———
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e e

7 I
<f1j The problem here is to evaluate the integral I couxaz , where a>b>0. To do

(P +a)(x+bY)
1
(> +a*)(z* +b*)’
inside the simple closed contour shown below, where R > a. The other singularities are, of
course, in the lower half plane.

this, we introduce the function f(z)=

whose singularities ai and bi lie

CR y

ai

R
=

According to the residue theorem,
R

— . :
wk(x2+az)(xz+b2)+jf(z)eza’z=2m(a +B,),
where Ca
5 *‘iiﬂf(z)ﬂ{«%} e
and (e+ai)z’+2%) e 2a(b* =)
That is, (z"+a Xz + bi) | i Zb(az—bz)i'
8 ix
/ T“erdx—~—=—f_ﬁ g :
or RN T | T *Cff(z)e‘zdz,

J’R COsx dx T et oo

P R SR B e o P N iz

. RO +a)(x? + b7 al_bz[ b )—Re J.f(z)e dz.
Now, if z is a point on ¢, C

[F(@IsM, where M, ::——E——,I____
. —
and le?|= g™ <1 Hence (R a )(R2 _bE)
Re[_ f(2)etds< |, fedef < MR = i

R T _
So it follows that (R* - a®)(R: b7 as R~ oo,

oo

j—-—ML__ T e? e
= O+ a7 ”W(T‘YJ (a>b>0).






@
=" Cy
e -
% T f i B 2‘(4 = :[B
- ; (#?-vg ) 4

oo

— 3 .
@/"The integral to be evaluated is J & flilix dx, where a>0. We define the function
X

—oa

3
Z

2+

f@)=

4; and, by computing the fourth roots of —4, we find that the singularities

Z] s ‘\/EBERM =1+ and Zp_ zﬁeif‘lm“! =ﬁeiﬂf4eirrf2 =(1+I)I =—1+i

both lie inside the simple closed contour shown below, where R>+/2. The other two
singularities lie below the real axis.

Cr
X X
3 2
) > R x

The residue theorem and the method of Theorem 2 in Sec. 76 for finding residues at simple
poles tell us that

R 3 iax
X e iaz _ y
| Sl +jCR f(2)edz =27i(B, + B,),

-R




where

3 iaz;

e faz, fa(1+i) ~a_ia
B Res Z Z] = € - e _ e e
7=y Z +4 421 4 4 4
and
3 iaz iaz ia(~1+i) i
Z e 2 2 a I a ia
B, =Res—— ¢ " B F _€g'e
=gt d 422 4 4 4
Since

ia —ia
. . -g| € +e
27i(B, + B,) = mie “(—~2—) =ine “cosa,
we are now able to write

J‘ JC sin ax

ST ra dx = me™ cosa — Imf f(De™dz.

Furthermore, if z is a point on Cj., then
R3
lf(z)l< M, vvhere M, = — 0 as R—» oo

and this means that

jImJC f(2)e™*dz|< “dzl— 0 as R — oo,
according to limit (1), Sec. 74. Finally, then,
oo . 3 ]
J 22 i = ;e cosa (a>0).
x +4

—Py



©

. To find the Cauchy principal value of the i improper integral J‘ (x+1)cosx

dx, we shall use
X +4x+5

Zz+1l z+1

Z+4z45 (z-7)z-7)
the same simple closed contour as in Exercise 9. In this case,

the function f(z)=— » where z, =—2+i, and 7 =-2-1, and

(x+1)e" dx 5 .
‘dz =27iB,
'[x Fages ot R R =2m
where
B=Res| _@tDe® | _(z+De" _(~1+i)e™
334 (3_21)(2_21) (Z‘_Z[) 2ei '
Thus
(x+1)cosx . )
dx =Re(27iB) — e
-[x +4x+5 e ) J.Ckf(z)e
or

(x+I)cosx T, ;
—(sin2 —co0s2) — "z,
'[x +4x+5 e( cos2) J‘Ckf(z)e ¢
Finally, we observe that if z is a point on C,, then

R+l ___ R4l —0 as R— oo
(R-1z)(R-1Zl) (R-+/5)? ‘ '

If(ISM, where M, =

The theorem in Sec. 81 then tells us that

— 0 as R — oo,

I f(2)e"dz

Rej f(z)e"dz| <

and so

+1)cos
py, [ E20Er

dx = E(Sin2— cos2).
2 X +4x+5 e



h

2.)(a ) Since the function f(2) =exp(iz®) is entire, the Cauchy-Goursat theorem tells us that its
o

(o fr*"“"’q

integral around the positively oriented boundary of the sector 0 < r< R, 0<0<n/4
has value zero. The closed path is shown below,

y

Rein4

+

A parametric representation of the horizontal line segment from the origin to the point
Ris z=x (0<x< R), and a representation for the segment from the origin to the point

Re™* is 7 = re™™4 (0<r<R). Thus

R R
.2 .2 . 2
J‘eu Cix_i_j ei: dz_emMJ‘e r df':O,
Cr
]

0

or

R R
. 2 ; 2 .2
Ie”‘ dx=e"”4je g a'r—jC e" dz.

R
0 0

By equating real parts and then imaginary parts on each side of this last equation, we
see that

R R
2 e 1 ~? - iz?
Jcos(x )dx——ﬁ !.«z dr Rejcﬂe dz
and i

fsin(xz)dx = —\I-E—Ie‘rzdr - ImJ-CR e dz.

0

b i . . . i
(b) A parameric Tepresentation for the arc Cpis 7= Re® 0<6<7x/ 4). Hence

w4 /4
j eizzdz s [-RZEQSR. g ‘ -R? sin28 R, .
C, = 1e 1e d@ =R J.e L ws2ﬂe;9

1]

deo.
0
Since lemz °°529;=1 and le""]: L, it follows that

/4

<R fe—ﬁzsinzgda
0

f % d
Cp <

Then, by making the substitution ¢ =20 in thj '
= in this last inteoy i
(2), Sec. 81, of Jordan's inequality, we find that Heeral and TEfe“"mg M

2
UC e dz SE fe‘kzs"“‘édgbsﬁ.__ﬁn —
’ 2% 2 2R* 4R

—=0as R— oo,



(¢) Inview of the result in part (b) and the integration formula

- i _\/E
b"e dx—‘2—~,

it follows from the last two equations in part (a ) that

E{cos(xz)dx = —%\E and !sin(xz)dx = %

7
7



m

@ The main problem here is to derive the integration formula

=3

[2estan ~costbn)
0 x

using the indented contour shown below.

y

Applying the Cauchy-Goursat theorem to the function

faz eibz

fla=tts
Z

we have
|, f@yde+ [ f@yde+ [ fayde+ [ f2)de=0,

or

[ f@dz+ ], f@de==] f@d-] f@d

Since L, and —L, have parametric representations
L:z= re®=r(p<r<R) and —inz=rem=—r(pgrs R),

we can see that

R iar ibr R _—jar —ibr
e —e g -
= _ = | — 8 —ar ——4—————d
J, f@de+ |, fyde=], f@da=[ f()de £ S dr+ j S —dr
R . jar —iar ibr —ibr R Ny
_ (e +e )—2(6 +e )dr=2j cos(ar) 2cos(br) dr.
p ¥ p 4

A



Thus

R

) IM@‘” =], fldz= [ fdz

r
p

. by (b (b2 ﬂ
1 g_c;£+(iaz)2+£’£’i+...)~[1+ll—!z+——2-!——+ e
f(Z)z_ZT 1+ 1 21 3!

_ia=b) . . (0<id<)

i i = i(a—b). Thus
simple pole of f(2), with residue B, =i(a

: isa
From this we see that z = 0 is

i =—B mi=—i(a=b)mi= n(a-—Db).
lim jcp f(z)dz=-B,

As for the limit of the value of the second integral as R — oo, we note that if 7 is a point on

Cy, then

le"“ I He™ e e 141 2
()E—F—=2_"°_ < ==,

1) Iz R’ R R

- Consequently,
2 2
L = — 5 ©0
J.Cﬂf(z)dz S@ER="=500a5 R

It is now clear that letting p — 0 and R — oo yields

[ cos(ar) — cos(br)
2J‘ 5 d
0

r=n(b-a).
F

This is the desired integration formula, with the variable of integration r instead of x.
Observe that when a=0 and b = 2, that result becomes

J- [ cos(Zx) .

0 X

But cos(2x) =1~ 2sin’ x, and we arrive at




(For 2160

@ Let us use the function

(logz)’ T 3rx
f(z)=—z2—+—]— IzI>O,—a-<algz<7

and the contour in Exercise 2 to show that

Integrating f(z) around the closed path shown in Exercise 2, we have
[ f@der [ f@dz=2miRes f0)- | f@de-|. f)de

Since

2
where  ¢(z) = 1983

9@
1= 2+

the point z =1 is a simple pole of f(z) and the residue is

(Inl+ir/2)*  a°
2 8i

.. (logi)?
Res /(o) = p(i) = 180
z=i 2i
Also, the parametric representations

Liz=re®=r( Sr<R)y and -ILz=re"=—r(p<r<R)
1 p

enable us to write

R f(Inr+im)
d
Jf(z)dz='[-(-r dr and jf(Z)d { ]
p
Since " ) g Inr
Inr) 2 dr L, dr,
[, f@de+ | fode=2[ G odr=r [—meami [
1 L P

then,

J»(lnr) . J———””J l%d"—%}“‘k f@de-,_ f@)de

Equating real parts on each side of this equation, we have

jam) f Ao EoRef f@dz-Ref, S
r °

and equating imaginary parts yields



R
Inr
27| ——dr=Im dz~Im|  f(z)dz.
7[/!"2+1 ' nfcpf() Ln

Itis straightforward to show that

‘ljl})];)l Jc,, f(2)dz=0 and ,lel_x,r‘l fcn f(2)dz =0,

Hence
on L) 3
(Inr)? 2f_dr g
~—ldr - T —_— =
2!;-%1 " Jr~+1 4
and

Finally, inasmuch'as (see Exercise 1, Sec, 79,

ar _r
ol 2
we arrive at the desired integration formulas.

S. Here we evaluate the integral j\L

dx, where g>b> 0. We consider the
o (X +a)(x+ b)
function

213 exp(élogz)
s - \3 ]/ I 0<:
/@ (z+a)(z+b) (z+a)(z+b) (12> 0 O<argz<2m)

and the simple closed contour shown below, which is similar to the one used in Sec. 77. The
numbers p and R are small and Jarge enough, respectively, so that the points z=—gq and
Z==b are between the circles.

Branch cur

R v




A parametric representation for the upper cdge of the branch cut from p to R is z=re®
(p £ r < R), and so the valuc of the integral of f along that edge is

Rexp[%(lnr+i0)] - ® Vr

ly = | ———dr.
(r+a)(r+b) p(r+a)(r+b)

A representation for the lower edge from p tois Ris z= re’™ (p <r < R). Hence the
value of the integral of f along that edge from R to p is

1
R exp[—(lnr+ i27t)] K
_ 3 L di ___etlnISI W dr.
, (r+a)r+b) ) (r+a)r+h)

According to the residue theorem, then,

T——de jf(z)dz—e’””jk LLE— f(2)dz =27i(B, + B,)
> (r+a)(r+b) g, o (r+a)r+b) S, | o
where

1 1
exp[—log(—a)] exp[—(ln +in ] int
B|=I}£§f(l)= 3 =~ 3 “m =-£ *Va

-a+b a->b a—b
and
exp[l log(—b)] exp[l(lnb+ in)] i3
Bz=R_(_>,§f(Z)= 3 = 3 =& VE
i= -b+a -b+a a—b
Consequently,
R 1 .
[ — @il r . 2mie”™* (Aa - b) B
S et - [Jd [
Now
f(R)dz|< __3‘/_/;__2 = _2mipp
“c, (a-p)b-p) 7 (a—p)(b—p)_)o as p—0
and
YR 27R? 1
(z)dz‘s 27R = . e o
J(,f (R—a)R-b) R (R—a)R-b) V—F-—)Odb R oo,




Hence

' 27ie™ Na -3b) e _ 2m’(\/§—1/3)
+a)(r+b) =" (1_ei2n/3)(a_b) o3 (ei:r/3 —e""”)(a—-b)

ck—;B

ada-b) a{¥a-¥b) 2m VE-%_

Tsin(n/a-b) V3, . N3 a-b
o @
Replacing the variable of integration r here by x, we have the desired result:

T dx=2—n~w—% (a>b>0).
o ( x+a)(x+1)) N3 a-b

fond)

(a I et us first use the branch
exp( l logz)
-142 e 4
' Z 2 T 37r)
= = 121>0,- = <argz < ==
f(@) i = ( , <wBL< =

and the indented path shown below to evaluate the improper integral

J_&_
(1)

¥

P 0

Branch cut

Cauchy's residue theorem tells us that

f,_l f(R)dz+ Jck f(@ydz + J‘L; fl2)dz + jc f@Q)dz=2nmi sz,sf(z)’

or

L f(z)dz+L! f(R)dz = Zniligsf(z)—jcp f(z)dz_jcn 1(2)dz.



Since

[ N
L:z=vre =r(p<r<R) and —Lzrz=/'ei"=—)'(pSr‘SR)

we may wrile

J'.f(z,)dz+f f(z)a'z=k _ [ dr T ar
' . {\/7’(1'2+1) '{W"“‘“IW—(Q
P

r’+1)
Thus

R
. dr
-2 5 . .
l),'{ﬁ(z'2+l) =2mi ffgbf(z%fcﬂf(z)dz—fck f(2)dz.

Now the point z =i is evidently a simple pole of f(2), with residue

ex —llo i| exp . lnl+i—7E
{ -1/2} P 5 8 2 ) R (]—i)
Resf(z) = = = = - .

+1i 2i 2i 2i 2i 2

Furthermore,

tp __mAp
d -0 -0
lj f(() Z \/"'(l p) l—p asp
and
“ f(2)dz}s R __ z —0 as R— oo,

(R @-(R_ L)
R

Finally, then, we have
(-1

which is the same as

dr _ a(l=1i)
Nt 1) V2

O Sy §

3

j\/x(\ +1) '«/7

(b) To evaluate the improper integral J «/—( -~ we now use the branch
X+l

1
P cxp(—glogz)
f(@)=5—=
z

= 5 (Iz1> 0,0 <argz < 2m)
+1 - +1



which is similar to Fig. 103 in

ur shown in the figure below, +i are between

and the simple closed conto that the singularitics z =

Sec. 84. We stipulale that p<!and R> 1, so
C, and Cp.

Branch cut

Since a parametric representation for the upper cdge of the branch cut from p to R is

z=re (p<rs R), the value of the integral of falong that edge is

R cxp[—l(ln r+ iO)] &

2 1
J = dr = f——2~dr.
; o+ » \/7(1' +1)

A representation for the lower edge from p tois R is (p<r<R), and so the value of

the integral of £ along that edge from R to p is

R exp{- l—(ln r+ i27t)j,
- 2 dr =—¢™'"

R R
1 ]
3 - dr = - dr.
M r+1 lJ:\/;'(rz+l) ’ {w/r(r2+l) !

Hence, by the residue theorem,
R R
[———dr+ ([ e ——. [ £@)dz=27iB, + B)),
Vet yVret ey

where

2 2i 21

I 1 T
z'”z] exp —é—logl exp -3 lnl+:5 it

I+

BI = R_C%J‘(Z) = {

and

B, =Res f(z) =] =—
S [ / ~2i ~2i 2i

z=i|

1 ) 1 n
Z-uzJ _CXP ‘5103("‘) CXPV D) l"””? PRELIZ



That is,
¢ ) _inta _ -3mld dz — j (2)dz

2 dr=mn(e —-€ )—- f(Z) Z fZ :
23; Jr(? +0) ' i!, Ca

2rp =?£313-90 as p— 0

Since
dz\ S —=—T"733
|l /@ | - 1-p
aﬂd 27[R 2]1'
Nz S___’___",_._.__,_._w-——eo as R— oo,
IRE s Trw @(R—lR)
we now find that
- | e—inl4 _e—ilu'ld e—i:rM +e—i3nldeitr
A==
J;W('J an 2 2
2 \4) V2

f r, is used as the variable of integration here, we have the desired

When x, instead 0
result:
T dx T

J«/}(.x:ul):—ﬁ'

0






pegt 2390

@(oyf@w )

Write
zf e _ 1 "‘=j dz
}'5+4sin6 544 z—;" iz 27 +5iz-2
]
atellsusthaxthe

ented unit circle iz=1. The quadratic formul
=-i/2and 2% _2i. The point

is the positively ori
e 2=
us

where C
singular points of the integrand on the far right here ar
=—il2isa simple pole interior to C; and the point 2= -2i is exterior tO C.
2%
de . (- 1 ] K 1 'X (1 ) 2n
22 __ =R 2 —=2ml g =27l ===
Res i 27 +5i2—2 Az 5igmeitt ) 3

°5+4sin9

@ ( 0';/4«»»/()

To evaluate the definite integral in question, write

2.

E 1
jl+iienZe=jc 1 2-é—z-:'..j PR AR
- 1+(Z-Z-l) i ezt =62+

———

2i

where C is the positively oriented unit circle lzi=1. This circle is shown below




Solving the equation (z’)* —6(z*)+1=0 for z* with the aid of the quadratic formula, we
find that the zeros of the polynomial z* — 62> +1 are the numbers z such that z> =3+ 2+/2.

Those zeros are, then, z= +y3+2v2 and z=1y3-22. The first two of these zeros are
exterior to the circle, and the second two are inside of it. So the singularities of the

integrand in our contour integral are
Z; =v3—2‘\/-2_ and L=z,

indicated in the figure. This means that

4
=2m
J; 1+sin’ @ (B, +B,),
where
B =Res 4iz 4iz, i _ i ___d
= 7' -62+1 45 -124 73 (-2ND)-3 22
and
4iz —4iz, i i
B, =Res = 1 = - .
TN Sed S+l 23 22
Since
. i \ 27 V2
2mi(B, +B,)=2mi _L) _____
(B,+B,) ( £)-2 2o,
the desired result is
T de
£1+sin20'“/—”
( U)M\“’V‘"'{)
. . )
o = . .w of the binomial formula (Sec
Let C be the positively oriented unit circle jzZl=1. Inview 0

1\2n (Z z )
z 1 -2 dZ X7t S dr
’fsin’"ed9=-1ij'smz"ede=ijc( 2 ) iz 2 (- 1)!j
-8

0
) i(zn)z%"‘ (-2
= 22n+l (_1)"l (4 =0 k

n (2n n-2k-1
1 ,.Z(k)('l)kjczz %y,

= e
22n+1(_1) i 4=0



Now each of these last integrals has value zero except when & =n:

I & dz=2mi.
Consequently,

1 @2mI(=-D"2m _ (2n)!
22n+l (_l)nl (n |)2 = 22» (’l !)2

3
J‘ sin* 046 =
0








