Geometry/Topology Qualifying Exam, August, 2017
Department of Mathematics & Statistics
University of New Mexico

Instructions: Please try all of the 10 problems on the exam. Start each problem
on a new page, number the pages, and put only your code word (not your banner
ID number) on each page. You can work on any of the parts of the given problems
even if you skip some of the other parts. Clear and concise answers with good
justification will improve your score.

1) Prove that a sequence in a Hausdorff topological space cannot converge to more
than one point.

2) Prove that a continuous real-valued function f on a compact topological space
X assumes its maximum value and its minimum value.

3) Let G, be the group of n-th roots of unity. Regard the unit sphere S***! as the
set of all point Z = (2, ...,2,) € C" such that |z|? + -+ + |z,> = 1.
(a) For every ¢ € G, consider the map on S**! defined by (zq,...,2,) —
(Cz0,...,Cz,). Show that this is a (group) G,, action on S?"*1.
(b) Show that the action of G, is an even action, i.e., every point Z € S**! has
a neighborhood U such that U N (U = 0 for every ¢ € G, ¢ # 1.

4) Let B" be the close unit ball in R™. Show that the quotient space obtained from
B™ by identifying its boundary S~ to a point is homeomorphic to the n-sphere
Sr.

5) Let S™ be the unit sphere in R™"'. Prove that if n > 2, then S" is simply con-
nected.

6) Describe the flow (integral curves) and its behaviour in R® as ¢ — +oo of the
vector field



2

7) Let S? be the unit sphere in the Euclidean three dimensional space,

0
¢ =2zdxr Ndy — ydx Ndz + zdz ANdy and X:za—.
z
a) Compute the Lie derivative £ x¢. b) Compute the integral [, ¢.

8) Let M, be the Euclidean space of dimension n* considered as the space of n X n
matrices.
a) Show that the set O(n) of all orthogonal n x n matrices is a smooth sub-
manifold of M,,. What is the dimension of O(n)?
b) Describe the tangent space at the identity matrix I € O(n).

9) Let S™ be the unit sphere in R"*! and A*(S™) be the space of smooth differential
forms of degree k on S™.
a) Let 6 € A%(S*) be an exact 2-form. Show that 6 A 6 is an exact form.
b) Let w € A"(S"). Show that w is exact if and only if [, w = 0.

10) Consider the plane curve §(t) = (sin2t¢,sint), —m < t < m. Show that § is an
injective smooth immersion but it is not a topological embedding.



