REACH SET COMPUTATION FOR LINEAR VECTOR FIELDS USING QUANTIFIER ELIMINATION (EXTENDED ABSTRACT)

GERARDO LAFFERRIERE, GEORGE J. PAPPAS, AND SERGIO YOVINE

1. Introduction

Hybrid systems [12] combine discrete event systems with differential equations. One of the most important problems for hybrid systems is the reachability problem which asks whether some region of the state space is reachable from an initial region. The important issue for computational algorithms for hybrid systems is decidability. A survey of decidable and undecidable classes of hybrid systems with continuous dynamics of the form ẋ ∈ [a, b] can be found in [6] and the references therein.

Recently, in [8, 9], we have shown new decidability results involving hybrid systems with linear vector fields of the form ẋ = Ax + Bu. These results are significant given the wide applicability of linear systems in control theory. In order to achieve them we have heavily relied on two key concepts from model theory, namely, o-minimality [11] and quantifier elimination [2, 10, 13, 4].

In our decidability results, quantifier elimination plays an important role when dealing with the continuous dynamics. For this reason, in this paper we abstract away the discrete structure of hybrid systems and restric our study to the linear vector fields. Our approach consists in characterizing the set of reachable states as a predicate in the theory of the ordered field of real numbers. A quantifier-free characterization can then be obtained by quantifier elimination using tools such as Redlog [5] and Qepcad [4]. In the full paper we illustrate the results with several examples solved using Redlog.

2. Reachability problem for linear vector fields

Let F (x) = Ax + Bu with x ∈ R^n , A ∈ Q^{n×n} , u : R → R^m and B ∈ Q^{n×m} . Let Φ(s, t, x) = e^{A(t−s)}x + ∫_t s e^{A(t−τ)}Bu(τ) dτ (2.1)

where e^{At} = ∞∑ k=0 t^k k! A^k (2.2)

Let Y ⊆ R^n . We denote by P re(Y ) the following set: P re(Y ) = {x ∈ R^n | ∃y ∃t ∃s : y ∈ Y ∧ s ≥ 0 ∧ t ≥ s ∧ Φ(s, t, x) = y} 1

2 G. LAFFERRIERE, G. PAPPAS, AND S. YOVINE

P re(Y ) is the so-called backward reachability set of Y . that is, P re(Y ) contains all the points from where it is possible to reach a point in Y following the flow of the vector field F . The forward reachability set can be defined analogously.

Now, let R be the theory of the ordered field of real numbers and R_{exp} and R_{sin} respectively be its extensions with the exponentiation function e^t and the trigonometric functions sin(t) and cos(t).

Clearly, P re(Y ) is definable in R_{exp}. Based on the eigenstructure of A, we shall identify several cases for which P re(Y ) is actually definable in R. This result implies that, in those cases, P re(Y ) is indeed computable and one has a decision procedure for solving the reachability problem based on quantifier elimination.

3. Linear vector fields without inputs

In this section we consider vector fields of the form F (x) = Ax. Let Y ⊆ R^n be definable in R, that is, Y = {y ∈ R^n | P (y)} for some predicate P of R. Then, P re(Y ) = {x ∈ R^n | ∃y ∃t : P (y) ∧ t ≥ 0 ∧ x = e^{−tA}y} Let η(x) in R_{exp} be defined as follows: η(x) , ∃y ∃t : P (y) ∧ t ≥ 0 ∧ x = e^{−tA}y The goal is to transform the formula η(x) to an equivalent formula in R.

3.1. Nilpotent matrices. Let A such that A^n = 0. Then e^{−tA} = n−1∑ k=0 (−1)^k t^k k! A^k (3.1)

Thus, the formula η(x) can be rewritten as follows: η(x) , ∃y ∃t : P (y) ∧ t ≥ 0 ∧ x = n−1∑ k=0 (−1)^k t^k k! A^ky Proposition 3.1. Let F (x) = Ax with A ∈ Q^{n×n} a nilpotent matrix, and Y ⊆ R^n definable in R. Then P re(Y ) is definable in R.

3.2. Diagonalizable matrices with rational eigenvalues. In this case we can write A = T DT^{−1} where D is a diagonal matrix with the eigenvalues of A along the diagonal and both T and T^{−1} have rational entries. Then e^{−tA} = e^{−tT DT} �1 = T e^{−tλ1} . .. e^{−tλn} T^{−1} = [f_{ij}(t)] (3.2)

where f_{ij}(t) = ∑_n k=1 a_{ijk}e^{−λkt} with a_{ijk} ∈ Q, and {λ_k} are the eigenvalues of A. x = e^{−tA}y can be written component-wise as follows:

x_i = n∑ j=1 (_n ∑ k=1 a_{ijk}e^{−λkt} ) y_j = n∑ k=1 (_n ∑ j=1 a_{ijk}y_j ) e^{−λkt} = n∑ k=1 ψ_{ik}(y)e^{−λkt}

REACH SET COMPUTATION 3

Therefore, η(x) ≡ ∃y ∃t : P (y) ∧ t ≥ 0 ∧ n⋀ i=1 x_i = n∑ k=1 ψ_{ik}(y)e^{−λkt} For each k = 1, . . . , n let d_k denote the denominator of λ_k and let d_0 = ∏ d_k. We assume that the λ_k are in reduced form, with positive denominators. Then d_0 > 0 and for each k = 1, . . . , n we write r_k = λ_kd_0. Then by using the change of variable t = d_0s we have: η(x) ≡ ∃y ∃s : P (y) ∧ s ≥ 0 ∧ n⋀ i=1 x_i = n∑ k=1 ψ_{ik}(y) e^{−rks} We subsitute e^t by z and we obtain: η(x) ≡ ∃y ∃z : P (y) ∧ 0 < z ≤ 1 ∧ n⋀ i=1 x_i = n∑ k=1 ψ_{ik}(y) z^{rk} The third step eliminates negative polynomial powers. It consists of grouping the indices 1, . . . , n according to the sign of the corresponding eigenvalue. Let I^+ = {k | r_k > 0}, I^− = {k | r_k < 0}, and I^0 = {k | r_k = 0}. Then, η(x) ≡ ∃y ∃w_1 ∃w_2 : P (y) ∧ w_1 > 0 ∧ w_2 > 0 ∧ w_1w_2 = 1 ∧ n⋀ i=1 x_i = ∑ k∈I+ ψ_{ik}(y) w^{rk}_1 + ∑ k∈I� ψ_{ik}(y) w^{−rk}_2 + ∑ k∈I0 ψ_{ik}(y) Proposition 3.2. Let F (x) = Ax with A ∈ Q^{n×n} a diagonalizable matrix with rational eigenvalues, and Y ⊆ R^n definable in R. Then P re(Y ) is definable in R.

3.3. Pure imaginary eigenvalues. In this case the matrix A is similar to a matrix in a special block-diagonal form, a real Jordan form. Second, That is, there exist D and T such that A = T DT^{−1}, T invertible, and D is block diagonal with blocks D_1, . . . ,D_m (n = 2m) of the form

D_k = [ 0 β_k −β_k 0 ]

where β_k ∈ Q is the imaginary part of an eigenvalue of A. Then,

e^{−tA} = e^{−tT DT} �1 = T e^{−tD1} ... e^{−tDm} T^{−1}

where e^{−tDk} = [ cos(β_kt) − sin(β_kt) sin(bt) cos(bt) ] .

4 G. LAFFERRIERE, G. PAPPAS, AND S. YOVINE

Then, e^{−tA} = [f_{ij}(t)] with f_{ij}(t) = ∑_n k=1 a_{ijk} cos(β_kt) + b_{ijk} sin(β_kt) with a_{ijk}, b_{ijk}, β_k ∈ Q.

The formula x = e^{−tA}y can be written component-wise as follows:

x_i = n∑ j=1 (_n ∑ k=1 (a_{ijk} cos(β_kt) + b_{ijk} sin(β_kt) ) y_j

= n∑ k=1 (_n ∑ j=1 a_{ijk}y_j ) cos(β_kt) + n∑ k=1 (_n ∑ j=1 b_{ijk}y_j ) sin(β_kt)

= n∑ k=1 ψ^a_{ik}(y) cos(β_kt) + ψ^b_{ik}(y) sin(β_kt)

Therefore, η(x) can be rewritten as follows: η(x) , ∃y ∃t : P (y) ∧ t ≥ 0 ∧ n⋀ i=1 x_i = n∑ k=1 ψ^a_{ik}(y) cos(β_kt) + ψ^b_{ik}(y) sin(β_kt)

For each k = 1, . . . , n let d_k denote the denominator of β_k and let d_0 = ∏ d_k. We assume that the β_k are in reduced form, with positive denominators. Then d_0 > 0 and for each k = 1, . . . , n we write r_k = β_kd_0. Then by using the change of variable t = d_0s we have: η(x) ≡ ∃y ∃s : P (y) ∧ s ≥ 0 ∧ n⋀ i=1 x_i = n∑ k=1 ψ^a_{ik}(y) cos(r_ks) + ψ^b_{ik}(y) sin(r_ks)

Proposition 3.3. For each m ≥ 1 there exist homogeneous polynomials f_m(x, y) and g_m(x, y) of degree m such that cos(ms) = f_m(cos s, sin s) and sin(ms) = g_m(cos s, sin s).

Using the proposition above we obtain: η(x) ≡ ∃y ∃s : P (y) ∧ s ≥ 0 ∧ n⋀ i=1 x_i = n∑ k=1 ψ^a_{ik}(y)f_{|rk|}(cos s, sign(r_k) sin s) + ψ^b_{ik}(y)g_{|rk|}(cos s, sign(r_k) sin s).

Due to the periodicity of both sin and cos we have that: η(x) ≡ ∃y ∃s : P (y) ∧ 0 ≤ s ≤ 2π ∧ n⋀ i=1 x_i = n∑ k=1 ψ^a_{ik}(y)f_{|rk|}(cos s, sign(r_k) sin s) + ψ^b_{ik}(y)g_{|rk|}(cos s, sign(r_k) sin s).

Using the trigonometric equation cos^2 s + sin^2 s = 1 and the change of variables z_1 = cos s and z_2 = sin s, we obtain:

η(x) ≡ ∃y ∃z_1 ∃z_2 : P (y) ∧ z^2_1 + z^2 = 1 ∧ n⋀ i=1 x_i = n∑ k=1 ψ^a_{ik}(y)f_{|rk|}(z_1, sign(r_k)z_2) + ψ^b_{ik}(y)g_{|rk|}(z_1, sign(r_k)z_2).

Proposition 3.4. Let F (x) = Ax with A ∈ Q^{n×n} having pure imaginary eigenvalues of the form ir with r ∈ Q , and Y ⊆ R^n definable in R. Then P re(Y ) is definable in R. Theorem 3.5. Let F (x) = Ax be a linear vector field and A ∈ Q^{n×n} where

REACH SET COMPUTATION 5

• A is nilpotent or • A is diagonalizable with rational eigenvalues or • A has pure imaginary eigenvalues of the form ir, r ∈ Q.

Then the reachability problem for F is decidable.

4. Linear vector fields with inputs

In this section we consider vector fields of the form F (x) = Ax + Bu. The idea here consists in finding cases in which the result of integrating ∫_t s e^{A(t−τ)}Bu(τ) dτ yields a formula Ψ(s, t, x) such that Φ(s, t, x) = e^{At} + Ψ(s, t, x) can be characterized by a formula in R.

4.1. Nilpotent matrices. We have shown that if A is nilpotent then each entry of e^{At} is a polynomial in t. It follows that, if u(t) is a vector of polynomials, Φ(s, t, x) is, after integration, a vector of polynomials (whihch can be computed). Therefore, P re(Y ) can be characterized by a formula in R.

4.2. Diagonalizable matrices with rational eigenvalues. Let A be diagonalizable with rational eigenvalues and u(t) be a vector of exponential functions of the form e^{μj} t with μ_j ∈ Q not an eigenvalue of A.

We can show that each entry of e^{At} is a linear combination of the functions e^{λit} with λ_i an eigenvalue of A. Then, the entries of e^{−Aτ} Bu(τ) are linear combinations of e^{(μj −λi)t}. By the assumption μ_j − λ_i ≠ 0 it results (after integration) that the entries of Φ(s, t, x) are also linear combinations of e^{λit}, e^{(μj −λi)t}, e^{λis}, and e^{(μj −λi)s}, and therefore definable in R_{exp}.

We obtain that Φ(x, t, x) = y can be written component-wise in such a way that for each 1 ≤ i ≤ n we have that:

y_i = ∑ k ψ_{ik}(x)e^{μkt}e^{−μks} + ∑ l a_{il}(e^{νlt} − e^{νls}) for some linear functions ψ_{ik} of x and rational constants a_{il}, μ_k, and ν_l.

Now, let d_k and c_l be the least common denominators of the μ_k and ν_l (both assumed positive), respectively. Set d_0 = ∏ d_k, c_0 = ∏ c_l, p_k = μ_kd_0, and q_l = ν_lc_0. Then, η(x) ≡ ∃y ∃t̃ ∃s̃ : P (y) ∧ d_0t̃ ≥ c_0s̃ ∧ y_i = ∑ k ψ_{ik}(x)e^{pkt̃}e^{−pks̃} + ∑ l a_{il}(e^{qlt̃} − e^{qls̃}). Using the substitutions z = e^{t̃}, w = e^{−s̃}, we obtain: η(x) ≡ ∃y ∃z ∃w : P (y) ∧ z > 0 ∧ w > 0 ∧ w^{c0} z^{d0} > 1 ∧ y_i = ∑ k ψ_{ik}(x)z^{pk} w^{pk} + ∑ l a_{il}(z^{ql} − w^{−ql} ).

6 G. LAFFERRIERE, G. PAPPAS, AND S. YOVINE

which can be rewritten in R by multiplying through by ∏ w^{ql} . 4.3. Pure imaginary eigenvalues. Let A be a matrix with pure imaginary eigenvalues of the form iω_k, ω_k ∈ Q, and u(t) be a vector such that each entry is of the form sin(α_jt) or cos(α_jt) with α_j ∈ Q and α_j ≠ ±ω_k for all j, k.

We have already shown that the entries of e^{At} are linear combinations of cos(ω_kt) and sin(ω_kt). Because of the form of the input u(t), the entries of e^{−Aτ} Bu(τ) are linear combinations of the products cos(α_jt) cos(ω_kt), cos(α_jt) sin(ω_kt), sin(α_jt) cos(ω_kt), and sin(α_jt) sin(ω_kt). Using standard product formulas these can be rewritten as linear combinations of sin((α_j ± ω_k)t) and cos((α_j ± ω_k)t). Since α_j ≠ ±ω_k, integration again results in linear combinations of sin((α_j ± ω_k)t) and cos((α_j ± ω_k)t) and therefore Φ(s, t, x) is definable in R_{sin}.

As in the previous section, we can show that the substitutions z = cos(t), w = sin(t) and the identity z^2 + w^2 = 1 (and similarly for the variable s) lead to the equivalent formula in R.

Remark 4.1. The above results remain valid if the inputs are allowed to be linear combinations of the functions of the corresponding type: exponentials in case of real eigenvalues, and sinusoidal in the case of imaginary eigenvalues. In all cases the same “resonance” restrictions apply on the parameters μ and α.

5. Conclusions

In [8, 9] we use the results presented here and those in [7] to show that the reachability problem is decidable for hybrid systems. These results provide a natural and unified platform for pursuing further research along this direction.

Issues for further research include the study differential inclusions of the form ẋ = Ax + Bu, u ∈ U. This requires certain monotonicity conditions on the solution integral

Another direction of research includes the implementation of a computational tool whose kernel will be a quantifier elimination engine.

Acknowledgment: This research is supported by DARPA under grant F33615-98-C- 3614. The work of the third author has been partially supported by California PATH, University of California at Berkeley and by NSF grant ECS-9725148.

References

[1] R. Alur, C. Coucoubetis, N. Halbwachs, T.A. Henzinger, P.H. Ho, X. Nicolin, A. Olivero, J. Sifakis, and S. Yovine. The algorithmic analysis of hybrid systems. Theoretical Computer Science, 138:3–34, 1995.

[2] D. S. Arnon, G. E. Collins, and S. McCallum. Cylindrical algebraic decomposition I: The basic algorithm. SIAM Journal on Computing, 13(4):865–877, November 1984.

[3] C. C. Chang and H. J. Keisler. Model Theory. North-Holland, second edition, 1977. [4] G. E. Collins and H. Hong. Partial Cylindrical Algebraic Decomposition for Quantifier Elimination.

Journal of Symbolic Computation, 3(12):299–328, 1991.

[5] A. Dolzman and T. Sturm. REDLOG : Computer algebra meets computer logic. ACM SIGSAM Bulletin, 31(2):2–9, June 1997.

REACH SET COMPUTATION 7

[6] T.A. Henzinger, P.W. Kopke, A. Puri, and P. Varaiya. What’s decidable about hybrid automata?

In Proceedings of the 27th Annual Symposium on Theory of Computing, pages 373–382. ACM Press, 1995.

[7] G. Lafferriere, G. J. Pappas, and S. Sastry. O-minimal hybrid systems. Technical Report UCB/ERL M98/29, University of California at Berkeley, Berkeley, CA, April 1998.

[8] G. Lafferriere, G. J. Pappas, and S. Yovine. A new class of decidable hybrid systems. In Proc. 2nd Hybrid Systems: Computation and Control, LNCS 1569, Springer-Verlag, 1999.

[9] G. Lafferriere, G. J. Pappas, and S. Yovine. Reachability computation for linear hybrid systems. In International Federation of Automatic Control, IFAC’99, Beijing, China, July 5-9, 1999.

[10] A. Tarski. A decision method for elementary algebra and geometry. University of California Press, second edition, 1951.

[11] L. van den Dries. Tame Topology and o-minimal structures. Cambridge University Press, 1998. [12] F. Vandraager, and J. van Schuppen. Hybrid Systems: Computation and Control, 2nd International Workshop. Nijmegen, The Netherlands, March 29-31, 1999.

[13] V. Weispfenning. A new approach to quantifier elimination for real algebra. Technical Report MIP- 9305, Universität Passau, Germany, July 1993.

Department of Mathematical Sciences, Portland State University, Portland, OR 97207, Tel. (503) 725-3662, Fax (503) 725-3661

E-mail address: gerardo@mth.pdx.edu

Department of Electrical Engineering and Computer Sciences, University of California at Berkeley, Berkeley, CA 94720, Tel. (510) 643-5806, Fax (510) 642-1341

E-mail address: gpappas@eecs.berkeley.edu

VERIMAG, Centre Equation, 2 Avenue de Vignate, 38610 Gières, France, Tel. (33) 476 63 48 43, Fax (33) 476 63 48 50

E-mail address: Sergio.Yovine@imag.fr