\?’

2

~ |x—xg|?

~ |x—x0|1

|x7x0|3

2

~ |x—x0|3

~ |x— x0|1

|x—x0|3

i

2

\x—xo\2

~ x—xo2

|xfx0|1

2

~ |x—x0|®
~ |x —xo|?
~ |x —xo|?
~ |x—x0|?

~ |x—x0|3
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F]Mzz (X7x0) _ [(72 _ T‘(2])2 _ 54] ~ ‘x _ XO‘Q
T0p2
Ma2 1 2(r,.2 2
Fy'?2 (x,%0) = ————= [(r + 10)*(5r® — 2rro + 573)
4rop3
+4§2(3r2+4r7“0+37“(2))] ~ |x —x0|°
|2
@(137“2 + 54rro + 13r2) 4+ O(|x — x0|*)
32r0pg
M 2r o 2 2 2
F2 (6 x0) = —(r" =15+ £7) ~ [x = xol
rop2
FM21 (x,x0) = —5(r2 4 drrg + 313 + £) ~ fx = xol!
2ropy
x —xo[* € 4
——— >+ O0(|x—x
g ot —xalh)
2
FlMu(x,xg) = —E(Tz —rd —¢€%) ~ |x—xo|?
p2
M2 — 3 32 44 2 2 1
0 (x,xo)_—%(r +4rro + 15 +£°) ~ |x —xo]
|x —xol” € 4
T3 4 + O(]x — x0[%)
Are2
FlMll(x,xo) = re ~ |x = x0|?
p2
FOM11 (x,%x0) = ,%(2,2 + 4rrg 4 2r3 + 362) ~ |x —xg|°
P2
|x — xo|” 4
~P20E )+ O - xol?)
P2

where p3 = (r+70)2 + (2 — 20)? and € = z — 29. The Mathematica notebooks used to obtained
these expansions are posted on Github [29], and a sample pdf posted in the supplementary
materials.

C Integrands for ro = 0. Evaluation for small ro = 0

If x¢ lies on the axis, with radial component r9 = 0, the expressions for M;;, Q;;r given in
Appendix A are not valid. Instead, the limiting expressions of the integrands in (2.3) as ro — 0
are found by expanding M and @ about rg = 0 using known expansions of F(k) and E(k)
about k = 0. Here we list the resulting expressions, in addition to their 1st and 2nd derivatives
in the radial direction at 7o = 0 that are used for interpolation in an O(h) neighbourhood of
Tqz. Note that the axial velocity components us,uq are even about ro = 0, while the radial
components vs,vq are odd. We only list the expressions for the nonzero functions that follow
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from this symmetry:

wie0s0) = 2 [ e+ (26 1) e
Z:; (20,0) = %/: W(hrﬂlé)(rz —2¢%) da
8;%5 (20,0) = %/ﬂb W[wwg(r? — 4€2) + f1(r* + 8r2€2 — 8¢%)] dar
uq(20,0) = —127 /: ﬁ(vr + uf)(rz — &) dev (C.1)

v b T .
TTZ(Z(),O) = —671'/(1 W [Zr[’ur(r2 _ 452) + u§(2’r2 — 352)] 7

— r€[wr(2r? — 3¢2) + ug(3r2 — 252)]] do

uq b g 1 3 2, +2 3 4
W(zo,O) = —67r/ W [2(77‘ v+ 15r°ué — 26r°vE — 20rul” + 2v€*) |
0 a

— 5%6(3r3v + 5r2ug — 4rvg? — 2u§3)] do .

where throughout, £ = z(a) — zo. The derivatives with respect to o of the integrands at the
endpoints needed for the trapezoidal rule (3.3b) are computed using finite differences if x(a)
and x(b) do not lie on the axis, or using exact expressions when they are on the axis, in which
case a = 0, b = w. These exact expressions are

d . . AT fy o7 d 9G? 27 f1 e d 192G 87 f1, e
7[Gs]5:767 7|: ] 7_767 7|: 2 :| = - 267 (C2)
da €e da Ll Org le €e|€e da Ll 0%rg le e €2
d G, = 127ikue d [acg] _ 12miZue d [aQGg] _ 60mrZuc
da T gfge] T dalorgle gleel T odal or Je o gde]

where subscript e denotes evaluation at the endpoint (either « = 0 or a = 7). If (20,0) is
near the interface, the integrals (C.1) are near singular and are computed accurately using the
corrections described in this paper for p = 3,5,7,9.

The velocity and radial derivatives on the axis, given by (C.1), are used to evaluate the
single and double layer Stokes potentials for target points in an e-neighbourhood of x4, where
the corrections E*[G]+ E*[B] lose accuracy, in order to obtain the uniform O(h?) convergence
presented in Figure 7. We obtain velocities in this region using a 6th order polynomial inter-
polant of the values on the axis and a value on the upper boundary of this region along an arc
rq(@), zqa () parallel to the interface.
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