
Real Analysis Qualifying ExamSpring 2007Instrutions: Complete all problems to get full redit. Start eah problem on a new page, numberthe pages, and put only your Soial Seurity number on eah page. Clear and onise answerswith good justi�ation will improve your sore.1. Let A be a losed subset of Rn and K a ompat subset of Rn . The distane between A andK is de�ned to be d(A;K) := inffjx� yj : x 2 A; y 2 Kg:(a) Show that d(A;K) > 0 if and only if the sets A and K are disjoint.(b) Is the result true if K is only assumed to be losed?2. (a) De�ne what is a onneted set in a metri spae.(b) Show that an open set U � Rn has at most ountably many onneted omponents.3. Let f : R ! R be ontinuous at x = 0, and suppose that f(x + y) = f(x) + f(y) for allx; y 2 R. Show that f(x) = x for some  2 R.4. Let f : [0;1)! R be a dereasing funtion. Assume that ��R10 f(x) dx�� <1. Show thatlimx!1xf(x) = 0:5. Let f : [0; 1℄! R be a ontinuous funtion. Show thatlimn!1n Z 10 xnf(x) dx = f(1):Hint: Verify the statement �rst for polynomials.



6. Given a power series P1n=0 anxn, let � = lim supn!1 janj1=n. LetR = 8<: 1� if � > 0;1 if � = 00 if � =1:(a) Show that if R > 0 then the series onverges absolutely whenever jxj < R to a funtionthat we will denote f(x).(b) Show that if 0 < K < R then the power series onverges uniformly to f(x) on [�K;K℄.() Show that if R > 0, then the series an be di�erentiated term by term, and the di�eren-tiated series onverges to f 0(x) for jxj < R.7. Let f : Rn ! R be a funtion of lass C2. A point p 2 Rn is a ritial point of f if �f�xi (p) = 0for all i = 1; 2; : : : ; n. The Hessian matrix of f at p is given by� �2f�xi�xj (p)�ni;j=1 :An n� n matrix A is positive de�nite if xTAx > 0 for all x 6= 0 in Rn .(a) Suppose p is a ritial point of f and that its Hessian matrix at p is positive de�nite.Show that p is a loal minimum for f .(b) Show that if the Hessian is positive de�nite everywhere then f has at most one ritialpoint.8. (a) State the inverse funtion theorem.(b) Identify R2 = C . Let � : R2 ! R2 be given by � 2 C ! �2 2 C . Show using (a), that �is loally one to one at any � 6= 0.() Find the area of the image of the unit dis in R2 = C under the map f(�) := � + �22 .(We are identifying � = x + iy 2 C with (x; y) 2 R2 .)


