
HW3, for MATH441, STAT461, STAT561, due September 19th

1. Suppose P (A) = 0.9 and P (B) = 0.8. Is it possible that P (AB) = 0.6? Hint:
Use Bonferroni’s inequality.

Solution. P (AB) ≥ P (A) + P (B) − 1 = 0.9 + 0.8 − 1 = 0.7. So no, it is not
possible that P (AB) = 0.6.

2. Suppose A and B are independent with 0 < P (A), P (B) < 1. Show that A
and Bc are also independent.

Solution.

P (Bc|A) = 1− P (B|A) = 1− P (B) = P (Bc)

Therefore Bc and A are independent.

3. Lead and bacteria are two commmon sources of contamination in a water
distribution system. Suppose 4% of the water distribution systems are contam-
inated by lead, and only 2% of the water distribution systems are contaminated by
bacteria. Assume that the events of lead and bacterial contamination are statisti-
cally independent.

(a) Determine the probability that a water distribution system selected at ran-
dom for inspection is contaminated.

(b) If a system is indeed contaminated, what is the probability that it is caused
by lead only?

(a) P (L ∪B) = P (L) + P (B)− P (LB) = (.04) + (.02)− (.04)(.02) = 0.0592.

(b) L ∪B is the event that there is contamination.

P (LBc|L∪B) =
P (LBc(L ∪B))

P (L ∪B)
=

P (LLBc ∪ LBBc)

P (L ∪B)
=

P (LBc)

P (L ∪B)
=

(.04)(.98)

.0592
= 0.662

Here I used the facts that LL = L and BBc = ∅.
4. According to past records, a batch of mixed concrete supplied by a certain

supplier can be of high quality (H), medium quality (M), or low quality. (L), with
respective probabilities of 0.2, 0.7, and 0.1, respectively Suppose that the proba-
bility of failure of a reinforced concrete component would be 0.001, 0.01, or 0.1
depending whether the quality of the concrete is high (H), medium (M), or low
(L), respectively.

(a) What would be the probability of failure of a reinforced concrete structural
component cast with a batch of concrete supplied by the manufacturer?
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Solution.

P (F ) = P (F |H)P (H) + P (F |M)P (M) + P (F |L)P (L) = 0.0172

(b) A test may be performed to give more information on the quality of con-
crete supplied by the manufacturer. The probabilities of passing the test for high,
medium, and low quality concrete are 0.90, 0.70, and 0.20, respectively. If a batch
of concrete passed the test
(i) What is the probability that it will be of high quality?
(ii) In this case, i.e., concrete passed the test, what would be the probability of
failure of a structural component cast from this batch of concrete?

Solution. Let T be the event that the test is passed. The probability of passing
the test is

P (T ) = P (T |H)P (H)+P (T |M)P (M)+P (T |L)P (L) = (0.2)(0.)9+(0.7)(0.7)+(0.2)(0.1) = 0.69

P (H|T ) =
P (T |H)P (H)

P (T )
=

(0.9)(0.2)

0.69
= 0.2608696

P (M |T ) =
P (T |M)P (M)

P (T )
=

(0.7)(0.7)

0.69
= 0.7101449

P (L|T ) =
P (T |L)P (L)

P (T )
=

(0.2)(0.1)

0.69
= 0.02898551

Note that P (H|T )+P (M |T )+P (L|T ) = 1. (This is not a coincidence–the concrete
must be one of the three categories the way the problem was set up.)

(ii)

P (F |T ) = P (F |TH)P (H|T ) + P (F |TM)P (M |T ) + P (F |TL)P (L|T )

= P (F |H)P (H|T ) + P (F |M)P (M |T ) + P (F |L)P (L|T )

= (.001)(0.2608696) + (.01)(0.7101449) + (.1)(0.02898551)

= 0.003634783

Here we assumed that passing the test is irrelevant if we know the quality of the
concrete, so that P (F |TH) = P (H). Note that this lower than P (F ) when not con-
ditioning on passing the test, which makes sense. We can think of this calculation
as redoing the calculation in (a) but using “updated” probabilities for H, M and
L. In other words, we repeat the calculation for (a) using 0.2608696 instead of 0.2,
0.7101449 instead of 0.7, and 0.02898551 instead of 0.1. Given a passed test, the
updated probability for high quality goes up, low quality goes down, and medium
quality barely goes up.

5. Two players take turns throwing a basketball until someone makes a basket,
who is called the winner. The probability that the first player makes a basket is 0.4.
The probability that the second player makes a basket is 0.5. Assuming that the
players take turns until someone makes a basket and that each throw is independent
with probabilities not changing, what is the probability that the first player wins?
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Solution. You can use the infinite series approach or conditional probabilities.
We’ll use conditional probability.

Let A be the event that the first player wins. Let A1 be the event that the first
player wins on the first baset, and let B1 be the event that the second player gets
the basket on his or her first try. Then we condition on what happens in initially,
only paying attention to events for which the first player can win:

P (A) = P (A|A1)P (A1) + P (A|Ac
1B

c
1)P (Ac

1B
c
1)

P (A) = P (A|A1)P (A1) + P (A|Ac
1B

c
1)P (Ac

1)P (Bc
1)

⇒ P (A) = 1 · (0.4) + P (A)(0.6)(0.5)

⇒ P (A)(1− 0.3) = 0.4

⇒ P (A) = 0.4/0.7 = 4/7 ≈ 0.57

Therefore, the first player has an advantage even though the first player is not
as good making a shot. (I.e., going first gives an advantage that more than com-
pensates for the difference in skill.)

6. Suppose P (A) = 0.6 and P (B) = 0.7. Can A and B be mutually exclusive?
Why or why not? Can they be independent?

Solution. No. If A and B are mutually exclusive, then P (A ∪ B) = P (A) +
P (B) = 1.3 > 1 which is impossible, so A and B cannot be mutually exclusive.


