
ODE/PDE Qualifying Exam 

Part I: Annver 2 of the 4 queationa 1iven below 

1. CoJllider the ayatem of ODE'a 

dv 2 - = _,.,, ,, 
dw v 2 
- c v 2v + -
dt 2 

dw ''"' -=--dt 2 

Nt~me: 

(a) Show that v2 + w2 + v 2 il a constant of the motion. 

(b) Assuming that constant to be one. Use this fact to reduce the above 
tyatem to a phue pla.ne for any pa.ir of vari&blea ( V 1 w) 1 ( V 1 w) 1 (, 1 w) 
th&t you prefer. 

(c) Sketch the tr&jectoriea in the phue plue and fi.nd the critical 
points and dusify them. 

2. Consider the initial nlue problem 

dz 
Tt = /(z,r), z(O) = zo 

dy 
Tt = 1(z1 r)~ r(O) = ro 

Let c = {(z(t)l r(t)lt ~ 0} be the politive •emi-orbit for the initial 
nlue problem. Assume th&t C il bounded and define C' u the Ht of 
points pin the plue for which there il a monotonic increuing sequence 
~.with ~ - oo, ud (z(t,.), r(tn))- p u ~ - oo. 

(a) Show th&t lim c-oo di•t((z(t)1 r(t)), C') = 01 where di•t(p, S) de­
notet the dista.nce from the point p to the Ht S. 

(b) Show that l! C' = P1 thRlimc-oo((z(t)l r(t)) = p. Doea thia imply 
that p il a at&ble equilibrium point! Prove or cive a countereumple. 
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4: 
-=r 
ll' 

~ = -2a2r+1(z) 
~ 

with 1(c) smooth and aatiafyin& the condition Zf(c) < 0, z rF 0 in 
tome open set containin& c = 0 and 1(0) = 0. Show that (0, 0) is an 
uymptotically stable equilibrium, by uain& the phue apace function 

4. {a) Let F(t) be continuoua for 0 S t- to S.., and satisfy 

0 S F(t) Sf+ 6 [. F(l)cfl 

for aome non-negative conatanta 1, I. Show that 

0 S F(t) S nzp[6(t- to)] 

for 0 S C- to S ..,. 
(b) Uae Gronwall'• inequality from (a) to prove uniquenen of aolutiona 
to the initial value problem 

4: 
~ = /(z, t), z(to) = zo 

State the nec:eaaary uaumptiona on f. 
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Part II: Anawer 2 of the 4 question• aiven below 

1. Solve the value problem 

tUt + (z + t)u. • 1 
u(l,z) • z, /M 0 < z < 1 

ucl cleacribe the region over which the aolution il1l.Jliquely determined. 

2. Couicler the wave equation in one dimension 

"''- "•• = 0 

with initial condition• u(z,O) = /(z), Uc(z,O) = g(z), -oo < z < oo. 

(a) Suppoae f a.ndg are identically aero outside the interval [-1,1]. 
In what region in {-oo,oo)) x [O,oo) C&D you ensure that the aolution 
"of the Cauchy problem il identically aero. 

(b) Is there a similar reault to the previoua problem for the heat equa­
tion? (Hint: Think of the fundamental solution). 

3. Cnnsider the diffusion equation 

"c = A2(z2uz)z 

1 < z < 2, '> 0 

With initial a.nd boundary conditions: 

u(z, 0) eg(z), u(1, t) • u(2, t) = 0 

(a) Show that i! u(z, t) • */(t, r), where r • ln(z). Then faatisfiea 
a linear HCond order PDE, with eouta.nt coefficients. 

(b) From the equation you derived in (a), uae aeparation of ftriablea 
to bel the eigenfunctions a.nd eigenvaluea of this problem 
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4. ~iva that 
1- e2 - r2 

•(e,r) = 1- 2z + e2 + f/2 

~ harmonic (ie. aatiafiu Laplacea equation) for z2 + r2 < 1 Tha: 

(a) ia it harmonic for e2 + r < ••• > 1?. Explain 

(6) 

(b) Prow that :1; S •(z,r) S ~for,. < a ia tnae for all a < 1. 
(here r 2 = e2 + f1 ) 

I 

(c) Prove that 1:;: s •(z. r) s I!: for,. s •. for all • < 1. 

Hint: Go to polar coordinate• throughout this exerci.ae 


