Complex Variables Master’s Qualifying Examination
January 1996

1) (a) Determine the region of absolute convergence of the products:

6 fa-2)

@) [101+™)
(i) ,.fjo(l + cqz) where "ig'io lea] < 00
Gv) [ (- %)

(b) For the following functions in the extended complex plane give the branch points and
the isolated singular points. Say whether the isolated singular points are removable,
essential or poles (and, if poles, give the order)

(2) V71
(b) exp ()
(c) In(VZF+ 1)
(d) tanz

2)Let D={z€C ||zl £lor|z—-2] <1}. Let D = (C\D) U {ec}. Show D is
conformally equivalent to the open upper half plane.

3) (a) Let f and g be entire functions satisfying |f(2)| < lg(2)| for |z] = 100. Assume
g is not identically zero. Show f/g is rational.

(b) Let u be harmonic in C and u(z,y) > —2 for all z + iy € C. Show u is constant in
C

4) Let f(z)=2'~-5z+1
(a) How many geros does f(z) have in the disc {z € C| |z| <1}.
(b) How many geros does f(z) have in the annulus 1 < |z| < 2.

eikz
———dz where k € R
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5) Compute F(k) = —= j_ o

6) Expand (if possible) in Laurent series in the indicated region
(a) e/C-1) |z >1

(1) 0 < la| < |z] < [b]
(i) la| < 18] < |2|
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(c) log (1 12) |z] >1

7) Evaluate the integral

/°° sin®z dx

-00 33

8) Choose a branch of +/z2 —1 that is analytic on C\{z +0i| —1 < z < 1} and has the
value /3 at z = 2. Evaluate / Vz2 — 1dz where 7 is the circle of radius 2, centered

4
at 0 and oriented counterclockwise.



