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(a) Write f(z)= u(r,0)+w(r,0). Then recall the polar form

—a = -
TU =V, U,=-rv.

of the Cauchy-Riemann equations, which enables us to rewrite the expression (Sec. 23)

fz)=eu +iv)
for the derivative of fat a point 2, =(r,,6,) in the following way:
, — =if 1 i A —i o __'i "
f(z)=e = e=ig —-—‘_o(u9+we)—z—(u9+wo).

4 T re 0




D,
(b) Consider now the function

1 1 1 % 1 Si
f(Z)=—=—Te=-e"9 =—(COSB—iSin9)= cose_iqxn_e
Z re r r r r
With
sin@

’

u(r,0)= @ and v(r,0)=——
r r

the final expression for f’(zo) in part (a) tells us that

f,(z):__i(_ﬂ_[@)z_l[ cos@—isinf?]

r r r

when z#0.
@ (a) We consider a function F(x,y), where
& Op Rowd > = 3
Z+7 Z

<=7
and y= ?
20

X=

Formal application of the chain rule for multivariable functions yields

OF JF dx JF 3y %(1] aF[ 1] 1(% _QFJ
& =t = +— —— |= 7

0T 9xdZ dydr ox\2) ay| 2

(b) Now define the operator

L £ T
—=— —+i— |,
Jz 2\ dx 9y

suggested by part (a), and formally apply it to a function F(2)

Q:i—.l_ ﬂ.;iﬂ —i.a_f_.*__l_ﬂ
dz 2\ dx dy) 209x 2 dy

= u(_\‘,y)“f- i\)(X,)") g

1

=—lu +n +i U+ :l $ oV Abity S --
7(: J) 2 \y ¥ 2 X ) X )

e

If the Cauchy-Riemann equations u = viou =—v are satisfied, this tells us that
af /97 =0.

X




, (a) f(z)=3x+y+i(3y—x) is entire since
u=3=yv and u =l=-v.
x y y x

¢b) f(z)=snxcoshy+icosxsinhy is entire since

v

u v

u =cosxcoshy= v, and u =sinxsinhy=—vx.

g S8 Ve hY e il : Sy
— — = - n 1
(c) f(z)=e’sinx—ie””cosx=e’sinx+i(—e > cosx) is entire since

u v

u =e’cosx=v_ and u =—e’sinx=-v.
X b 4 y x
(d) f(z)=(z"-2)e e is entire since it is the product of the entire functions

g(z)=7"-2 and h(z)=e e ¥ =¢*(cosy—isiny)=e " cos y+i(—e *sin y).
(B Rt ) e )

The function g is entire since it is a polynomial, and 4 is entire since
P e £ B o £ s
U =—eT co8y=Y and U =—emmy==v.
@ (a) f(z)=xy+iy is nowhere analytic since
—
u v
u=v =>y=1 and u =-v_=x=0,
x y y x

which means that the Cauchy-Riemann equations hold only at the point z=(0,1)=1.

b e 2><j~ff(x?—9?)
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oy u= y . . = y . y . . -
(c) f(z)=e’e" =€’ (cosx+isinx)=¢’ cosx+ie’sinx is nowhere analytic since

u =v =-e’snx=e’sinx=2e’sinx=0=>sinx=0
and
U =—v = e’ cosx=—e” cosx=>2e’ cosx=0=>cosx=0.
More precisely, the roots of the equation sinx=0 are nm (n=0,£1,£2,.), and

cosnm=(-1)"#0. Consequently, the Cauchy-Riemann equations are not satisfied
anywhere.
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