ANSWER KEYS FOR THE 4TH WEEK HOMEWORK

6(p.62). In order to find the df;, we calculate 0f;/0x;, j # i as follows.
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7(p.62). (a) Choose 6 = 2, and assume that || < 0 and |y| < 0. Since f(0,0) = 0 and
lzy| < 1(2% + y?), we have
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|f(z,y) = £(0,0)] = |f(z. )| = | Y
This proves the continuity of f(z,y) at (0,0).
(b) Let us write any unit vector in R? by u = (cosf,sinf) . Then, the directional derivative of f at
(0,0) in the direction u is defined by
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In fact, we can evaluate
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Ouf(0,0) = lim — " cos” 0 + tsin = lim L38m = cos? fsiné.
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The limit always exist in any direction and we have O(cosg,in6).f(0,0) = cos? fsin 6 .
(c) If f is differentiable at (0,0), then the directional derivatives of f at (0,0) all exist, and they
must be given by

8(cos H,Sinﬁ)f(oa 0) - Vf(o, 0) . (COS 9, sin 9) .
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From (b), we know O(cosg.sin0)f(0,0) are always exist and given by cos?fsinf . Since
Y f(ey) = 2zy(2® + %) — 2?y(22) y(=® +y?) — 2%y (2y)
Y= (@2 + 42)2 ’ (22 + 42)2 ’
V f(0,0) is not even exist. Thus, f is not differentiable at (0,0).

4(p70.). By Chain rule,
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1(p.72). (a) If f is differentiable on a set containing the line segment from a to b, and f(a) = f(b),
then there is a point ¢ on the line segment from a to b such that V f(c) is perpendicular to the line
segment from a to b.

Proof. If a = b then there is nothing to prove. We now assume that a # b. By the mean value
theorem, we know that there is a point ¢ on the line segment from a to b so that

f(b) = f(a) =Vf(c)- (b—a).
Since f(a) = f(b) and a # b, there must be a point ¢ on the line segment from a to b such that
V f(c) is perpendicular to the line segment from a to b.



