
Real Analysis Qualifying ExamFall 2007Instrutions: Complete all problems to get full redit. Start eah problem on a new page, numberthe pages, and put only your Soial Seurity number on eah page. Clear and onise answerswith good justi�ation will improve your sore.1. Let (X; d) be a metri spae, a 2 X, and r > 0.(a) De�ne what it means for a subset A of X to be open. Prove that the setBr(a) = fx 2 X : d(x; a) < rgis an open set.(b) Given A � X, a point x 2 X is said to be an adherent point of A if for every Æ > 0 theintersetion of the ball BÆ(x) and the set A is non-empty. We de�ne the losure of A to be theset of all adherent points of A. Let Cr(a) := fx 2 X : d(x; a) � rg.Prove that the losure of Br(a) is a subset of Cr(a).Give an example of a metri spae (X; d), a point a 2 X and a radius r > 0 suh that thelosure of Br(a) is not equal to Cr(a).2. Let f : R ! R be a twie di�erentiable funtion. Given real numbers x and y, prove thatthere exists a number � in between x and y suh thatf(y) = f(x) + f 0(x)(y � x) + 12f 00(�)(y � x)2:3. Let f : R ! R be a twie di�erentiable funtion. Assume that for all x 2 R, jf(x)j � A andjf 00(x)j � B. Prove, using Taylor's Theorem as in Problem 2, that jf 0(x)j � 2pAB.4. Assume E is a ompat subset of Rn and fn : E ! R is a sequene of ontinuous funtionssatisfying: (i) f1(x) � f2(x) � f3(x) � : : : , that is the sequene is dereasing, and (ii) there is aontinuous funtion f : E ! R suh that limn!1 fn(x) = f(x) for all x 2 E.(a) Prove that fn onverges to f uniformly on E.(b) Prove that (a) is false if the assumption (i) is removed.



5. Let Mn be the olletion of real n � n matries. Given R 2 Mn, R = frijgni;j=1, denote bykRk the positive number kRk :=  nXi=1 nXj=1 jrijj2!1=2 :Given A;B 2Mn it an be shown that d(A;B) := kA�Bk de�nes a metri inMn. Thus (Mn; d)is a metri spae with the usual topology.(a) Prove that kABk � kAk kBk.(b) Prove that if kRk < 1 then limk!1Rk = 0, where 0 denotes the zero n� n-matrix.() Let I denote the identity matrix in Mn, and assume kRk < 1. Prove thatlimk!1�I � R�� kXl=0 Rl� = I:(d) Prove that the set of invertible real n� n matries is an open subset of (Mn; d).6. Let � : R2 ! R2 be a di�eomorphism (that is a di�erentiable and injetive map, suh thatthe inverse map of the bijetive map � : R2 ! �(R2) is itself di�erentiable).Assume that for all (x; y) 2 R2 the Jaobian matrix D� = D�(x; y) satis�es(D�)TJ(D�) = J where J = � 0 1�1 0 � ;and (D�)T denotes the transpose of D�.In addition, assume A � R2 is open and bounded. Finally de�ne B := �(A) � R2 .Prove that the areas of A and B are equal.7. Let R(s) := �X(s); Y (s)�T , s 2 [a; b℄, a < b, be a smooth urve in R2 parametrized by arlength. De�ne f : R � [a; b℄! R2 viaf(t; s) = R(s) + tN(s);where N(s) is a unit normal to the urve at s. State an appropriate version of the inverse funtiontheorem and use it to prove that for all s0 2 (a; b) there exists a neighborhood of (t; s) = (0; s0)on whih f is a di�eomorphism.What smoothness onditions on R(s) are required? For example, we are assuming the urvehas a normal vetor at eah point, is that suÆient or do you need more?


