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C/Z\) The contowrs €, and C, are as shown in the figure below,

In each of the cases below, the singularities of the integrand lie inside C, or outside of C,;
and so the integrand is analytic on the contours and between them. Consequently,

Jo f@dz= | fdz.
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C(W hen f(z)= P the singularities are at ¢ =2nm (n=0,+1,+2, ).
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4. ) (a) In order to derive the integration formula in question, we integrate the function e
around the closed rectangular path shown below.
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Since the lower horizontal leg is represented by z=x (~a<x<a), the integral of

2 .
e”* along that leg is




3
Since the opposite direction of the upper horizontal leg has parametric representation
S=x+bi (-a £ x<a), the integral of ™ along the upper leg is
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—J(’ T dx = <o Je TN e Je " cos2bxdx + ie' J.e * sin2bx dx,
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or simply
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=2e
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Je"'" cos2bx dx.
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Since the right-hand vertical leg is represented by z =a+iy (0 < y<b), the integral of
-.~2 . -
e”" along it is
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Finally, since the opposite direction of the left-hand vertical leg has the representation
z==a+iy (0 y<Db), the integral of ¢™* along that vertical leg is
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According to the Cauchy-Goursat theorem, then,
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and this reduces to
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Jé’ Y cos2bxdx=e™" Je ot &% Rl ’je- sin2aydy.
0 0 0

(b) We now let a— o in the final equation in part (a), keeping in mind the known
integration formula
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and the fact that
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The result is
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Ie J cos2bxdx =——e $ (b>0).
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@ We let C denote the entire boundary of the semicircular region appearing below. It is made
up of the leg C, from the origin to the point z =1, the semicircular arc C, that is shown, and
the leg C; from z = -1 to the origin. Thus C=C, +C, +C,.

We also let f(z) be a continuous function that is defined on this closed semicircular region
by writing f(0)= 0 and using the branch

L) : i3 L3
f(2)=+re (;>O,——2—<9g—é—J
of the multiple-valued function z'?>. The problem here is to evaluate the integral of f(z)

around C by evaluating the integrals along the individual paths C,,C,,and C; and then
adding the results. In each case, we write a parametric representation for the path (or a
related one) and then use it to evaluate the integral along the particular path.

re (0<r<1). Then
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(B G z=1-¢Y(0<6< ). Then

IY ol y ket
J'czf(z)dz=je"’”-zeadezzje-"’2d9=z[~e”’~] =§(~:~1)=-§(1+4).
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(iii} =C,: z=re" (0<r<1). Then
I

| 1
J(.If(z)dz = "I-<:, f(2)dz = —}[\/;e"'”(—l)dr = i{ Vrdr = :[% r"”]o = %i.

The desired result is
: ; EAN g &
[ f@dz=] flade+ | farde+ [ f@dz=5-50D+3i=0.
The Cauchy-Goursat (heorem does not apply since f(z) is not analytic at the origin, or even

defined on the negative imaginary axis.



