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(a) 1t is straightforward to show that u_ +u

=0 when u(x,y)=2x(1- Y). To find a
harmonic conjugate p(x, ¥), We start with y (%,

¥)=2-2y. Now

4=V, =y =2-2y= VY)=2y-y +¢(x).
Then
U ==y =3 2x=—¢ (x)=>¢(x) =2x=>¢(x)=x2 +c.
Consequently
V(x,y)=2y—y2+(x2+c)=x2—y2+2y+c.
(d) It is straightforward to show that U _+u =0 when u(x y)=¢. To find a
x24y?
harmonic copj t 5 i 5
fjugate v(x,y), we start with u (x,y)=— . Now
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Consequently,

v(x,y)=

+c.
x4y

(@Suppose that v and V are harmonic conjugates of « in a domain D, This means that

U=V, u=-y and y =V, u =-y.
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If w=y-Vy, then,

W=v-V=-y+y =0 and W=v-V=y-y =0
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Hence w(x, Y)=c, where cis a

(real) constant (compare the proof of the theorem in Sec. 24).
That is, v(x,)-V(x,y)=c.



@ The

Cauchy-Riemann equations in polar coordinates are

= =-=rv.
ru =v, and u, ;

Now

m =v,=>m +tu =V,
and

ue =—rv’ =>u99 =—rv’9.
Thus

2 o Ty .
(2 u”+mr+u89—rv9’ W’o’

and, since v, =v _, wWe have

ru +m +u,_ =0,
m r 2]

which is the polar form of Laplace's equation. To show that v satisfies the same equation,
we observe that

1 1
U =—rv =y =——U =5V =—U ——U
2] 2]
. r r m r2 r 6r
and
rur—v9:>v09=ru’9.

Since u, =u_, then,

2 — ey A —
rv_+m +v, =u—m, —u +m_ =0.

If u(r,8)=Inr, then

1 1
rzu” +u tu, = rz[—-—2]+r[—]+0=0.
r r

This tells us that the function #=Inr is harmonic in the domain »>0,0<0<27w. Now it

; . A 1
follows from the Cauchy-Riemann equation ru =v, and the derivative u =— that v, =1
r

thus v(r,0)=0+¢(r), where @(r) is at present an arbitrary differentiable function of r. The
other Cauchy-Riemann equation u, =—rv_then becomes 0=-r¢’(r). That is, ¢’(r)=0; and

we see that @(r)=c, where c is an arbitrary (real) constant. Hence v(r,0)=0+c is a
harmonic conjugate of u(r,8)=Inr.
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@ (a) exp(2+3ni)=e’exp(+3ni)=—e’, since exp(+3mi)=—1.

2+7mi 1 i
) exp— =] exp— || exp™ |=e| cosZ+isin
4 2 4 4 4

=\/;[—L+i—1— =\/£(1+i).
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@ First write .
exp(7)=exp(x—iy)=e'e”” =¢"cosy—ie*siny, ;
where z=x+iy. This tells us that exp(Z)=u(x, y)+w(x,y), where |
u(x,y)=e*cosy and v(x,y) =—e"siny.

Suppose that the Cauchy-Riemann equations u =V, and u =-v_are satisfied at some point

z=x+iy. It is easy to see that, for the functions u and v here, these equations become cos

y =0 and sin y = 0. But there is no value of y satisfying this pair of equations. We may
conclude that, since the Cauchy-Riemann equations fail to be satisfied anywhere, the function

exp(Z) is not analytic anywhere.

@ We first write

Iexp(2z+i)l=lexp[2x+i(2 Y=g

and

Iexp(izz)l=[exp[—-2,\y+,-(xz _yz)]l= o2w

Then, since

IeXP(2z+i)+ex 2
P(2°)<lexp(2z 41
it follows tha , X ‘+’)/+ICXP(é2)],

€X ; .
I p(23+1)+exp(21),582,,+e_29,.



@ To prove that lexp(—2z)| <l& Rez>0, write

|exp(—-2z)] =|exp(—2x—i2y)| =exp(-2x).

It is then clear that the statement to be proved is the same as exp(—2x) <1< x>0, which is
obvious from the graph of the exponential function in calculus.

/- .
@ (a) Write ¢ =-2 as e*e” =2¢™. This tells us that

¢ =2 and y=m+2nn (n=0,£1,%2,.).
That is,
x=I2 and y=Q2n+l)7 (n=0,t1,%2,..).
Hence
z=In2+2n+)7i (n=0,x1,%2,.).

(b) Write €' = 1+\/§ i as e*e” =2, from which we see that

¢"=2 und y=§-+2nn (n=0,£1,£2,.).
That is,

x=In2 and y=[2n+%)n (n=0,1t1,%22,.).

Consequently,

z=ln2+(2n+%]m' (n=0,x1,+2,.).



10.)(a) Suppose that e° is real. Since e*=e“cosy+ie*siny, this means that e'siny=0Q.

Moreover, since e* is never zero, sny=0. Consequently, y=nmr (n=0,%£1,£2,...); that
is, Imz=nw (n=0,£1,1£2,..).

(b) On the other hand, suppose that e* is pure imaginary. It follows that cosy=0, or that

y=12’-+mc (n=0,£1,£2,...). Thatis, Imz=§+mr (n=0,£1£2,..).

he problem here is to establish the identity

(expz)" =exp(nz) (n=0,£1,£2,..).

¢a) To show that it is true when n=0,1,2,..., we use mathematical induction. It is obviously
true when n=0. Suppose that it is true when n=m, where m is any nonnegative
integer. Then

(expz)™' =(expz)™ (expz) =exp(mz)expz =exp(mz+2) = expl(m+1)z]

(b) Suppose now that n is a negative integer (n=-1,-2,...), and write m=—-n=12,.... In
view of part (a),

(expz)"=( ! } ! L L =exp(nz).

expz - (expz)™ j exp(mz) - exp(—nz)
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@n the other hand,

and

Log(~1+i)} =Log(-2i)= mz—%i

2wg(—1+i)=2[1n 2+i§g—]= ln2+§g—i.

Hence
Log(~1-+i)* # 2Log(-1+1).

onsider the branch
logz=lnr+i9 (r>0,-’£<9<%—}
4 4

Since

bg(iz) =log(-D= ml+iz=mi and 2logi =2(lnl+i%}=ni,

we find that Jog(i®)= 2logi when this branch of logz is taken.
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@ Suppose that Rez >0andRez, >0. Then
z=rexpi® and z,=rexpi®,,

where

'£<®|<£ and —-7-t—<62<—7£.
2 2 2 2

The fact that —T < 9| +(~32 <7 enables us to write

Log(z,z,) = Log[(t,r,) exp i(©, + ©,)] = In(rr,) +i(O, + 0,)
=(nr,+i0,)+(nr, +i0,) = Log(r, exp i®,) + Log(r, exp iO,)

=Logz, + Logz,.
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'®In each part below, n=0,t1,%2,....
(a) (1+i) =explilog(l+i)]= exp{ l:]n 2+{Z+2nnﬂ}

= exp[%an - (%+ 2nn)] = exp(—% . 2n7z)exp[éln 2).
Since n takes on all integral values, the term —2n7 here can be replaced by +2nm. Thus

A+ = exp(—-i—:-+ 2nn)exp[%ln2].

() (=D)"" = exp[;lr- log(—l)] = exp{%[ln 1+ {7+ Znn)]} = expl(2n + )il

@ (a) P.V. i =exp(ilLogi)= exp[i(hllﬂ' %H: exp(—-g-}
; 2
7. %
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@ The desired derivatives can be found by writing
dsinz~ dfe® ¢k 1 de"— de‘”
dz dz 2i 2i\ dz dz

and
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/@ We know from Exercise 2(b) that
sin(z +2,)=sinzcosz, +coszsinz,.
Differentiating each side yields

€os(z +2,) = c0sz €08z, — sinzsinz,.
Then, by setting z= z,, we have

c0s(z, +2,) = oSz, cos z, — sin z, sin zZ,
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@ By writing f(z) =sinZ = sin(x — iy) = sin x cosh y — i cos x sinh ¥, we have

S@=ulx,y)+x(x,y),
where
u(x,y)=sinxcoshy and w(x, y)=-—cosxsinh y.

If the Cauchy-Riemann equations U, =V,, 4 =—v_areto hold, it is easy to see that

cosxcoshy=0 and sinxsinhy=0.
Since coshy is never zero, it follows from the first of these equations that cosx=0; that is,

4 . .
=;+mr (n=0%1,%2,.). Furthermore, since sinx is nonzero for each of these values of X,

the second equation telis us that sinh y=0, or y=0. Thus the Cauchy-Riemann equations
hold only at the points

z=—2’5+mz (n=0%1%2,.).
Evidently, then, there is no neighborhood of any point throughout which f is analytic, and we

may conclude that sinZ is not analytic anywhere.
The function f(z)=cos7 = cos(x — iy) = cos x cosh y + isin x sinh y can be written as

F@)=ulx,y)+iv(x,y),
where
u(x,y)=cosxcoshy and w(x, y) =sinxsinhy.

If the Cauchy-Riemann equations U =V, U =—v hold, then

sinxcoshy=0 and cosxsinh y=0.

The first of these equations tells us that sinx=0, or x=nx (n=0,11,£2,.). Since cosnm 0,
it follows that sinhy=0, or y=0. Consequently, the Cauchy-Riemann equations hold only
when

z=nm (n=0%1,12,.).

So there is no neighborhood throughout which f is analytic, and this means that c0sZ is
nowhere analytic.
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@ Identity (9), Sec. 34, is sin’z+cos’z=1. Replacing z by iz here and using the identities

sin(iz) =isinhz and cos(iz)=coshz,

we find that i2sinh?z+cosh’z =1, ot
cosh?z —sinh’z= 1.

Identity (6), Sec. 34, is cos(z, +2,) = €08, €082, — sinz, sinz,. Replacing z, by iz, and z,
)y iz, here, we have cosfi(z, +2,)1= cos(iz,)cos(iz;) — sin(iz,)sin(iz, ). The same identities that
were used just above then lead to

cosh(z, +2z,) = coshz coshz, + sinh z, sinhz,.

@ (a) Observe that
ez+m _e—(z+m) _ ezem _e-ze-m _ -~et 4e? _ et — et

inh(z + i) = = = = —sinh z.
sinh(z + i) 3 5 5 5 sinhz

(b) Also,

ez+m'+e—(z+m') 3 ezeﬂf +e—ze-nl 3 gt —¢? et +et
2 2 2

cosh{z+ mi) =

(c) From parts (a) and (b), we find that

sinh(z+ i) _ —sinhz _ sinhz
cosh(z + #i) —coshz coshz

= tanhz.

tanh(z + i) =

= - =—coshz.
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