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Department of Mathematics and Statistics
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Instructions: Please hand in solutions to all of the 8 following problems. Start each problem
on a new page, number the pages, and put only your code word (not your banner ID number)
on each page. Scan your exam with the solutions arranged in numerical order. Clear
and concise answers with good justification will improve your score.

1. Prove that for every continuous function f : R→ R there exist intervals I1, I2 such that

sup
x∈I1

f(x) ≤ inf
x∈I2

f(x).

2. Find all function f : R → R that satisfy |f(x)− f(y)| ≤ |x− y|2 for all x, y ∈ R. Fully
justify your answer.

3. Prove using the contraction principle that there exists a unique function f ∈ C[0, 1] such

that

� t

0

xf(x)dx = f(t) for all t ∈ [0, 1].

4. Suppose f : [0, 3] → R is continuous. Prove that for every ε > 0 there is a polynomial p
such that f(1) = p(1), f(2) = p(2) and for all x ∈ [0, 3],

|f(x)− p(x)| < ε.

5. Determine and prove whether the series of functions
∞∑
k=1

x2

(1 + x2)k
converges on [−1, 1].

If it converges, justify whether the convergence is uniform or pointwise.

6. Consider the function F : R2 → R2 defined by

F(x, y) =


(x4/3y5/3

x2 + y2
,
x5/3y4/3

x2 + y2

)
if (x, y) 6= (0, 0)

(0, 0) if (x, y) = (0, 0)

(a) Prove that the partial derivatives of F at (0, 0) exist.

(b) Determine and prove whether F is differentiable at (0, 0).



7. An electric charge q located at the origin produces the electric field E =
qR

4πε‖R‖3
, where

R = xi + yj + zk and ε is a physical constant.

(a) Let Σr be the positively oriented sphere with the unit normal vector n of radius r

centered at the origin. Show that

�

Σr

〈
E,n

〉
dσ =

q

ε
.

(b) Let S be a piecewise C1 positively oriented surface with the unit normal vector n
such that S encloses the origin and is a boundary of a bounded domain in R3. Prove

that

�

S

〈
E,n

〉
dσ =

q

ε
.

8. Suppose F : Rn → Rn is a continuously differentiable map such that the Jacobian
det(DF(x)) is nonzero for every x ∈ Rn. Prove that for every x0 ∈ Rn,

lim
r→0+

Vol(F(Br(x0)))

Vol(Br(x0))
= | det(DF(x0))|,

where Br(x0) is the ball of radius r centered at x0.


