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Following Example 127 we will:
(a) find the normal form by substituting inton-x=n-p and
(b) find the general form by computing those dot products.

e N N R H IR

(b) [g] . [z] = 3z + 2y and [g][g] =0‘=>ThegeneralforhisSa:+2y=0.

~

Following Example 1.23 we will: =
(a) find the normal form by substituting into n-x = n - p and
(b) find the general form by computing those dot products.

- ~

0 mm[ 2] ox= 2] p=[2] » Nomatorms [ 2] [ ] - [ 2] [2] -5

(b) [3\1] . [;] =3v',(-\|gand [i] ; [;] =-C= The general form is 37{"1‘7: -5

@) Following Example 1,2, we will:
(2) find the vector form by substituting into x = p + ¢td and
(b) find the parametric form by equating components.
[}

(@) x=[:J,p= [—:],andd=“] = The vectar form is [:} =[‘ﬂ+t[”.

(b) The vector form in (a) implies the parametric form is : - —:i: ;

@. Following Example 1.30 we will:

(a) find the normal form b N
(b) find the genéral Yy substituting into n-x = . p and

form by computing those dot products.

Gt 3 = LA L 3] [z 37 To
) g,p-— é =>Thenormalformis[2}-[;,]= 251510 =0
. lzf [1]]o] ~
[
1

2
1
S H .
=9r+2y+zand [2[.[1] = i .
i . : h 2 = The general form is 3T+2y+42=2



(9! Following Example 13k, we will i
~ (a) find the vector form by substituting into x = p + su + tv and
(b) find the parametric form by equating components.

2 0 2 -3
(@ x=|y|l,p=[0],u= yand v = 2=
z 0 1
z 2 -3.
The vector form is | y | = 8 [sds| Ft |02
z 2 1

T =283t
(b) The vector form in (a) implies the parametric form is y = s+ 2t .
z=2s+ t

oo N

: ; et Al =3 O
@. Following Example 1.2, we realize we may choose any point on Z, rP= ( L Q, Q G/‘ >
so we will use P (Q would also be fine).

A convenient direction vector is d = 133 = [g} (or any scalar multiple of this).

Thus we obtain: x =p + ¢d

[l

14} Following Example 1.3, we realize we need to find two direction vectors, u and v.
Since P = (1,4,0), Q = (1'/0 }),and R = (0,;4) lie in plane &, we compute:

T _._ ’
u=}—’—Q_)='q—-p= [.01 J andv=ﬁ2=r—-p= [ ol
< (
Since u and v are not scalar multiples of each other, they will serve as directiorf vectors..
If u and v were scalar multiples of each other, we would not have a plane but simply a line.

Therefore, we have the vector equation of &: 2 1 : o -1
: : y| =4 +s| -~ |+t] of.
z 0 o L)

[ 15.)The parametric equations and associated vector forms x = p+¢d found below are not unique.

@)As in the remarks prior to Example 1.2 we begin by letting = = ¢.
~~ When we substitute z = ¢ into y=3z-1,wegety=3 (¢) 1. So, we have the following:

A : T = t
Parametric equations y=—143 and vector form [:] = [_‘gJ +t [; J




Given d is the direction vector of line £ and n is the normal vector to the plane 2, we have:
If d and n are orthogonal which impliesd - n = 0, then line ¢ is parallel to plane 42.
If d and n are parallel which implies d = ¢n (scalar multiples), then ¢ is perpendicular to 4.

2

@ Since the general form of P is 92 +3y — z = 1, its normaj vector is n = 3| =d.
' =1
Sinced = 1n, ¢ js perpendicular to 42,
: ; : 4
Since the general form of & is 4z — Y+ 5z = 0, its normal vectorisn = | —
5
2 4
Sinced - n = il «f =1 =2-4+3-(—1)+(—1)-5=0,Zisparallelto 2,
e 5 :

i i information to determine p and d.
Since the vector form is x = p + td, we use the given in : ]

4 : g e
The general equation of the given line is 2z — 3y = 1, so its normal vector is [ 53

2
Our line is perpendicular to the given line, so it has direction vector d = n = [ _3 } 3

2
Furthermore, since our line passes through the point P = (2, —1), we have p = [ % ] :

\4 g = i P 2, —1) is
So, the vector form of the line perpendicular to 2z 3y 1 through the point ( )
y

[2]-[3]+[ 3]

@ Since the vector form is x — P +td, we use the given information to determine p and d.

T=a+et z a el
A line with parametric equations y = b+ ft has vector form yl=|b|+t]f
Z=c+ gt 2 c gl
e ;
Therefore, its direction vector isd= [ f|. We use this key observation below.
g
= 1-— ¢
Since the given line has parametric equations y = 2+ 3¢ ]
] Z2=-2- ¢
z 1 -1 -1
it has vector form vl = 2| +t¢ 3 [. So, its direction vector is 3
7 -2 -1 -1
=1
Since our line is paralle] to the given line, its direction vector is also d = A 1
=11
: : -1
Furthermore, since our line passes through the point P = (-1,0,3), we have p= 0

So, the vector form of the line parallel to the given line through P = (1,0, 3) is

HRERE

&)
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@ Following Example 1.0 we will determine the general equations in two simple steps:
First, we will use Figure 1.31 in Section 1.2 to find a normal vector n and a point vector p.

Then we will substitute into n-x = n-p and compute the dot products to find the equations.

(a) We start with &; determined by the face of the cube in the yz-plane.

1
It is clear that a normal vector for £?; isn= | 0 | or any vector parallel to the z-axis.
0
0
Also we see that &; passes through the origin P = (0,0,0), so weset p= | 0
0
: 1 T 1 0
Substitut_ing inton-x=n-p yields | 0 y|=10]-{0] or 1-24+0-y+0-2=0.

0 z 0 0
So, the general equation for &?; determined by the face in the yz-plane is z = 0.
Likewise, the general equation for &, determined by the face in the zz-plane is y = 0
and the general equation for 9?3 determined by the face in the zy-plane is 2 = 0.

- We have found equations for the planes that pass through the origin. ,
We will use this information to find equations for the planes that pass through (1,1,1).
We begin with &4 passing through the face parallel to the face in the yz-plane.

0

1
Since 2, is parallel to the face in the yz-plane, its normal vector is n = [ :, ;
: 0

1
As previously noted &, passes through the point P = (1,1,1), so we set p = [ 1 } .
: 1

1 T 1 1
Substituting into n-x = n-p yields [0:, . [y} = ’:1} . [OJ or 1.z+4+0-y+0-z=1.
0 z 1 0.

So, the general equation for &4 is z = 1.
Likewise, the general equations for &5 and %% are y = 1 and z = 1 respectively.

———,



(c)

We will use the given information to determine n and p, then compute n-x =n- p.

We begin by observing the two key facts that will enable us to find n and p:
Two planes &y, & are perpendicular if their normal vectors are orthogonal, so n;-n = 0.
Every vector u in the plane £ is orthogonal to its normal vector n;, so n; -u = 0.

Condition 1: Our plane must be perpendicular to the zy-plane, so n; - n = 0. From (a),

H it H
n=|0|,somy-n=|y[-]0 =0=2=0. So, n; is of the form | y |.
1 ey sl 0
Condition 2: n; must be perpendicular to the vector u from the origin to (1,1,1).
1-0 [1 T 1
Sinceu=|1-0| =(1|,wehaven;-n=|y|-|1|=0=2>24+y=0=y=—=.
1-0 ik 0 1
T X <3,
So, 2?1 must be of the form n; = [—x] = [—1]. Lettingz:l}ieldsnl = [~1J.
’ 0 0 0

0

1 T 1 0
Nown-x=n-pyields | -1 |-|y[=]-1]-[0) or 1-z+(-1)-y+0-2=0.
0 z 0 0

Therefore, the general equation for the plane perpendicular to the zy-plane and
containing the diagonal from the origin to (1,1,1) isz —y = 0.

0
As previously noted £?; passes through the origin P = (0,0,0), so we set p = [O J i

above, use u = [0,1,1] and v = [1,0, 1] from Example 1.15 of Section 1.2 to find n.
x 0 , ;
Fromn-u= |y |- |[1|=0=22y+2=0=>y= -2
z 1
T 1
Fromn:-v=|-2|-|0| =0=2z+2=0=>1=—2z
z 1
-z =1 1
So, the normal vectorn = | —z | =2 | —1 |. When z = -1, we have n = 1
Z 1 et |

S 0
It is obvious the side diagonals pass through the origin P = (0, 0,0), so we set p = ‘: 0 J :
y 0

1 T 1 0
Now n-x = n- p yields 1]-ly|= 1{-]0for 1-24+1-y+(-1):-2=0.
-1 z -1 0 :

The general equation for the plane containing the side diagonals is z +y — z = 0.




: @ We will follow Example 1,32 then use d(Q,£) = Iax(:/-;bg-/:; izo c'; A and compare results.

+ byo + cz0 — d|
Even though the formula d(Q, lazo
g (@0 = ——

!
J it can work for lines in R® with the proper choice of n = [a, b, ¢].

T i -2 =9
Comparing l:y]= [IJ +t[ O} tox=p+td, wesee P=(1,1,1) andd = [ 0].

was developed for planes,

z 1 3 3

As suggested by Figure 166 we need to calculate the length of }_25, :
where R is the point on £ at the foot of the perpendicular from Q.

Now if we let v = }TQ', then PR = proj4(v) and Eé = v — projg(v).

0 1 =1
Stepl.v:%:q—p:[l}—[l]:[ 0}.
10 1 -1
o (AvY (2 (=D+@)- (DY | o L
.Step2.pro.]d(v)_(d.d)d—< (-2 (-2)+3-3 )l: g}_

: B | 2/13
Step 3. The vector we want is v — projg(v) = 01 - 0
-1 -3/13

2/13
g1
[—3/13}

-15/13
e il
['—10/13]

—15/13
Step 4. The distance d(Q, £) from Q to £ is [|v — projq(v)|l = :
—10/13
: 3 513
So Theorem 1.3(b) implies ||v — projg(v) | = — [[| O =33 \/9 +4= T
2

Now in order to calculate d(Q,£) = Iam%- d we need to put £ into general form.
a

The appropriate choice of n mentioned at the top follows from the following observation:

3 3
Vector [ O:l found using Theorem 1.3(b) in Step 4 is orthogonal to d, so let n = [0 :,
2 2

3 T 3 1
Fromn-x=n-p, [OJ{y:l = [0}{1] s03z+2z2=5anda=3,06=0,c=2,d=5.
2| |z 21 |1

Furthermore, since Q = (0,1,0) = (zo, Y0, 20) We have o =0, yo =1, and z = 0.

|_0_i&-0_5_| 5 513 exactly as we found by following Example 1.2 2

So d(Q, Z) \/m '\7’——— 13




@

, lazo + by + czp — dj
We will follow Example 1.37 th d(Q, 2
€ will follow Example 1.33 then use d(Q, £) = Vot + 3

By definition az + by + cz = d implies n = [a,b,c], 80  +y — z = 0 implies n = [1, 1, -1].
As suggested by Figure 1.64, we need to calculate the length of R_Q' proj,(v), where v = P—d
Step 1. By trial and error, we find P = (1,0,1) satisfies z +y — z = 0.

: 2 1 1
Step2.v=}~:"—Q'=jq—p=[2‘]—[0J=[2J‘.
2 1 1
1 1 2/3
i v 1-1+1-2-1-1

(- (e 1)1 1) )
2 23
3l 1

Z-HL) -

Iaio+byo+czo—d| £ i
Now for d(Q, &) = — we need identify a, b, ¢, d, and 2z, yo, 2.
w for d(Q, &) 7 g e S ify 0, Y0, 20
Sincez+y—2=0,a=1,b=1,¢=-1,d=0. F‘romQ=(2,2,2),zo=yo=zo=2.

and compare results.

Wll\)

Step 4. The distance from Q to & is ||proj,(v)| =

So d(Q, &) = M . —2—\/—— as we found by following Example 133

VE+TE (-1 V3 3

@. Similar to Example 1.33 Figure 1.66€ suggests we let v = @, then w = PR — proj4(v).

. z A -1 : ‘
Companng[y]:[ 2}**[_:}t0x=_p+td,weseelhasP=(—1,2)andd=[ IIJ

1 v=ﬁa;q-p=[§]-[‘§J=[§J'

Sew . = oid) = (33 4= (LU0 [ 1]

Step 3. So,r=p+1’_}2’=p+projd(v)=p+w= [";] + [__gg} = [:ﬁ}

Therefore, the point R on ¢ that is closest to Qis (3,3).




@ Since the given lines ¢; and ¢, are parallel, we can simply choose Q on ¢y, Pon {s.
Following Example 122, we have: S
From 21, Q = (1,1). From £;, we have P = (5,4),d = [~2,3], and n = [3,2] = [a, b].

Step 1. v=PQ=q-p=[1,1] - [5,4] = [-4,-3]. i s
Step 2. projy(v) = (g{%) d= ((_2) ((_—2‘)12122 (_3)) [‘2] =713 [ 3] = [—3/13}‘

; —4 2131 . 54/13].
Step 3. The vector we want is v — projy(v) = Wold i -3/13 ~ | —36/13

: ~54/13
Step 4. The distance d(Q, £2) from ¢; to &3 is ||[v — proju(v)| = “ [ -—36/13 ] “

-5l )] - 55

So Theorem 1.3(b) implies ||v — projq(v) ||

i = = =1.
Fromn-p = [g][i] =23, ¢ = 23. Since @ = (1,1) = (20, %0), We have zo = yo
lazo +byo—c| [3+2-23 _ 18 18\/i§‘

Now compare: d(£1,£2) =d(Q,42) = W oy DY, s V13 13

Since the given planes &; and &, are parallel, we can simply choose Qin &, P in &,.
Following Example 1,23 we have:

Step 1. Since 22 +y —22=0,Q = (0,0,0) is on 2.
Since 2z +y-2z=5 P = (0,5,0) ison 2, and n =2,1,-2] = la,b, ).
Step 2. v =P@ =q—p = [0,0,0] - [0,5,0] = [0,~5,0]

% e 2 2 ~10/9
Step 3. projy(v) = (2-—n) n= (%) [_;] - —g 1_1} =[ —5/9}.

2 10/9
: ~10/9
Step 4. The distance d(Q, #;) from P, to P, is lv — proj (v)|| = =5/9 ||l.
10/9
gl g 5
So Theorem 1.3(b) implies Ilproju,(v) || = 7 1= 3 44+1+4= 3
=2

Tr—Fromn-pe=d={2,1,-2] - [0,5,0] = 5. Since Q = (0 0,0), o = yo = 2o = 0.
4
Now compare: d(Q, 2,) = laZo + byo + cz0 —d| _ _0+0+0 5] 5

Val+88+c2 B2+ (<22 o

Q’)ICX\




(et
We v{ili)spé\ ) n-v|

ly the formula from Exercise 39,d(B,¢) = —!
i ln]

Step We se. B = : z
ep 1. We select (zo,yo) on?¢; sothatn-b = @ (18 B
b %o =azo + byp = c;.

Step 2. We select A on 4y so that n - a = 6

Step3.Setv=b—a,thend(B,9?)=|_'l_;_r'1,_‘,’,=ln'(”b”‘a)l___lmb—n-al Jer — e
b [ T I

(eptcont) n-v]

@ We will apply the formula from Exercise 40, d(B, Z) = el

a o :
Step 1. We select B = (%0, Yo, 20) on Py so that n-b = { b} ; [yo} =i+ b+ e = oL
c 20

Step 2. We select A on &, so that n-a = dg.
Step 3. Set v=Db —a, then d(B, &) = S = | (b=aj| = LAt = M
linll (Il finll (Inl

( ' uul—) : [u-v|
3/ As in Example 1.2 f Section 1.2, we note that cosf = —————”u" Vi

ni - n
So, given two planes P, with n; and P, with ny, we have cosf = _I 1 ng| .
[l [[n2]l

Step 1. Since &, has equation T +y+2 = 0, n; = [1,1,1].
Since %, has equation 2z +y — 2z =0, n2 = [2,1,-2].
Step 2. Therefore, n; = [1,1,1]-[2,1,—2] =1.241-1-1-2=1,
[ng]l = VIZF 2+ 12 = v/3, and [|mg| = v/2% + 1%+ (—2)2=3.

1 1
Step 3. So cosf = —= and 6 = cos™! (——) ~ 78.9°.
L W 33




he definition of linear.

r assertion by applying b
\3/5 are constants.

fzis1and T,
plying the definition of linear.

9.1 and justify ou

/1.,) We follow Example
0 is linear because power 0

~ p—my+ (¥B) 2=
nd justify our assertion by ap

2] We follow Example 2.1 &
use T, y, 2 oceur to the power 2.

24yt ti=1is not linear beca

@ 2l +Ty+z= s‘ml'g 7 occurs to the power -1.

is not linear because

As i w = Vi
@ S lfl Examplt'a 2.2(a), weset z =1 and solve for y
\ etting z =t In 3z — Oy = v —by = : v y =3 =>yY=3
6y = 0 gives us 3t 6y = 0. Solving for y yields 6y = 3t = y Ly
Sett tin 3 = 3t.

so, we see t'he COmplete set Of solutlonS can be ertten mn the pa,l'ametl'lc form [t, "2t .
E!E e :CUId hil"esel;y t to gEb 31 Et U allj SCI'Ed fﬂl TS0Z 2t El'nd [2t !]




@The lines intersect at (3,-3)

so the unique solution is [3, -3).
To solve, subtract ond from 1% =
g =—3L T 3

so substitution = ¥ =

-3.

@The lines intersect at (3,—2),
— so the unique solution is [3, —2].
To solve, subtract 3 x 1% from ond =

7y=-—14¢>y=—2,
so substitution = z = 3.

I—2y=7./~

@. The lines are parallel = no solution.
This system is inconsistent.

Add 3 x 20 to 15t = 0=F6.




@’Ve find the solution [z1, %2, 23] = 0,0, 0] using back substitution.
Note: This follows immediately from the fact that all three equations are equal to zero.

@As in the solution to Example 2.6, we create the augmented matrix from the coefficients.

) 2z, + 3z — 23=1 23 -111
The system 1 + 23=0 has 10 110/ asits augmented matrix.
—z, + 225 —223=0 -12-210




