= C

Z —C

o[ f ewn ]

Z

T R
© ) = by (07

1

D =
A M 2=
& 2
N ¢ )X )
2 cantl) s = 2
T n X
- May (/0'7’1\7 ! e ow= O/i(






2
l—-i dt
t

%%ft wEt) = &
‘,.—e)
{ »5((~f) - wC
(A(_'qﬁ‘

é[w(*ﬂ -
At \f\
U
PP TR UL
2w T |
- W W
(u‘h‘\S > =7

—

2

J

&

1

t

2 1
2 RPN in4:
H e e 1[12—"'""'1“4,
}”’2'--[—; 5 2i >
1



@ Since le™** |=¢7*", we find that

1=h

oo

-2t . [ -u . e 1 . -b2 1
Je¥dr=1im [edr=tim| £— =—-11m(1——e )=~ when Re z> 0.
b b0 ° boo -2 =0 Z boes 2

@ The problem here is (o verify that

Te"ﬂe'“ode— 0 when m#n,
p 2n when m=n.

To do this, we write
2 2z
I= Jewe—nﬂdez fel(m-n)ﬂde
V] 0

and observe that when m# n,

2r
i(m-n)0
1=| £ L 1 .
i(m—n) o ilm-n) i(m-n)
When m=n, Ibecomes

I= Td0= 2r;
0

and the verification is complete.



@ (a) Start by writing

I= f w(—~8)dt =-fu(—t)dt+ i—f v(=p)dt.
-b ~b -b

The substitution 7=~ in each of these two integrals on the right then yields

a a b b b
) - j w(r)dt—i j v(r)dT= j w(T)dT+i j v(T)dr = [ w(t)dr.
b b a a a

That is,

-a b
j w(—t)dt = j w(t)dr.
~b a

(b) Start with

I= jw(t)dt= ju(t)dt+ijv(t)dt

and then make the substitution = @(7) in each of the integrals on the right. The result
is

B
B ‘
I= ?u[¢(t)l¢'(r)dr+i [vtoco (e = wig@W' ()de.

[4

That is, b )
[wioyde=[ wigW @)dr.
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@If w(t)= f[z(2)] and S@y=ulx,y)+i(x,y), Z(O)=x()+iy(t), we have

WAt = ulx(t), y(O1+ i x(t), y(8)).

The chain rule tells us that

du

dr

dv
=ux'+uy and —=v
. dt
and so

X

X'+ v Y,

’ : .
w(t)= (e X'+ i, W)+i( v x'+ v, ¥).

In view of the Cauchy-Riemann equations i = v, and u =-v_, then,
¥ 3 x

w(t)= (u x'— v Y )+i( v_‘x'+ux y)= (u +w )x'+iy").
That is,
W=t OO i L0,y OV O+ ()] = FL0]20)

when 1=t
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@ (a) Let C be the semicircle z=2¢* (0£8<7), shown below.

y

an

2 0

P 4

Then

ch+2 dom I(‘ . ) =£( )z.e“’de 2zj(e‘°+1)de

9 ®
=2i[e—,+9] =2i(i+ 7+ i) = —4+27i,
1l

1]

(b)) Now let C be the semicircle z= 2¢" (£<0<2m) just below.

This is the same as part (a), except for the limits of integration. Thus

" x
jizdz 2:[5_—+e} = 2i(-i+27-1-7)=4+2mi,
i

(¢) Finally, let C denote the entire circle z=2¢" (06<27). In this case,

J. i"‘—Zdz =47,

the value here being the sum of the values of the integrals in parts (a) and (b).
@ (a) Thearcis C:z=1+e® (®s0<21). Then
i9 (] 120 l29 "
1 1+¢e” =1)ie"d0 = dé =
j(z )dz = j( e’ =1)ie :Ie z[ 21]

= %(euu _emr)._. 5(1_ =0



@ In this problem, the path C is the sum of the paths C,, Cy, C3, and C, that are shown below,

The function to be integrated around the closed path C is f(z)=me"*. We observe that
C=C+C,+C,+C, and find the values of the integrals along the individual legs of the
square C.

(i) Since Cyis z=x(0Sx<l),

J’C ne"zdz=ﬂ]e”’dx=e"—l-
' 0

(ii) Since C,is z= I+y(0<sy<)),
- 1 |
Ic, me"dz =n£em"" )idy=e"7tije""’dy= 2e".
0

(iii) Since C,is z=(1-x)+i(0<x<1),

1
L3 SV Ri(l~x)-i l
chﬂe dy=7 3[ " '(-1)¢x=ne"je'"dx=e*—1.
. 0

(iv) Since C,is z=i(l1-y)(0 <ys),
1
L14 —R(0=yi, l
fc‘ me" dz=n [ e (~i)dy= i [e™rdy=—2,
Finally, then, since ’ °
I zte"zdz='|. me™dz+ j me"d = "
c " G z+ fc, e ‘dz+ Ic‘ me™idz,

we find that
jczre"idz =4(e" -1).



The path C is the sum of the paths

Ciz=x+ix’(-1£x<0) and C,:z=x+i&’(0<x<]).
Using

f(@=lonC, and f(z)=4y=4x’onC,,

we have

[1] [}
j’c f()dz = Jc. F()dz + IC: F@dz=[1(1+3x%)dx + [45'(1+3x7)dx
-l 0

= de + 3ij' Xy + 4jlx"dx + l2i‘Jx’dx
0

-1 -1 0
=L iR T 4[] ], = 1ein 14 2i= 2430

Let C be the positively oriented circle Izk=1, with parametric representation
z=€%(0<6<2r), and let m and n be integers. Then

[7rde= 2jf(e“’ ) (e ie°a6= izfe""'*""e'“de.
0 0

But we know from Exercise 3, Sec. 38, that

Te"”’e“’"d@ - 0 when m#n,
0 2r when m=n.
Consequently,

m—n 0 when m+lzn,
J "7dz=4_
¢ 2ni when m+l=n.

@ (a) The function f(2) is continuous on a smooth arc C. which has a parametric

representation z= () (ast<h). Exercise 1(b), Sec. 38, enables us to write

8
[ rteiz e =[ FZOEEW @,

where
Z@@)=2[¢(7))

But expression (14), Sec. 38, tells us that
[P (1)=Z'(7);

*and so
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@ To integrate the branch R (1z1>0,0<argz <27m)
USSP L

o rite
around the circle C:z=¢"” (0£0<2r), wri

in
n . -n
2 ) o f -ie-0 .i0 =ije"0d6=z(1—e \)
-1+ 1o gy = je(””"‘“'“o’ ie*df=1 j e e"dl
-[C z dz = jC e o 0

0

@ Let C be the arc of the circle Izl=2 shown below,

y
2
C
Q 2 x

Without evaluating the integral, let us find an upper bound for To do this, we

d.
J'sz—il )

note that if z is a point on C,
]z2—1|z||22|—1|=||z|2~1|=|4-1|=3.

Thus




@ The contour C is the closed triangular path shown below.

3i

-4 OI X

To find an upper bound for “C(e‘ —E)dzl, we let z be a point on C and observe that

le:‘?lf'(f|+|Z|=6I+\‘x2+y2_

But e <1 since x<0, and the distance yx*+)* of the point z from the origin is always

less than or equal (0 4. Thus le*~Z1<5 when z ison C. The length of C is evidently 12.
Hence, by writing M = 5 and L = 12, we have

”C(ez-'z')dzlsML=60.
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A1) The function 2" (n = 0,1,2,...) has the antiderivative """ /(n+1) everywhere in the finite
plane. Conscquently, for any contour C {rom a point Z, to a point z,,
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% . . . o . . . s
@\, el C denote any contour from z=-110 2= | that, except for its end points, lies above the
<" teal axis. This excreise asks us Lo cvaluate the integral

I = j[ 2'dz,

where z' denotes the principal branch

7 =exp(iLog?) (121> 0, - n < Argz < 7).

An anhdenvative of this braich cannet be used since the branch 1s et even defied a

> =1 But the integrand can be replaced by the branch
; . Vg I
¢ =expiilogs) I2l> 0, - = <arge < = |
2 2

since it agrees with the integrand along € Using an antiderivative of this new branch, we
can now wrile

2 | . | ;
] == = (' = __“.‘l SRR IRVET U YRR H
] i+l[ ¥ == i+l[( ‘ J

I it1¥la 400} bl v l - A I"C'..I I“l
:'__[e(:rl).lnl 03 _ bt "’1=~.——(l—0 heh’l):_—‘-__-
i+l T+ b4 1-i
l+e™" .
= (I=1).
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