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@ Differentiating each side of the representation

% =3z (zl< 1),
- n=0
we find that
1
=), —2"=)n""' =Y (n+1)7" {lzi< D).
(1-2)° dz 2=0 NZO ; uE;

Another differentiation gives

(1—_:2-2? = -j—zg(n +1)" = g(n-& l)dizz" = gn(n+1)z”"l = g(n+ D(n+2)z" (zi<1).

@ Replace z by 1/(1—z) on each side of the Maclaurin series representation (Exercise 1)

= Z(n +1)z" (Izl< 1),

( n=0

as well as in its condition of validity. This yields the Laurent series representation

- (=D)"(n—1)
1 <lz —1l< o),
g{ — (I<lz —1l< o0)

N
A
( y Since the function f(z)=1/z has a singular point at z =0, its Taylor series about =218
valid in the open disk 1z —2I< 2, as indicated in the figure below.

To find that series, write

| —
—

z 2+(z-2) 2 1+(z-2)/2

to see that it can be obtained by replacing z by —(z—2)/2 in the known expansion



1 L
— =3
Specifically, e 5 tel<D,
l=1i[~(z—2)]"
or Z 2 n=0 2 (‘Z *2’< 2)9
I =1y
S 2 (z=2)
2 }; 2 2=2) (Iz-2i<2),
Dxffexenuatmg this series terp by term, we have
I had (—D" o n+l
_._2=Z — n(z__z)n—l= ("1) "
5 & on é Sz (n+1)(z-2) (z-2<2),
Thus
I 1& -2Y
i <~1)"<n+1)(L 2)
=0 2 (z-21<2)

o lgrho)
(6.) "Let C be a obntour lying in the open disk Iw—1i<1 in the w plane that extends from the
point w=1 to a point w =z, as shown in the figure below.

w plane

According to Theorem 1 in Sec. 65, we can integrate the Taylor series representation

i:i(—l)"(w—l)" (lw—1li<1)

n=0

term by term along the contour C. Thus

v _ ch(—l)"(w ~1dw=Y (-1y" L ov=1raw.

Cw 2
But
fc% = ‘% =[Logw];=Logz~Logl = Logz
and :

(“’_I)IH-I z _ (Z__l)n-a-l
n+l1 n+l

fc(w— D" =j(w— 1)'dw ={
]



Hence

SN ED o EDT N
Logz—én_ﬂ(z 1) —2:, " (z-1) (z-1l<1);

and, since (—1)""" = (=1)"*(~=1)* = (-1)"", this result becomes

Logz=2£:1’-1)—"+—'(z—l)" (z-1l< D).
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d are at z=0,%i The problem here is 1o

/ ﬁ The singularities of the function ) =—
2z +1)

lind the Lau:ent scries {or fihat 5 valid in the punctured

disk O «<lzi<t, shiovm below.

¥

-

We begin by recalling the Maclaurin series representations

2 3 l
d (Izl< o) |

e‘=l+£+5—+—+~--
12t 3
and
I 2, 3
=, =l+z+ +22+- (Izl< 1),
-2
which enable us to write
1,1,
e=ltz+—+—4.. [zl< oo
2 7% (lzl< o)
and
1 2, 4 ¢
=l-2"+2" - 24 lzl< 1).
22 +1 (zl<1)

Multiplying these last two series term by term, we have the Maclaurin series representation

z

=ltzesz2e Lo,
22 +1 2 6

1, 5,
=l4z7-=?_= e,
2z 6° |

which is valid when Izl< 1. The desired Laurent series is then obtained by multiplying each

. . 1
side of the above representation by ~:
z

2
e =l+1_lz~§.22+... O <lzi<1).

z(z2 +1) z 2
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@(a) Let us write
1 5 =—1----1—=-l—(l—-z+z2-z‘1+~-)=l—l+z—-zz+--- (0 <lzi< 1),
2+ 2 1+z 2z Z
The residue at z =0, which is the coefficient of i is clearly 1.
(b) We may use the expansion
2 49 6
SO S NN ST Py
cosz=1 2!+4! 6!+ (Izl< o0)

to write

L2 207 A e 27 7 e

(O('Z((m)_
The residue at z =0, or coefficient of l is now seen to be —-—;—,
Z
{¢) Observe that
z—sinz 1 ) 1 7 IS
b €Al 1P Il Al I A e KRR B e edhsonks SR 0 <lzl< 20},
P )z[(szm HB!S! (O <tebs =)

Since the coefficient of ~ in this Laurent series is 0, the residue at z =0 is 0.
F4
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In each part, C denotes the positively oriented circle Izl=3,

" (a) ) To evaluate | EXP (=2) dz, we need the residue of the inte rand at z=0. From
C Zz g

the Laurent series

we see that the required residue is —1. Thus

[ 2% 4y iy = 2
€ z

T 4 o &1

(=~ i
- _ L
- IQ@]\ :(ﬁ?"—’ll
T = |
€

)

= 1!..z_.g.z_!..3—!.+--. (0 <lzl< o0),

<



“(c) )Likewise, tO evaluate the integral JC Z exp(—)
Z

integrand at z =0. The Laurent series

26X l 1+_1_.1 1 1 _1__1_ _1__1_+
Y 1! 02 37 4
, z 1 1 1 1 1
=2z +-—+__- —_—— ____2_+
12t 3tz 4!z

which is valid for 0 <lzl< eo, tells us that the needed residue is —16— Hence

s o Vg = 2 L) = 2
J.CZ exp(z)dz—2m(6)— 3

é} In each part of this problem, C is the positively oriented circle 1zl=2.
.__\ ZS
S a) E F(2)=—7> then
\() f(2) 2
1 (1 1 11 1 3 6 1 1
—_— —_ =____—=_.__.__—=_..___ 1+z +Z +...-:_ _____ -
z f(z) 7-7 7 1-7 ( ) &z

when 0<lzi<1. This tells us that

j f(z)dz=2miRes —lz—f(l)=27ri(—1)=—27a'.
C =0 7 rd

1 dz, we must find the residue of the

<



4. Let C denote the circle Izl= 1, taken counterclockwise.

oo n

(a) The Maclaurin series e° = Z— (Izl< o) enables us to write
n=0 f’l

1 ez g [ Nz e n 1
J-exp(z+ )a’z Je e dz—jce "z::;m dz—’;—n—!";z exp z dz
(b) Referring to the Maclaurin series for e* once again, let us write
7"ex (1) w————ii B (n=0,1,2,...)
p Z pos Ok' k sdyLyuen jo

1. . . .
Now the — in this series occurs when n—k=-1, or k=n+1. So, by the residue
Z
theorem,

I 1
2 exp( + |dz =27 =0,12,...).
J p(z) BTN % )

The final result in part (@) thus reduces to

Jexp(z+ )dz—2mzn'(n+1)'.

= M=@=7 &



/1;> (a) From the expansion

z 7 7 (Izl< o0)
F A - —_ —_ Z<°°9
e —1+1!+2!+3!+
we see that
1 ri1 11 0 <lzl< oo).
ZexP(Z)_HHZ'ZJ’m " (

The principai part of zexp(—) at the isolated singular point z =0 is, then,
b4

and z =0 is an essential singular point of that function,

2
(b) The isolated singular point of IL is at z=~1. Since the principal part at 7 =—]
+2

involves powers of z+ 1, we begin by observing that

z2=(z+1)2—2z—1:(z+1)2—,2(z+1)+l.

This enables us to write

2 2 _
T _ @+ 2(Z+1)+1=(Z+1)—2+L.
1+z z+1 z+1

Since the principal part is %1, the point z=-]isa (simple) pole.
<

. . . . . sin .
(c) The point z =0 is the isolated singular point of ——Z, and we can write

z

sinz 1 7 7 2 7
ST P A S IO S AR 0 <Izl< o)
z z( 31 5 J 31 35 ( ¢ )

The principal part here is evidently 0, and so z =0 js a removable singular point of the

. sinz
function ==,
Z



(d) The isolated singular point of % is z = 0. Since @

b4
cosz 1 22 7 1 z 7
= -t =
Z Z( 21 41 z 2|+4| (0<|Z|<°°),

o .1 .
the principal part is = This means that z =0 is a (simple) pole of o8z,
b4

-1 .
we find that the principal part of at its

_ 1
ol 2-2" (@-2)" 2-2)°
isolated singular point z =2 is simply the function itself. Th int is evi
o ordor ply itself. That point is evidently a pole

(e) Upon writing

@ (2) The singular pointis z=0. Since

_ 2 4 6 11 3 :
1 coshz:_1{1_(I+Z_+i+§_+...ﬂ:_--‘.._,“__Z__Z__... ]

3 3
< <

(b) Here the singular point is also z=0. Since

2.2 3.3 4 _4 5.5
1 exp(2z)=ilil_(l+%+2 z +2z +2 Z +2z +H

z* z* 21 3! 41 51

22 4

when 0 <lzl< oo, we have m =3 and B=_§T—_§'

(c) The singular point of (:xp(fzz) is z=1. The Taylor series
_ 2/, 1\2 3.1\
exp(22) = Ve = ez|:1 . 2(z1' b, 26 172 (z3' 1 +} (121 o)

enables us to write the Laurent series

2 2
exP(ZZZ) 2t " L2 1 +%—+—2—(z—1)+--~ (0 <lz—1I< o).
(z—1) (z—D* 1t z—1 2V 3!

Thus m =2 and B=e2%=2e2.



@ Since fis analytic at %, it has a Taylor series representation

f( ) -
F@=fz)+ L8 p ) (ZO)(z— e (Iz-2)<R,).

Let g be defined by means of the equation

8(z)=——= /&)
-z,
(a) Suppose that f(z,) #0. Then
s0)=— [f<4(,>+f(z° (z- z0)+f——2(;i°l<z—zo‘)3+--}
= /(%) + Fz) + f”(zo)(z:—zo)+--- (0 <lz—2,I< Ry).
-7 1! 2!

This shows that g has a simple pole at z,, with residue f(z,)-

(b) Suppose, on the other hand, that f(z,) = 0. Then

g( )_ 1 [fifo (z— Z()) f (ZO ——=(z- Zo) + - j|

0

zf’i‘zo)+f”2(‘zo)(z_z0)+... (0 <lz—27,]< Ry).

Since the principal part of g at z, is just 0, the point z=0is a removable singular
point of g.

@ Write the function

B 8a3Z2
f(Z)— (Z2+a2)3 (a>0)
as
_ ¢(z) _ 87
f(z)= iy where  ¢(z) = Gra)

Since the only singularity of ¢(z) is at z=—ai, ¢(z) has a Taylor series representation

0(2)= ¢<az)+¢( D (7 - aiy+ ¢"( )(z aiy’ +- (12— ail<2a)



about z =ai. Thus

f@)=
Now straightforwar

P'(2)=

Consequemly ;

o(ai)=—0"b

This enables U

(z— ai)’

and ¢ (z):

s to write

1 . ¢'(ai) 0" (ai
ai)+ —ai ai) ]
[(P( i) T (z—ai)+ o1 (z-az)2+---] © <lz —ail<2a).
d differentiation reveals that
164°(z* — 4aiz—a")

(z+ai) TR

¢'(ai)=—92-, and  ¢”(ad)=-l

‘ K——azi—%(z—-ai)——;-(z—ai)z+---]

Q==

The pr'mcipal part

(z— ai)’

of f at the point 2= ai is, then,

il2 al T a’i
(z—ai)3'

AL e = -
z—al (z—ai)

0<liz- ail< 2a).





