Practice Final

Formula Sheet

Var(X) = E(X?) — (E(X))?, Cou(X,Y) = E[XY] — E[X]E[Y]

Cov ZXZ-,ZYJ- :ZZCov(Xi,Yj)
i j i

E{E[X|Y]} = E[X]
Var(X) = E{Var(X|Y)} + Var(E[X|Y])

The formula sheet will also include pdfs and pmfs for densities, so these
don’t have to be memorized.

1. (a) Suppose I roll a 6-sided die. If T get a six, then I roll again and keep
rolling until I get something other than a six. If get something other than a six,
I stop. Let X be the result. Show that P(X =) = 1/5 for i € {1,2,3,4,5}
and P(X = i) = 0 otherwise.

Let A be the event that you roll a 6 on the first roll. Then for i €
{172737475}7

P(X =i) = P(X =i[A)P(A) + P(X = i|A°)P(A")
=P(X =1i)(1/6) + P(X =1, A%)
=P(X =1i)(1/6) + P(X =1)
=P(X =1i)(1/6)+1/6
= P(X =4i)(1-1/6)=1/6
:P(X:i)zg)fg
=1/5

You can also do an infinite series approach.

(b) Suppose I roll a four sided die and a six sided die and that both dice are
fair and independent. If the two rolls are identical, then I roll both dice again
until I get distinct values. Let X be the value of the four sided die and Y the
value of the six sided die. Find the marginal distributions for X and Y. Also
find P(X <Y).



First let’s write the sample space, and note that all outcomes are equally
likely

The marginal distribution for X is
P(X =1i)=1/4I(i € {1,2,3,4})
The marginal distribution for Y is

3/20 i€ {1,2,3,4}
P(Y =i)={4/20 i€ {56}

0 otherwise

Thus, X has a discrete uniform distribution, but Y does not.
For P(X <Y), we count how many cases in the Sample space satisfy the

e 14 _ 7
condition and get 55 = {5-

(c) Under the conditions of (b), what is P(X = 1]Y = 6)?

P(X=1Y =6)=P(X =1,Y =6)/P(Y =6) = (1/20)/(4/20) = 1/4 = P(X = 1)

(d) Are X and Y independent? Why or why not?

Solution. No, even though P(X = 1|Y = 6) = P(X = 1) other examples
fail tests for independence, such as P(X = 1Y =2) =1/3 # P(X = 1) and
P(X =1]Y =1) =0.

2. Let A={1,2,3,...,n}. How many subsets of A are there? Solution: 2.

3. Suppose a class has 40 students, of whom 13 are undergraduate math
majors, 12 are undergraduate statistics majors, and 15 of whom are graduate
students. Suppose a subset of 5 students is chosen at random. What is the
probability the subset has at least one of each type of student (undergrad math,
undergrad stat, and graduate student)? You can give an expression in terms of
binomial coefficients rather than a specific number at the end.



Solution. Let M be the number of math students, S the number of stat
students, and G the number of graduate students. Then we could have (M, S, G)
have the following numbers

(1,1,3),(1,2,2),(1,3,1),(2,1,2),(2,2,1),(3,1,1)
and these are the only possibilities. The probability of the first case is
13\ (12 (15
() ()
(5)
5

and we get similar expressions for the other cases. Thus the total probability is

(DD E) + PG E) +E)E)E) + G)E)E) + G)E)E) + ()

)(Y) < oes

0
(5)
4. Suppose Y|X ~ Pois(X) and, X ~ exp(A) (i.e.,, X has rate ). Find

(a) E[Y]

Solution. E[Y] = E[E[Y|X]] = E[X] =1/A

(b) Var(Y)

Here Var(Y]X) = X (because Y|X is Poisson(X)), and E[Y|X] = X

11 A+l

Var(Y) = E[Var(Y|X)] + Var(E[Y |X]) = B[X] + Var(X) = | + 15 = =3

5. Suppose X ~ gamma(ag,1) and Y ~ gamma(as,1) are independent

gamma random variables. Find the density for Z = XL_H,

Solution. It helps to know in advance that the answer is a beta distribution.

This makes sense because X +Y > X and therefore 0 < XLH, < 1. We'll try

a bivariate transformation with U = Xxﬁ and V = X. We have z = v and
u=v/(v+y) =>=uv+uy =v=1y=uv/u—wv. Note that

d —
ety = () —a(ady) T = kR R

=1- =1-u
(x4+y)?2 x4y Tty
and p )
-
—z(r+y) =~ = —u?/v
e /



The Jacobian gives us

ou  Odu Yy = T

9z Jy| _ |z+y (e+y)? | — 7 42
v ov| — - 2 u /U
oz Oy 1 0 (33 + Z/)

To save space, I'll leave the indicator notation until the end. The joint
density is (I'll just write the indicator function at the last step):

fov(u,v) = fxyv/u—v)J]!

= mval—le—v(u/u — v)az—le—v/u+vv/u2

- mvalﬂewvazﬂu/u _ p)aalev/utuy g2

= mvo‘lJrCm*l@*U[(l — u)/u]azflefv/quv . 1/u2

) mu_%ﬂ—?(l — )2 lytee—lemv/ur(0 <y < 1,0 > 0)

Integrating with respect to v, we get

1

To () = Fa ) an)

oo
u—a2+1—2(1 _ u)ag—l/ ,Ua1+a2—1e—v/u dv
0

Let’s just do the integral recognizing that it corresponds to integrating a gamma
density:

oo
/ voq-l—ag—le—v/u dv
0

1

,UoclJragflefv/u dv
oy + ag)ucrtas

= F(a1 + ag)ua1+°‘2 /
o I

=T(ag + ag)u®to2 .1

Plugging this result into the previous expression for fi;(u), we get for 0 <
u<l1,

1 o0
u) = 7u*a2+172 1—u 04271/ va1+a2716,7j/u do
Ju(u) T(ay)D(az) ( ) O
1
= m’u,_ari-l—Q(l - u)az—l . F(Oél + a2)uo¢1+a2
Dlar+@2) oivan —agtl— o
= F(al)r(az)u 1taz, —ax+l 2(1 7u) a—1
Do +a2) 4 4 .
F(al)r(ag)u ( ’LL)



and we recognize this as the density for a beta(ay,as) random variable. I notice
that the original question used Z instead of U, so I’ll write

Plon +a2) o1
[(a1)l(az)

If you try the cdf method for this problem, you end up trying to integrate
a gamma density but over an interval that is not 0 to infinity, which a mess, so
the bivariate approach seems easier for this problem than the cdf method even
when you are only interested in one of the marginal distributions.

fz(z) = (1—2)2"0<z<1)

6. Suppose the time until my car breaks down is exponential with mean 10
days (i.e., A = 1/10) and the time until my wife’s car breaks down is exponential
with mean 15 days. What is the probability that her car breaks down first?

Solution. For competing exponentials with rates A; and A;, the probability
that X; < Xj is /\3‘_7’)” Therefore, for this problem, we have \; = 1/10 and

Ao = 1/15. Thus, P(X3 < X;) = 1/1101% = 3_%2 = 2. Thus, there is a 40%

chance that her car will break down first.

Another approach to this problem is to integrate the joint density

(o) T
P(Xy < X;) = / / (1/10)(1/15)e~*1/10=22/15 qudary
0 0

7. (a) X be exponential with rate A and let Y be uniform(0,1) with X and
Y being independent. Let U = X +Y and V = X. Find the joint distribution
of U and V and the marginal distribution of U.

Solution. We have z = v and y = w — v. The Jacobian is

ou ou
%3*_11__1
Qv Qv Ty ] T
ox oy

Thus,
fovu,v) = fxy,u—v)= fx@)fy(u—v) = )\67)\1)](0 <u—v<lv>0)

The limits here gaurantee that the argument of fy (u — v) is between 0 and 1
and that v is positive.

In particular, we need v < w, which is implied by 0 < w — v, and which also
makes sense because U is obtained by taxing V and adding something positive.
We also have u —v < 1 = v > u—1. Thus, we need max{u—1,0} < v < u. For



the joint density, we could have used this expression in the indicator instead of
I0<u—v<1lv>0).

To find the marginal for U, we need to worry about whether v < 1 or not.
Ifu<1, thenu—1<0,soweusev>0.Ifu>1,then u—1>0 and we use
v>u—1.

Thus, for u < 1,

fulu) = / e Mdy =1—e M
0

For u > 1, we have
u

— _e—/\u + e—)\(u—l) — e—/\U(e _ 1)

u
fulu) = / e Mdy = e
u—1

u—1
Generally,
1 —e M O<ux<l1
fuo(w)=qe(e—-1) u>1
0 otherwise

(b) Find Cov(X, Z)

Solution. I think I meant Cov(X,U) because usually I use Z = X + Y.

Cov(X,U)=Cov(X,X+Y)=Cov(X,X)+ Cov(X,Y)=Var(X)+0= —

8. If there is no snow, the rate of accidents at an intersection is Poisson
with rate A = 0.1 for an entire day. If there is snow, there rate is A = 0.2. If
the chance of snow tomorrow is 30%, what is the probability of at least one
accident? For this intersection, if there is at least one accident on a given day,
what is the probability that it was snowing that day?

We use the fact that P(X > 1) =1— P(X =0) = 1 — e~ for a Poisson
random variable.

Let S be the event that there is snow. Then

P(X >1)=P(X > 1|S)P(S)+P(X > 1|S)P(5°) = (1—e?)(0.3)+(1—e~1)(0.7) = 0.12



X > 1|9)P(S) (1—e?)(03) ~ 045,
p(sx > 1) =1 P(>X |2)1) T A= 03+ (1—e Hom P




