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(@ (a) The function f(z)= g +12 has an isolated singular point at z =1. Writing f(z) = ——¢(Z: 2
L~ zZ-

where ¢(z)=z"+2, and observing that @(z) is analytic and nonzero at z=1, we see
that z=1is a pole of order m =1 and that the residue there is B= ¢(1) = 3.

(b) If we write

e TR e o
f(Z)—(2z+l) —[ _(_1)}3’ where ¢(z)= g
i

we see that 7= s, is a singular point of f. Since ¢(z) is analytic and nonzero at that

point, f has a pole of order m = 3 there. The residue is

g B 3
2! 16
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(@ (a) Write the tunction f(z) = (121> 0,0<argz < 27) as
N z+1

I
f(2)= 9% where ¢(z)=7"* = e“l + (Iz1>0,0 < argz < 2m).
2

The function ¢(z) is analytic throughout its domain of definition, indicated in the
figure below.

/‘ Branch cut

X

—
=)

Also,

1 1 .

—log(~1) —(Inl+ir) . T .. T 1+

4 =¢* =™ =cos = +isin==—=—#0.
4 4 <2

p-D=(-D""=e

This shows that the function f has a pole of order m =1 at z = —1, the residue there

being
B=¢(-1)= %ﬁ
(b) Write the function f(z) =(Z_L2c;g_lz)_2 as
f2)= (zif% where 9(0)= —ES.

From this, it is clear that f(z) has a pole of order m=2 at z=i. Straightforward
differentiation then reveals that

Logz s 20
Res——=—==¢'(i) = .
@y P9




@ ( aD We wish to evaluate the integral

b

J‘ 322 +2 .
c(z—1)(z*+9)

where C is the circle 1z — 21 =2, taken in the counterclockwise direction. That circle and
the singularities z =1, + 3i of the integrand are shown in the figure just below.

- X <
Ne
O

X3

Observe that the point z =1, which is the only singularity inside C, is a simple pole of
the integrand and that

es 5 =— —.
=l (z—=1)z"+9) z°+9 2
According to the residue theorem, then,

322 +2 (1) )
[ 222 g =omif1)=mi
C(z-1)}z"+9) 2

377 +2 _3z3+2] 1
z=1

/5-) Let us evaluate the integral j cosh mzdz

| e e inegral |y Yhere C i th positvely oriened circl 12,
three isolated singularities 2=0,%7 of the integrand

residues are are interior to C. The desired

cosh
ResZ\ﬂ-Z _ Coshzz =
=0 Z(Z + 1) Zz +1 z=0 ’

Relscosz\h][Z - -t
TATHD 2z 2
and
Reg s cohme 1
2=—i Z(Z + l) Z(Z - l) 7=~ 2 .
Consequently,

[Loshmdz o 101, ] .
c i+l +5+5)=4m.
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( 6..) In each part of this problem, C denotes the positively oriented circle 1zl= 3.

@ 1t is straightforward to show that

2
_QEL then _lz_f(_l_) (3 + 22)2
Z

5 _ , B
A 2(z~1D2z+5) Z

This function ~17 f(l] has a simple pole at z =0, and
77 \z

2
[ g omingd L (V)] 2m(2)-5m
¢ 2z~ D2z +5) =027 \z 2/

T (1-2)(2+52)
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(Bpar wite

Z—Sinl'}zi _p(

22 sinh q(z)’ where plz)=z—sinhz and 4(2) = sinhz.

Since

Pri)y=rmi#0, g(mi)=0, and g (mi)=n*#0,

it follows that

Z—sinhz i oo
Res——— = 7( ? ==
@=ri z°sinhz  qg'(m) n* rx

Y faywie

f(2)= p—((%) where  p(z)=z and g(z) = cosz.
q(z

Observe that

q(.;h,m):o (n=0,%£1,%2,...).

Also, for the stated values of n,

T b4 b4 (T ol
—+ =—+nn#0 and q'| —+nx|=—sin| =+nx |=(=1)"" 20,
p(z mt) 5 nm an q(z n ) S (2 n ) (-1

So the function f(z)= —* has poles of order m =1 at each of the points
cosz

nzgﬂm (n=0,+1,£2,..). |

The corresponding residues are

5 Pz)

q'(z,)

— (_1)n+l Zn'
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2

7 has isolated singularities at
Z°sinz

Within Cy, the function

2=0 and z=+4u7 (n=1,2,...,N).

To find the residue at z =
Exercise 2, Sec. 67, and write

k4

1 11 1 1
e e N +een O<lzl< 7).
776 ; [(3!)2 S!JZ ft<m

This tells us that — 1 has a pole of order 3 at 7 = 0 and that
Z'sing

l I

Res - .
=0 z’sinz 6

As for the points z =+nm (n= L2,...,N), write

L _pr@

., Where p(z)=1and ¢(z)=z’sinz.
Zsinz  g(z)



Since

pEnm) =120, q*nn)=0, and ¢'(xnm)=n’m’cosnm= (=1)'n’n* 20,

it follows that

1 _ n _— n
Res 21. = 2 2'( 1)1:’(21)2'
=tnm 7 8iN7 (—l)nn T (—1)' nn

So, by the residue theorem,

N r_ 1\t
[ de dz=2ni[—é+2z(zl)2:|.

v 77 sing N

Rewriting this equation in the form

N (_1)n+l 7[2 T dZ
)y J

n? 12 4i’cw z°sinz

and recalling from Exercise 8, Sec. 43, that the value of the integral here tends to zero as N
tends to infinity, we arrive at the desired summation formula:

1 n 12

oo (_1)n+l ﬂ2
—5— =

n=

./ The path C here is the positively oriented boundary of the rectangle with vertices at the
points 2 and 2 +i. The problem is to evaluate the integral

J‘ dz
c(z’=1)*+3

The isolated singularities of the integrand are the zeros of the polynomial

q(2)=(Z" - 1) +3.

Shettmg this poiynomial equal to zero and solving for z2, we find that any zero z of g(z) h
- . . . Z
the property z° =1++/3;. It is straightforward to find the two square roots of 1+f/§i ar?c?

" also the two square roots of 1—+/3;
Loros, +/3i. These are the four zeros of g(z). Only two of those

% =28 = V3+i and -z, =—/2¢76 = —\3+i
2 k4

V2 T h
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lie inside C. They are shown in the figure below.

2+i y C 2+i
1
X X
=2 %
>

To find the residues at z, and —Z,, we write the integrand of the integral to be evaluated as

1 _r@ _ I
(2-1D*+3 q(z)° where p(z)=1and g(z) =(z" -1)" +3.

This polynomial g(z) is, of course, the same ¢(z) as above; hence g(z,) = 0. Note, too, that
p and q are analytic at z, and that p(z,)# 0. Finally, it is siraightforward to show that

q'(zx)=4z (z2 - 1) and hence that
q'(zy) = 420(23 - 1) = —2+/6 + 6+/2i % 0.
We may conclude, then, that z, is a simple pole of the integrand, with residue

(%) _ 1
q'(z,) 26 +642i

Similar results are to be found at the singular point —Z,. To be specific, it is easy to see that
(Z'(—fo) = "'q,(zo) = —4'(20) = 2‘/8 + 61/51 #0,
the residue of the integrand at —Zz, being

P(=Zy) — 1 '
q,(—ZO) 2\/6 + 6'\/51

Finally, by the residue thecrem,

1 N\ T

d" . 1 1
o = — 4 - =
JC(zl—1)2+3 2ﬁl(—2\/3+6«/2i 26 +6+2i) 242




! b}ﬂﬂM}
@ We are given that fl)=1 /{g(2)]?, where q is analytic at %5, 9(z3)=0, and q'(z,) #0.
These conditions on q tell us th

at g has a zero of order m=1 at z,. Hence
q(z) = (z-2,)g(2), where g is a functi

100 that is analytic and nonzero at zy; and this enables
us to write
P(z) 1
F(@) =~ where 9(2)= :
(z~2,)° [g(2)T

So fhas a pole of order 2 at Zy, and

’ 28/(20)
R = =_ 281%)
zj"Sf(Z) ) [g(zo)]3

But, since g(z) = (z-25)8(2), we know that

(D) =(z2-2,)g'(z) + 8() and ¢”(z)=(z- %)8"(2)+2g'(2).

Then, by setting z =z, in these Jast two equations, we find that

9'(z) = g(z,) and 9"(2) =2g"(z,)

Consequently, our expression for the residue of fat z,

can be put in the desired form:

R = &)
/@ [4'(z)T"



@ To evaluate the integral f Fdf?, We integrate the function Sf(2)= z\:-l around the simple
0
closed contour shown below, where B>,

We see that

T(b'; -Tdi=2mb’,
RYTHL o g2
where
1 1 | I
B=Res-2--=Res - NS =—
=il (z~1)(z+1) z+z_z=i 2¢
Thus
Fody dz
fz S S
TRXT+1 Gzt +1

Now if 7 is a point on Ce,

lz"+112H212—H=R2~1;
and so

T
dz R )
e aur

Finally, then



@

dx

@ The integral Jm can be evaluated using the function f ()= (_zz_l-l-l-)? and the same
0

simple closed contour as in Exercise 1. Here

R
dx dz .
[t gy ~ms
o r (2" +1)

where B = Res —21—2 Since
=i (z°+1)

@+ (z-i)* where <) (z+0)?’

we readily find that B= ¢’(j) = Zl- , and so
i
R
I dx i J‘ dz

If z is a point on C,, we know from Exercise 1 that

I +1lz2R =1,
thus

j dz g R _ R
Gz +1)* |7 (R*=1) (1_ 1}
R'l

The desired result is, then,




R
e |, 7@ = 27i(B, + ),
-R L
Where
2 1 3
B -“-R = '__——-______ See—y
A [(zz-f—l)(z-fﬂ)]zzz 10 10"
and
B Resf(z)“ S . - Iz
L (z+ixz *2%+2)| 1o 5
Ewdenﬂy, then
f xdx “E“f zdz
i DG+ 2557 5 o (2:2+1)(zz+23+2)
Since
/ zdz / f 2dz TR?
(2 +1)(; +t2z2+2) e, (z2+1)(z~zo)(z—zo) (R? -
as R — o

fim [ ——_xds e
Rﬂw_ﬁ (x*+ D . 2x + 2)
This jg the desired resujt,
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f
| 9\/ (Let}m and n be integers, wher
" formula

e 0<m<n. The problem here is to derive the integration

(a) The zeros of the polynomial 72" +1 oceur when 22" =-1. Since

( 1)11(%) = cxp{ (2’6; l)ﬂ] (k = 0,1,2, 5 ..,2?‘1 - 1)3
1

it is clear that the zeros of 72" +1 in the upper half plane are

ckxexp[i m;ﬁ”ﬂ (k=0,1,2,..n=1)

and that there are none on the real axis.

(b) With the aid of Theorem 72 in Sec. 76, we find that

2m 2m
Z c 1 ogmenyn
Res-———~=~——"——'—=—dc k=0,1,2,...,n——1 :
= 7" +1 2n cf’” wm " ( )
) 2m+1 .
Putting o= 1, we can write
2n
(m n+ exp[ (2k + 1) 7&‘(2m 2n+ 1)]
2n
= exp[iW]cxp[_f(lk + 1)7[:] - _ef('lk+5}a )
2n
Thus

2m
Z _}_ei(zk-rl)a (k= 0’1,2,”.,],1___1).

RS-
=a 70" +1 2n

In view of the identity (see Exercise 9, Sec. 8)

=

n-1 _
= Lind (z#1),
k=0



then,

e 5 . ~ . . » o
zninZReS z m __Ee;‘anzl(ei'za)k ____Eieia 1_61212:1 .e ia __-77:1 - e:?.an ‘—1
e o2n 1 - - 2a —-ie T —ia
o0 3% 77" 4+ n i n —e n e —e
_m emim 4 o 2i /2
n e:a __e*ia' n el'tI “e‘ia nSin(x "

(¢) Consider the path shown below, where R> 1.

¥

O x
[
0 + E 5

The residue theorem tells us that

R x2m zZm n—| ZZm
j = dx+f‘ = dz=2m’ZRes v
L Crg™ +1 o =% "+ 1
or
R me ~ T . z2m
J. 2n dx - . - 20 dz'
S X7 41 nsina G 7" 4 q
Observe that if 7 is a point on Cy, then
1Z2"1=R™ and (72" 411> B s ]
Consequently,
1
2m 2Zm -2n AT T
z R RZ(n—m)—I
S———nR-—— =~ :
J‘Cﬁ 21T R a7 Tl

e

R'Zn
and the desired integration formula follows.





