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@ As in Example 2.19, we must show z [ i } +y [ _} } = [ Z] can always be solved.

iooae | X
The augmented matrix is [ 1 _i z }, and row reduction produces:
1 1lalrsr[2 0la+b] P [10|(@+b)/2 ] rysrs| 10| (a+b)/2
[1-1 b] =1 -1 b _“_‘32,[01 b ]2—”[—11 Ea—b%z]

We see that z = (a + b)/2 and y = (a — b)/2, so for any choice of a and b we have

a+b 1 a-b\[ 1 a ] .
AR + 5 -1 = b| Check this!

S— L

@ As in Example 2.19, we must show = [ _g ] +y [ (1) ] = [(g] can always be solved.

The augmented matrix is { _:; (1) (Z ] , and row reduction produces:
30]a %Rx 10|a/3 | Ryt2r, |10 a/3
21|b|—|-211] b — |01 (2a+3b)/3

We see that = = a/3 and y = (2a + 3b)/3, so for any choice of a and b we have

a 3 2a + 3b 0 a .
= e = !
(3)[_2]+< 3 )[1] [b] Check this!
1 il 0 a
@ Similar to Example 2.19, we must show z | 0 | +y | 1 | +2 1| = | b| can always be

1 c
solved.

a

b } , and row reduction produces:
C

a 1 110
b 2R 1011
—a+b+c 001

110

The augmented matrixis | 0 1 1
101

110 |a 110
TS R e E A |
101 |c 002
11
Ra—Rs | 1
00

We see that z = (a —b+¢)/2, y=(a+b—c)/2,and z = (—a+b+c)/2.
So for any choice of a, b, and ¢ we have:

-l o

b
(ma+b+c)/2

0 a 100 (a—b+c)/2
0| @+b-0c)/2 |01 0]| (a+b-c)/2 }
1|(—a+b+c)/2 001]|(—a+b+c)/2

c




1 -1 2 a

<12.)Similar to Example 2.19, show = 2| +y| -1]|+2 1| =1 b| can always be solved.
3 0 -1 c
1 -1 2|a

The augmented matrix is12 -1 1]b|, and row reduction produces:
3 0-1]jc

1 -1 2|a | R—2R 1 -1 2 a Ri+R2 10 -1 —a+b
92 -1 1|b | Rs-3R 0 1 -3|—-2a+ b | Rs—3R2 01 -3 —2a+b
3 0-1]c¢ - 0 3 -7|-3a+c — o0 2|3a—3b+c

1 10 -1 —-a+b Ri+Rs | 100 (a—b+c)/2
iR
sRs |01 -3 —2a+b RotsRs | 010

2fe (5a — b+ 3c)/2
00 1|@Ba—3b+c)/2 001 (3a—3b+c)/2

We see that z = (a—b+¢)/2, ¥y = (5a — Tb +3c)/2, and z = (3a—3b+c)/2.
So for any choice of a, b, and c we have:

- 1 - -1 B 2 a
(a g+c> 9| 4+ (Sa 72b+30> 114 <3a gb+c> o
3 0 -1 c
@ We should describe the span of the given vectors (a) geometrically and (b) algebraically.
(a) Geometrically, we can see that the set of all linear combinations of { _i] and { —;}

is just the line through the origin with [ _;} as direction vector.

Why do we not have to consider { _i ]? Because [ _i} =-2 [_; ]

(b) Algebraically, the vector equation of this line is {fj} = { —é} t.

That is just another way of saying that {;} is in the span of {~; }

Suppose we want to obtain the general equation of this line.
One method is to use the system of equations arising from the vector equation:

T -1 x = —t
{ ]—[ 2}t=> y = 2 Soy—2(—x)——2m=>2:c+y—0.



@ We should describe the span of the given vectors (a) geometrically and (b) algebraically.

(a) Geometrically, we can see that the set of all linear combinations of [ g ] and [ Z ]

is just the line through the origin with [ Z

J as direction vector.
. 0 0 3
Why do we not have to consider 0 ? Because 0l = 0 4l

(b) Algebraically, the vector equation of this line is [ ; } = [ 2 } t:

That is just another way of saying that [11; ] is in the span of [ Z ] .

Suppose we want to obtain the general equation of this line.
One method is to use the system of equations arising from the vector equation:

xz _ 3 z = 3t . 1 _ _ .
[y]—[‘i]t: Y = 4 Soy=4(3z) =>3y=4z =4z -3y =0.

- S e

@We should describe the span of the given vectors (a) geometrically and (b) algebraically.

1 3
(a) Geometrically, we can see that the set of all linear combinations of 2:, and [ 2 jl
0 -1

is just the plane through the origin with [ 2 } and [ 2 | as direction vectors.

0 1
% 1 3
(b) Algebraically, the vector equation of this planeis | y | =s| 2 | +¢ 2
z 0 -1
x 1 3
That is just another way of saying that [ yJ is in the span of [ 2 J and l: 2 :, .
z 0 -1

Suppose we want to obtain the general equation of this plane.
One method is to use the system of equations arising from the vector equation:

s+ 3t ==z 1 3|z 1 3 T
28+ 2t=y=> |2 2|y|—]|0 -4 -2z +y
-t = 2 0-1]z2 0 0|(Qz—y+42)/4
T 1 3
We know this system is consistent, since y | @s in the span of | 2 | and 2
z 0 -1

So, we must have 2z — y + 42 = 0, giving us the general equation we seek.

1 3 2
Note: Both | 2 | and 2 | are orthogonal to | —1 |. Should they be?
0 -1 4

To show u, v, and w are in span(u, u+ v, u+ v + w), we must show that
u, v, and w can be written as a linear combination of u, u+v, u+v+w.

Q: Can we simply let u=u, v=v, and w = w? - ‘ .
A: No. Why not? These vectors, except for u, are not explicitly listed in the spanning set.

Instead, we need linear combinations of u, u +v, u+ v + w that yield u, v, and w. So:
u=uy,v=-u+(u+v)and w=—(u+v)+(u+v+w).

Note: We have now shown that we can use u, v, and w. How?




(opbont)
21 When@p?:ving something for n, first let n =1 or 2 to look for the underlying pattern.
Assume that there are only two vectors u; and uy and two vectors v; and vs.
We are told w is a linear combination of u; and uz. So: w = wyuy + wous.
We are also told that both u; and u; are linear combinations of v; and vs.
So, we have both: u; = vy1v1 +v12v2 and up = vg;v; + vagva.
We need to show these assumptions imply w is a linear combination of v; and vo. How?
Let u; = ug, vi +u1,V3 and up = ug, vy + ug,vo in W = wyu; + wous.
This substitution yields: w = wy(u1,vi + u1,v2) + wa(ug, vy + Ug, V2).
It is now obvious that w is a linear combination of v, and vo. Why?
Observe that this reasoning holds for any n and proceed to the proof.

(a) Let w = wyu; + wyug + -+ + w1k,
and assume that each u; is a linear combination of vectors V1, V2, ey, Vi
Then each u; = u;;, vy +u;, v + -+ - + u;, Vi, and
W = wiuj + waug + -+ 4+ Wil
= wy (U1, V1 + U, Vo + -+ U1, Vin) + wa (Ug, V1 + U, Vo + - 4 Ug, Vi) + -+ -
coo b wg (Ug, V1 A Uk, Vo Uk, Vi)
(wruy, +waug, + -+ + wruk, ) V1 + (Wit1, + Wauz, + - - - + Welk,) Vo + - - -

s (W, + waug,, + o+ Welk,, ) Vin
= wWivi +wova + - + W, Vi

So, any vector w € span (uy, ug,...,u) is also in span (vy,va, ..., Vp),
and span (ug, ug,...,ux) C span (v, va,...,Vpy)

(b) Suppose that in addition to (a), each v; is a linear combination of uj, uy, ..., ug.
Let w be an arbitrary vector in span (vi, va,...,Vpy).

Then w = wivy + wyva + - + W}, Vm, but each v; = Uj, U1 + U5, Ug + - -+ + v, Ug, SO
w = w) (v, uy +vup + -+ vy ug) + wh (vo, 1y +vgug + - Uy ug) + -
“+ 4 Wy (Umy Ug + Uy U + - - - + Upp Ug)
(i1, +wavg, + -+ + Wi Um, ) wy + (W1, +Whvo, + -+ + WL U, ) Ug + - -
4 (Wivy, + wava, + -+ W Um, ) Uk

= wjiuy +wiug + - -+ + WUk,

So, any vector w € span (v1,Va,..., Vy,) is also in span (u;, ug, .. ., Ug),
and span (vy,Vs,...,Vp) C span (u, ug, ..., ug).
But we already had span (uy,us,...,ux) C span(vy, va,..., V),
so span (uy, U, ..., us) = span (vi, Va,..., Vpm).
1 1 1
(c) Need only show ey, ey, e3 are linear combinationsof vy = | 0 |, vo= | 1 ,v3= |1
0 0 1

That’s obvious since e; = vy, e = v; — vy, and e3 = v3 — vo. Why is that enough?
Because then we have R® = span(e;, ey, e3) = span(vy, va, v3).



2 1
@ The vectors vi = | =1 | and vo = | 4 | are linearly independent.
3 4

This can be determined by inspection because they are not scalar multiples of each other.

@. Since there is no obvious dependence relation here, we follow Example 2.23.

1 1 1 0
Find scalars ¢y, ¢z, and c3 such that: ¢; [ 1 | + 22|+ -1]=1{0
1 3 2 0
Form the linear system, its associated augmented matrix, and row reduce to solve:
¢ + ¢ + ¢33 =0 11 11(0 10010
¢+ 2 — 3 =0 = 12-1|0!— (01010
¢ + 3¢ + 2¢3 =0 13 210 001(0

Since

Since

2 3 1 0
Find scalars ¢;, ¢2, and c3. such that: c l:2J + cg {1:} +c3 [—5:’ = [OJ

Form

Since

€1 = ¢z = c3 = 0 is the unique solution, the vectors are linearly independent.

there is no obvious dependence relation here, we follow Example 2.23.

1 2 2 0

the linear system, its associated augmented matrix, and row reduce to solve:

2c1 + 3¢ + c3 0 23 110 10 -410
0 = 21 -5|0|—1{01 310
0

2c;1 + c¢2 — 5c3
c1 + 2¢3 + 2¢3 0 12 210 00 O

¢1 = 4c3 and ¢; = —3c¢; is a solution, the vectors are linearly dependent.

2 0

2 3 1 0
One dependence relationship is: 4 ,:2 } -3 { 1 J + [ —SJ = l:o} . Are there others?

1 2

VlVe ax@‘?f tﬁi"cf;&‘) -

claims.

(a) We will show that u + ViV+w,and u+w are linearly independent
leefl c(u+v) +ey(v + W) +c3(utw) = 0, we will show ¢; = ¢, - =0
Multlplying and gathering like terms yields: (¢; + c3)u + (cll+ c )~V—+cz i
Since u, v, and w are linearly independent, ¢; + G3=c1+cy=c 2+ c _c"(’)'*‘ i
We create the matrix of coefficients 4 and row redu ey

a1+ 5 =0 101 Cii tg detiermine its rank:
C1 + ¢ =0 = 11 0 —]o01 -1

I

‘ Cc2 + c3 0 011 00 2
Since rank(A) = 3 the only solution is the trivial one, so ¢; = Co=¢c3=(
(b) We will show that u — V, V=W, and u - w are linearly dependent o
leel:l c1(u—v) +ey(v - W) +c3(u—w) = 0, we will show ¢, .
N.Iultlplying and gathering like terms yields: (c; +c3)u+ (—er+e)v+ (-
Since u, v, and w are linearly independent, Citecg=—¢; 4y =2—c - 02:(;’3)“' =
We form the augmented matrix and row reduce to solve: et
¢y + s =0 1 0 110 101]0
—C1 + ¢ 0 = -1 1 oo — 01110
. —-cz—cs' 0 0-1-110 000]0
clearly has the solution €1 = C = —c3 as we were to show.

=0 = —¢g.

I



0 2 2
@ The vectors vi = | 1 |,vo= | 1| and v3 = | 0 | are linearly dependent.

2 | 3 | |1
This can be determined by inspection because vi — vo + vz = 0.
o N
[0 [0 [0 4
0 0 3 3 . .
The vectors vi = ol v2=|o " Vs=|9| and vy = o | are linearly independent.
1 1 1 1

This can be determined by inspection. How?

To create a 0 in the first component, the coefficient of v4 must be 0. Why?

Given that, a 0 in the second component forces the coefficient of v3 to be 0.

Given those two facts, a 0 in the third component forces the coefficient of vy to be 0.

And finally, given all that, a 0 in the fourth component forces the coefficient of v; to be 0.
To verify this argument, we follow Example 2.23.

-

0 0 0 4 0
. 0 0 3 3 0
Find scalars ¢y, ca, ¢3, and ¢4 such that: ¢ 0 + co 9 + c3 9 + ¢y 21 =1o
1 1 1 |1 0
Form the linear system, its associated augmented matrix, and row reduce to solve:
cg = 0 000410 100007
2C3+C4=0$ 00330_}01000
3co + 2¢3 + ¢4 =0 022210 001010
dey + 3cg + 2¢3 + ¢4 = 0 111110 00010
Since ¢; = c2 = ¢3 = ¢4 = 0 is the unique solution, the vectors are linearly independent.
3 -1 1 -1
-1 3 1 -1 .
The vectors v = 1 ve= 1vs=131 and vy = 1 | are linearly dependent.
-1 -1 1 3

This can be determined by inspection because vy + vy — vz + vy = 0.




34. Exercises 32 through 41 provide a check on our solutions to Exercises 22 through 31. How?

35.

In these exercises the directions tell us to follow Example 2.25 and apply Theorem 2.7:

We construct a matrix with these vectors as its rows and proceed to reduce it to echelon form.
Each time a row changes, we denote the new row by adding a prime symbol:

vi 2 21)R=Rs[1 527 py=pj—2r, [1 =5 2 o a1 -5 2
A=|va| =13 12 :?fg‘ 2 21| py_pyar; |0 12 -3 | ®'=R-3R 1 g 12 _3
V3 1 52| 32%|13 12 = 0 16 —4 0 0 0

We can stop. Why? We have created a zero row. What does that tell us?
Since the rank of a matrix is the number of nonzero rows in its row echelon form, rank(A) = 2.
What do we conclude? We conclude v, v, and v; are linearly dependent. How?

Theorem 2.7 states that vi,vs,...,v,, are linearly dependent if and only if rank(4) < m.
So, since rank(A) = 2 < 3, Theorem 2.7 implies v1, vo, and v3 are linearly dependent.

Furthermore, from the row reduction above, we see that: 0 = Ry’ = R{ — 3RY.
Multiplying both sides by 3 implies: 0 = 3Ry — 4RY. Substituting, we have:

0 =3(R3 — 3R}) — 4(R, — 2R}) = 3(R2 — 3R3) — 4(R, — 2R3) = —4Ry + 3Ry — Rj.
Multiplying both sides by —1 yields this dependence relation among the original vectors:

2 3 1 0
412|-3|1|+|-5|=]0]. Compare this result to Exercise 24. Does it agree?
1 2 2 0

Exercises 32 through 41 provide a check on our solutions to Exercises 22 through 31. How?
In these exercises the directions tell us to follow Example 2.25 and apply Theorem 2.7:

We construct a matrix with these vectors as its rows and proceed to reduce it to echelon form.
Each time a row changes, we denote the new row by adding a prime symbol:

vi 012)Rm=r.[213] 2 1 3] [213
A= vy | =213 | pgp |012|BR g 1 o R=RtR |1 9
Vs 201 — |201 O = =P 000

We can stop. Why? We have created a zero row. What does that tell us?
Since the rank of a matrix is the number of nonzero rows in its row echelon form, rank(A) = 2.
What do we conclude? We conclude vy, v,, and vz are linearly dependent. How?

Theorem 2.7 states that vy, vs,...,v,, are linearly dependent if and only if rank(A) < m.
So, since rank(A) = 2 < 3, Theorem 2.7 implies Vi, Vo, and v are linearly dependent.

From the row reduction, we see: 0 = R§ = R + R} = (R, — R}) + R = R3 — Ry + R;.
This equation yields a dependence relation among the original vectors:

0 2 2 0
I{=]1]+4+]0]|=]0]. Compare this result to Exercise 25. Does it agree?
2 3 i} 0



(op-borl )

Exercises 32 through 41 provide a check on our solutions to Exercises 22 through 31. How?

In these exercises the directions tell us to follow Example 2.25 and apply Theorem 2.7:

We construct a matrix with these vectors as its rows and proceed to reduce it to echelon form,
Each time a row changes, we denote the new row by adding a prime symbol:

vi =112 17 Ri=Rrpt3r, [-11 2 1 iy =L EE 1
A=|vy|=| 3292 4 Ry=Rst2m, | 058 7|Ra=R-Ry| (5 o
Vs 2.8 11 — 0551 00 -3 —6

Since the rank of a matrix is the number of nonzero rows in its row echelon form, rank(A) = 3,
What do we conclude? We conclude V1, Vg, and v3 are linearly independent. How?

Theorem 2.7 states that V1, V2,...,Vp, are linearly dependent if and only if rank(A) < m,.
But that implies the following: If rank(A) > m, vy, V2;..., Vi are linearly independent.
In this case, therefore, we argue as follows:

Since rank(A) > 3, Theorem 2.7 implies vy, v,, and V3 are linearly independent.

Does the agree with the solution we found in Exercise 287 It should.
Which method was easier for this Exercise? Why?
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@ Following Examples 3.1 through 3.5, we have:

avio=[ 332 371 L3529 s - [ £ 1)

Following Examples 3.1 through 3.5, we have:

il I A Y P i s B

B — C is not possible. Why not? B is a 2 x 3 matrix and C isa3x2 matrix.
We can only add and subtract matrices of the same size.

Applying the definition the transpose to C7, the transpose of matrix C, we have:

12
e (135 r_[4-21] [135] [ 3 -5 —4
SmceC—':g g}’dr‘[246]’3“0 ‘{o 23J—[246J-[—2 9 —3]'

@ By the definition of the matrix product, C = AB, and Example 3.6, we have: AB =

3 0} 4 -2 1] _ 3(4) + 0(0) 3(—2) +0(2) 31)+0(3)] _[ 12 -6 3
[—1 5 [o 2 3J L (=1)(@) +5(0) 3(=2) + (-1)(2) 3(1)+(—1)(3)‘J - [—4 12 14

From the remarks following the definition of matrix multiplication, we see BD is not possible.
Why not? B is a 2 x 3 matrix and D is a 2 X 2 matrix. What does that tell us?

The number of columns in B = 3 # 2 = the number of rows in D.

For matrix multiplication, the number of columns in B has to equal the number of rows in D.

In the future, when checking whether or not matrix multiplication is possible, we will write:
Bis[2x 3] and Dis [2x 2], so BD is [2 x 3][2 x 2] which is not possible
because the inner numbers do not match.

Q: Do they outer numbers have to match? If not, what do they tell us?
A: No, they do not have to match. The outer numbers tell us the size, [r x c], of the result.

We begin by applying the definition of matrix multiplication to see if BC is possible:
Since B is [2 x 3] and C' is [3 x 2], BC, [2 x 3|3 x ], is possible. Why?

Because the inner numbers match. What does that tell us?

The number of columns in B = 3 = the number of rows in C.

Furthermore, since BC is [2 x 3][3 x 2], BC will be a 2 x 2 matrix.
Since D is also a 2 x 2 matrix, we can add them together. That is, D + BC is possible.

12 :
. 48 1 _[4)~2(3)+1(5) 42)-2(4)+1(6)] [ 3 6
Vieeko B0 = [o 2 3J [g’ gJ = [0(1)+2(3)+3(5§ o§2)+2§4§+3§6)} = [21 26]_'

0-3],[3 6 3 3
S°’D+BC‘[—2 1]*’[21 26]‘[19 27J'




We should note that BT B is always possible. Why?
the number of columns of BT = the number of rows of B (by the definition of BT).

| 40
Since B=| % 2 L|and BT =)-22)
0 23 '

401, 21 4(4) +0(0) 4(-2)+0(2)  41) +0(3)
BTB=|-2 2 [0 9 3} = | (-2)4)+ 2(0) (-2)(-2) + 2(2) (-2)(1)+ 2(3)
3 1(4) +3(0) 1(-2) +3(2) _1(1) +3(3)

[ 16 -8 4
= X——S ‘X 1s BBT always possible as well? Why or why not?
4

@ Before we begin, we should determine if AF and E(AF) are possible.

Since A is [2 x 2] and Fis[2 x 1], AF, 2x22x1]is possible. Why?
Because the inner numbers match. What does that tell us?

The number of columns in A = 9 = the number of rows in F.

Furthermore, since AF" is [2 x 2)2 % 1], AF will be a 2 x 1 matrix.

Since E is [1 x 2] and AF is [2 x 1}, E(AF), [L x 2][2 x 1}, is possible. Why?
Because the inner numbers match. What does that tell us?

The number of columns in E = 1 = the number of rows in AF".
Furthermore, since E(AF)is [1 % 22 x 1), E(AF) will be a 1 X 1 matrix.

ewse- | 28] 3-8 1)

So E(AF) =4 2| hﬂ = [4(-3) +2(11)] = (10].

0
@ BTCT — (CB)T = [0
0

[N W =

o I o [ )
—

DA—AD=[§ —6}.

-3

The number of uni
units of each product shipped to each warehouse i
se is given by A =

200 75
i 150 100 |.
e cost of shipping one unit of each product is given by B i

en by B = [

1.50 1.00 2.00
1.75 1.50 1.00]

(where b, is the i
COmpar:the cost of shipping a unit of product j by i = 1 truck, i
cost of shipping the products to each of the w. h“c , 1 =2 train).
arehouses:

BA= | 1-50 1.00 2.00 200 75
1.75 1.50 1.00} 150 100 | = [650-00 462.50
100 125 675.00 406.25

p .
It 18 Cheape! to Shl t'h~e pl OdUCts to W a’lehouse 1 b& tr UCk) bu‘: to Wa“rehouse 2 b& traln
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[-6 —4 5], and

J+[1 -1 1]+[-1 6 4]

4 -9 -8
-6 -4 5.
5 0 —4

|

2[230]-[-164])=[50 —4]. Thus, 4B

A3B =




