REAL ANALYSIS QUALIFYING EXAM
August 13, 2019

Department of Mathematics and Statistics
University of New Mexico

Instructions: Complete all 8 problems to get full credit. Start each problem on a new page,
number the pages, and put only your code word (not your banner ID number) on each page.
Use only one side of each sheet.

Clear and concise answers with good justification will improve your score.

1. Suppose f: R — R is a function and that both of the functions

h(x) = cos(f(x)), k(x) = sin(f(x))

are continuous.

(c)
(d)

Give an example that shows it is possible that f is not continuous.

Prove that, if we also assume —7 < f(z) <7 for all z € R, then f is continuous.

Let f :[0,1] — R be a continuous function that is differentiable at some x4 € (0,1).
Prove that there exists L > 0 such that

|f(z) = f(xo)] < L|x—x0| forallze|0,1].

xT

0 itz=0
Prove that for every L > 0 there exist z,y € [0, 1] such that

[f(x) = F(y)| > Lz —yl.

32sin (L) if <1
Consider the function f(z) = {x sin(3) 10 <o < :

(Hint: analyze the derivative f'.)

State the e-d definition of the uniform convergence of a sequence of functions { f,,}°°,
to a function f on the set R.

Consider the sequence of functions given by

/ 1
fn(gf): -CEQ—FE, reR, neN.

Prove that {f,}5°, converges uniformly on R.

State what it means by the -0 definition that the sequence of functions {g,}52, does
not converge to a function g uniformly on R.

Prove that the sequence of derivatives {f/}22; of the functions defined in (b) does
not converge uniformly on R.



- (a)

(b)

Prove that, for all n € N, the function
In(e” +n~t)
(1+a?)°

is Riemann integrable on [0, 00).

001 T —1
lim / Ll Gl
n—oo [ (1+£I§'2)

Evaluate

. Suppose f:[—1,1] — R is continuous and f(0) = f'(0) = 0. Prove that for every ¢ > 0
there is a polynomial p(z) such that

sup |f(z) — 2®p(z)| <e.
z€[—1,1]

. Consider the system of equations

(a)

(b)

. (a)

uw’ v —y+w=0
v+ yu —x+w =0
w+y® —at =1
Prove that there are C'! functions u(z,y), v(z,y) and w(x,y) defined on an open

ball centered at (1,1) such that the above equations are satisfied and u(1,1) = 1,
v(l,1) =1, w(1,1) = —1.

Compute g—z, finding a formula in z,y,u,v,w valid in some open ball centered at
(1,1).

Let E be a nonempty open set in R? and ¢ : £ — R a continuous function. Denote
by B, (P,) the ball of radius r centered at P, and by 0B, (F,) its boundary surface.

Prove that
1
P)=lm ———— d Vol
9(fo) = lim Vol(Br(Po))///T(Po)g(x’%Z) ol y,2)

for every Py € F.
Let E be an open ball in R?. Let F:E—>R3bea continuously differentiable function

such that // <]3, i) dS =0 for every Py € E and 0 < r < dist(Fy, OF).
8B, (Py)

Prove that divE =0 on E.

Formulate the Stokes theorem.

Compute the integral // <curlﬁ, ﬁ> ds,
oD

4 9 16
F(z,y,2) = (cos(zsin(z)) + y°, zy, cos(zsin(ze))).
(Hint: apply the Stokes theorem twice to simplify the surface of integration.)

2 2 2
where D = {(x,y,z) e R?: :B_+y_+z_ < 1},

—



