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1. (30 points) Consider the homogeneous heat equation:

ou 9%u
— = k— <zr</L
3 e 03024
subject to boundary conditions
du du
—(0,t) = —(L,t) =
5=(0.) =0, ==(L,1) =0,

and the initial condition

2 f0<zxz<L/2,
u(x’o)f(m){o ifL/2<z<L

a)(5 points) Calculate equilibrium temperature distribution without solution of differential
equation.

b) (20 points) Solve the time dependent problem and compare with part (a). For a full
credit you have to perform separation of variables, obtain eigenvalues and eigenfunctions,
analyze for which sign of the eigenvalue A you have solution, derive the formula for the

general solution by superposition and satisfy the initial condition. You don’t need to show
the orthogonality of eigenfunctions.

() thin BC wwr,u)/ﬂy\,{’/} bo s S vadion
07( ' fi = C;,Z:
=i EM&{;{{W < WZK‘BW bre d(’ dx = (“)9( L
. cp Jterdx=<F Jadx= Cﬂ:‘sz /
= £ = _

oty W (x, )= (/7/.% ¢, = |

@) Gy P AR

- PEe P
T & R SIS e - k= cond
Py = T I LT T
i
Ll ) =1 K=ce
I::— 3
ODE BVF a@z = =P

A X
APro1 - AP L): O
Ly A=



(\D: X )-fﬂ '%’b\({—/\:‘x>

AvO @fxt ¢, t
Q’(ﬁ:*qﬂ&k@—\X>+QW% ({Xx)
= :O
(a0 = ~GiR = G T
CP(O)-—— 2 | . R 5:7 A:(E) h:{?
((7-—0_‘:"“{?/%“(‘&“&)"0 e f2 Rt
L B .
<P C;?of-fo N Pt vi A A
)gf;/o’{s M’)“Mm
E5 yom pamchlonrs Cm’?(”_jz)
Aso = @5 o %8 S _ 5
( ) ¢ -0 =7 Ci
x1=C = -
(E)-'XM~ £ iy frmhbm foi A= O
=) =
kX ‘QHX’
' - C,€ t < —-:—"\x
Pz X e -
= (:C
/ _ gl =) 2 |
@@7:0‘ le\(.{{—\; z_\j,\(>.?/‘o xv//ié,o
D)1= ¥x (e e )5 m :)f ?
| e X - k)«
Suqeportiom | Ugur Ave T A @lF)E T
(to)m L) = Aot = R %
Tc UK )z LX) t £ A wor 4)
¢ / e [ '
l * o uky B ¢ | AL S
Av g JTOTTE T 4 L «’"‘i‘)l:ﬂg’f—a*
L hﬁfoéq:*'z"aj %h%ﬁi:/— ;‘_f 2/ hg o
A«*ES”’”Q‘-— L s Olheny
= 7 3 :3%’{_"5*)
B e



2. (35 points) Solve Laplace’s equation inside a semicircle of aradiusa (0 < r < a,0 < § < 7)
subject to the boundary conditions:

0 ad
8—;(7",0) =0, a—g(r,w) =0 and u(a, 8) = f(9).
For a full credit explain all steps (see Problem 1(b) for details).
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3. (35 points) Solve the following nonhomogeneous problem (suppose that all functions and
all their derivatives are smooth so you can assume that all term-by term differentiations are
allowed):

Ou %u

27
_— _ =3t o5 —_ < < 2 i 2 2
o k8$2+e sm(Lx), 0 <z <L, assume that 3 # k(2n/L)?,

subject to
w0, t) =0, w(L,t)=0; ulz,0) = f(z).

For a full credit explain all steps (see Problem 1(b) for details) except that you do not need
to analyze the case \ < 0. /ﬁ/ev—
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4. Optional for extra credit (35 points) Consider the homogeneous heat equation:

du 9%u
—_— = k— <y <[
o1 = Veveke

subject to boundary conditions

u(0,0) =0, 4L1) =0,

and the initial condition
u(z,0) = f(z)=1for 0 <z < L.

Find solution of that initial/boundary value problem. For a full credit explain all steps (see
Problem 1(b) for details).
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