q
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below.

CD In this problem, we let C denote the square contour shown in the figure

g _
(@ L‘E’—e('mjz) =2mile] = 27D =21

(b) LOST_ o o (_cosz)/_(z_zﬁ_)_ o osz ] _ AR
J’f_ 4+8) jc z~0 dZ 27“ Z2+8 Z_Q-—Zﬂ'l(g):—z‘_.

zd: z2/2
A, J SR, _dz=2ﬁ[[.z_] =27u'(_1_.)=._._n-_l
. .
r==1/2 \ 4 2

(¢c) | = =1 -
j‘C22+| Cr—(-112) 2
shz coshz 2mi| d* i
{d) E.o_:-——- (IZ = < dz = __72 — 5 — m _
L‘ ¢ jf(z—O)"" T dz‘COSh” _0_?(0’”0'

.

tan(z/ 2) tan(z / 2) 2xil d
tan(z/2) , [ 1AM&TL) 4o o 200 — z
J.C (Z—xo)z JC (Za_"‘:())w| . I [dztan(?’)}:ar
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j Let € denote the positively oriented circle 17 —i1=2, shown below.

N

3-2

@The Cauchy integral formula enables us to write

dz 1/ (z +21) A 1 A1 T
- L ME o L) (1)
¢ £‘+4 C(z— 21)(4+71) -2 2420/ 0 4i; 2
7 -~ 3' ,Z.S
©/ & 5 < A S
2 g 1

0)(&)—‘
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\) Suppose that a function f is analytic inside and on a simple closed contour C and that & is
noton C. Ifz,is inside C, then

fyde .. fQ)dz ¢ f(dz _2mi
J(_‘Z'CZO —27(1_]( (Zu) and J-( (Z"Zo)z - C(Z—Zo)“’— X f(g.n).

Thus

J' F)dz :J f()dz
¢ 4.

- 2"
[ L(Z—Zo)

The Cauchy-Goursat theorem tells us that this last equation is also valid when z, is exterior
to C, each side of the equation being 0.

5
7. /Let C be the unit circle z=e€® (-1< @< ), and let a denote any real constant. The
Cauchy integral formula reveals that

al al
€ e o[ uz ;
J—dz:J’ dz=27l'l[(-’l]_ =2
C z I z— O =0

On the other hand, the stated parametric representation for C gives us

T
~

@ n
Jﬁ.( dz = J ﬂ)—(f-f—lie'”(m = | expla(cos 8 +isin 8)1d6
4 e :

<
- .4

n

= i [ere g = ; [ "?(cos(usin 6) + isin(asin 0)]d6

-

r n

= - Je"“’sa sin{asin 8)d6 + ije""‘e cos(asin 8)d6.

-r ~r

. - . . e”
Equating these two ditferent expressions for the integral L—dz. we have
Z

N n

- Je““’”” sin(asin 0)d0 + i Je"“‘“’ cos(asin 8)d0 = 2mi.

-1 -

Then, by equating the imaginary parts on each side of this lasl equation, we see that

R

Ie““‘”cos(asin 0)d8 =2r;

-
and, since the integrand here is even,

T

Je"°°‘° cos(asin 0)d@ = .
0

——




@ {«) The binomial formula cnables us o write
(O}/ﬂ {-\W‘x) I d"

n I (" 4 n Tt
P0)= () = S )
(2 n2" dz"( ) ni2" Jdz" kﬂ,(k} -1

We note that the highest power ol z appearing under the derivative is z™, and
differentiating it # times brings it down to z". So P,(2) is a polynomial of degree #1.

(b) We let C denote any positively oriented simple closed contour surrounding a fixed point z.
The Cauchy integral formula for derivatives tells us that

(1" 2 n— n' (S ) _
(2 -1) MJC(Y e ds (n=0,1,2,...).

Hence the polynomials P, (z) in part (a) can be written

Lo (st (n=0,1,2,..).

P _—
(l.) 2"”7“ C(S z)nrl

{¢) Note that

(s =1y (v-l)(v+l)" (s+1)"
(.Y— l)lH\l l)" ! = § - l

Referring to the fina) result in part (b), then, we have

2 n
P(= [ 21"

- _ 4 e ls+1ly
2" i Je (s~ d on 2mfc =

- [7"
so b5 =] (n=0,12,..).

Also, since

(s* =1y =D+ (-1

+0)™ e T
we have
(52"1)" l ( _
g d (ChatV S
2 'ntjc(s-i-l)"" = 2m c s+1] ds IEFED = (=" (n=0,1,2,..).

]

P.(-n=




/Q.

(.9} We arc asked 10 show 1hat
Ca % f ) ff ( f)d 5
w (s~

(a) Inview of the expression for £'(z) in the lemma

["z+A)~f(z) | [ I 1 | fis)d
=— — G By
Az 2mi | (s~z2-Az) (s~ :)BJ Az

l _2As=2)-Ag

2 (5m 2= Ag)i(s — gy )

Then
£ (z+Az) - f() ff(s)ds 1 s - 1)~ Az )
Az i (s—2) 2miy, E;Q:Z—m;jz“(‘s:?)]}f(s)ds
‘ 305~ 2)Az - 2(Az)?
C(;_C_AZT“J(J )s.
() We must show that

(zDIA;l +21AZ5) M
(d - 1Ay d’

le 3(y—2)Az - 2(A7)
N

. = = [($)ds
(s~z-Az)(s-2)

Now D, d, M, and L are as in the statement of the exercise in the text. The triangle
inequality tells us that

13(s — 2)Az — 2(8z)° 1< 3)s — 2l 1Azl + 21AzF < 3DIAZ + 21428,

Also, we know [rom the verificalion of the expression for f'(z) in the lemma that
Is—z— Az 2d —1Azl> 0; and this means that

I(s~z—- A2 (s= 212 (d -1az2)2d > 0.

This gives the desired inequality.

(c) Ifwelet Az tend to O in the inequality obtained in pait (b) we find that

1 3(s—2)Az-2(A2)
'[C(s—z~—Az)( )Jf( 45 =0

lim -
a0 27111

This, together with the result in part (a), yields the desided expression for f"(2).
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P 1835

@ Let us use definition (2), Sec. 55, to show that the sequence

C

2, =—2+iT (n=12,.)
]

converges to —2. Observe that ]zn - (—2)| = 4 Thus, for each £ >0,

Il2

lz, - (=2)|<& whenever n>nj,

where n, is any positive integer such that n, >

Dl

@ Note that if 7, =2+ "0 (n=1,2,...), then
n

©,,=Argz,—0 and O, _, =Argz,,_,—0 (n=1,2,...

Hence the sequence ©, (n=1,2,...) does converge.

@ Supposc that limz, =z. That is, for each £>0, there is a positive integer n, such that
n—doo

/

\

Iz, —zI< € whenever n > n,. In view of the inequality (see Sec. 4)
Iz, — 22 lizg, -z,

it follows that llz |1-lzll< £ whenever n>n,. Thatis, limlz I=lzl.
n—yoe

4.. " The summation formula found in the example in Sec. 56 can be written

I Z
Y z"=—— when lz<L
-2



If we put z = re”, where 0<r<l, the left-hand side becomes

- - e ‘
Z(re"’)" = Zr e = Er" cosn@—HEr" sinné;
n=1 1 n=} =l

n=

and the right-hand side takes the form

re®  1-re’ re —r’ _rcosf—r’ +irsin
[—re® 1—re™ 1- re® +e )+’ 1—2rcos@+rt

Thus

- o rcosf—r’ ) rsin@
Zr" cosn€+12r”smn9= S +i -
- 1—2rcos@+r 1-2rcos@+r

n=}

Equating the real parts on each side here and then the imaginary parts, we arrive at the

summation formulas

= rcos@—r’ & rsin @
Zr"cosn8=——-——————-2- and Zr" sinnf=—mm35»
1—2rcos@+r per 1—2rcos@+r

n=1

\

where 0 < r<1. These formulas clearly hold when r = 0 too.

/@ Suppose that Zz,, =S. To show that Zf,, =5, we write z, =X, + Y, S=X+iY and

n=l n=l

appeal to the theorem in Sec. 56. First of all, we note that

ix,, =X and iyn =Y.
n=1

n=}{

Then, since Z(—}’,.) =-7Y, it follows that

izﬂ = i(xn —iyn) = i[xn + i(“)’,.)] =X-i¥= 3‘-
n=1 =1

n=1
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P.olos

@ Replace z by z? in the known series
Lad 2n

coshz=§(;n)! (Izl< o)

to get

o 4n
cosh(z’) =) (;n)' (Izl< oo).
n=0 ‘

Then, multiplying through this last equation by z,

4n+1

we have the desired resuit:
- Z

2y oo
zcosh(z’) = 2 (Izl< o0),

AY

@ (b) Replacing z by z—1 in the known expansion

o :Lg,;_: (Izl< o0),
we have ’
il :) _(i% (Iz1< ),
So

T (Izl< o0),
n= N



@ We want to find the Maclaurin series for the function

/@)= +9 T T 9

To do this, we first replace z by —(z* /9) in the known expansion

=3 (Izl<1),
n=0
as well as its condition of validity, to get
1 o D" s
= === Izl < +/3).
T 79) & e (zl<v3)

Then, if we multiply through this Jast equation by -g, we have the desired expansion:

(Z) Z (32nl+)2 ! (I ad< ﬁ)

@ -F(??: Hn .
() N-o =) _F w)‘_ Aryao= O
4{1 (o).: (] 0= )

Q=70 V\'?O

@) (zk w o= O
pwaSTF e

(/){\\ q)‘l“«l (__’) Q)O'(— )

Z/



\

-7/.) The function 1—1—- has a singularity at z =1. So the Taylor series about z=1i is valid when
=z

lz—il <2 , as indicated in the figure below.

¥y

\_'/l\ x

To find the series, we start by writing

L 1 _ L 1
1-z (=-0)—(z—i) 1-i 1=(z=D/(=i)

This suggests that we replace z by (z—1i)/ (1—i)in the known expansion
I S
—=)z (Izl<1)
I- Z n=0

and then multiply through by Tl— The desired Taylor series is then obtained:
-1

1 > (z2—1)" ,

= lz—il <+2).

I-z ; (1= ( )

‘)’: ) The identity sinh(z + #i) = —sinhz and the periodicity of sinhz, with period 27, tell us that
sinh z = —sinh(z + 7i) = —sinh(z - 7i).

So, if we replace z by z— i in the known representation

0o 2n+1

sinhz=2(2n+1)! (Izl< o)

n=0

and then multiply through by ~1, we find that

o g 2n+t
. . VLZ_JU) 4'?- — r’|< ool
Siphz = - g T EhAa )
sihz =~ 2, 2n+1)!

n=0






