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10. Before we begin, we should determine if DF and F(DF) are possible

lSglnce Dis [2.>< 2] and F'is [2 x 1), DF, (2 x 2][2 x 1), is possible. Why?
ecause the inner numbers match. What does that tell us? :
The number of columns in D = 2 = the number of rows in F
Furthermore, since DF is [2x2)[2x 1], DF will be 2 2 x 1 n‘latriX
Since Fis [2 x 1] and DF is [2 x .
Because the inne]r numbers d[ 1J7 ek 2 J "
The number of columns in F

So, F(DF) is not possible.

, Is not possible. Why?
0 not match. What does that tell us? d

= 1% 2 = the number of rows in DF.

11. Since F'E, [2 x 1][1 x 2], is possible and yields a 2 x 2 matrix, we have:

eo= 3= [50 U] -[2)

Q: Does FE equal EF?
A: No. In fact, note that EF, [1 x 2][2 x 1], is possible and yields a 1 x 1 matrix.
This is a good example of the general fact that matrix multiplication does not commut

12. Since EF, [1 x 2][2 x 1], is possible and yields a 1 x 1 matrix, we have:

EF =[4 2] { "H = [4(—1) + 2(2)] = [0]. |

Since Exercises 13 through 16 use the skills above, we simply present the answers below.

27 O
3 _
15. 4% = [—49 125}
95. The outer product expansion of AB is
2 30 0 00 2 —12 -8
- 4
~|l-6-90[+|1-11}+ 1 6
Ba + 2B+ 2aBs 4 60 0 00 1 —6 —4
4 -9 -8
=| -6 -4 b
5 0 —4
ai a1 B
B
30. Let A= % and AB = _a2' _ Then assume there exist z; not all zero such that:
an a, B

T8y + T289 + -+ + Tnan =0, that is, the rows of A are linearly dependent.
So, we have: (zja; +Zga2 + -+ Tpan) B =z (a1B) + 2 (agB) + -+ zn (anB) =0=
The rows of AB are linearly dependent.

g . _ ‘
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31. For matrices A, B we have the block structure A = [ A; Ags } and B = {le Bss =

[ Ay A2 | [Bu Bz | _ [ AuBu + A2Ba A11312+A12322}
AB = Ay Ags | | Bat Baa | | A21Bui + Ag2Bar A21Bia + A2Ba
rl1 -1 23 00 00 1 -1 0+00 1
o 1l|-11]/"]oolloo] [0 1]]0 001
- 2 3 00 0 1
_ [00][_11}”23][00} [00][0]+[23]{1}
320
= -110
| 005
234 ¢
34. AB_ 1236 -1
334 -9
444 4

35. (a) Computing the powers of matrix A as required, we have:
' -11 : -1 0 0 -1
2 _ 3_ 4 _
= ape-no e[ 3
1 ~1 10 01
5: 6: 7: = !
S R R B

(b) From our work in (a), we see that A! = 47 = A16+1,
So the powers of A that actually create distinct matrices act like Z5.
See Section 1.4, Examples 1.32 through 1.35.
So, to determine A%%°! we should first determine the value of 2001 in Z°.
How? Divide 2001 by 6 and look at the remainder: 2001 =333 -6 + 3 = 3 in Z5.

Therefore A2001 — 4333-6+3 — 43 _ { _(1) _(1) }
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38. We will prove (b) using induction. See Appendix B for discussion and examples.
We make use of the following trigonometric identities in our proof below:
cos 8 cosnf — sin @ sinnf = cos (n + 1)8 and sin§ cosnf + cosfsinnd = sin (n + 1)6.

T 1 sinf  cosf || sin@ cosf 2c0sfsing  cos?§ —sin’d

But cos? § — sin2 0 = cos 26, and 2cos@sin§ = sin 26, so A2 = | °° 20 —sin 26
sin26  cos26

(a) A2 = {COSG ~sin91[ [cosﬁ ~sin9} _ {cosze—sinQQ ~2cosfsind }

cosné —sinnd

> i 1OIL
sinnd  cos n@} for n > 1 by induction

(b) We will show that A™ = [

—sinf . . . .
1. Al = [ C9se s } This is obvious, so there is nothing to show.
sind  cosd

An = | O nf —sinnf . This is the induction hypothesis.
sinnd  cosnf
. gn+1 _ | cos(n+1)0 —sin(n+1)6
ntl A [s’m(nvh 1) cos(n+1)8 |
This is the statement we must prove using the induction hypothesis.

AL gl l“dumon [ cosf —sinf } { cosnf —sinnd }

sinf  cos#é sinnd  cosnf

by matrix

’"U“‘P“Catw" [ cos@cosnf — sin@sinnd —(cosfsinnd + sin f cosnh)
sin f cosnd 4+ cos & sin nd cos 8 cosné — sin dsinné
by trigonometric

identities cos { n +1)8 —sin(n-+1)8

sin{n+1)8 cos(n+1)¢

cosnf —sinnf

> 1.
sinn@ cosnd } forn > 1

We have shown (by induction) that A" = {

(5 1

2. Following remarks prior to Example 3. 16, the ke

a
Then add, subtract, and multiply (by scalars ony e o I mattices ate the same size.

ly) as in normal algebra.

QX*A~B$X=%<A~B):[1 1}.

3
13

6. As in Example 3.16, we form the augmented matrix and row reduce to solve.
As in Exercise 5, the first column is the entries of 4 1, the second column is the entries of As,
the third column is the entries of Az, and the augmented column is the entries of B.

1 01 2 1oo] 3
0-11] 3 010]—4 10 0 -1 1

_ -~ 1
0 10(-4| "foo1|-1]7 B“3[01J”4[1 0}“[01}'
1 01| 2 000! 0



@

14. Following Example 3.18, we create an augmented matrix and row reduce to solve.
As in Exercise 8, the first column is the entries of Ay, the second column is the entries of Aj,
the third column is the entries of Az, but now the augmented column is all zeroes.

1 2110 10 3|0

1 1210 01 -11}0

1-14]0| {00 00

1 03]0 00 010
So, ¢1 = —3¢3, ¢3 = c3 is a solution with at least one ¢; # 0. What does that tell us?
That tells us that Ay, A, and As are linearly dependent.
In particular, if we let ¢g = —1, we have the following dependence relation:

(0= (2[00 0)




18.

air -

aml e

=cA +cB.
(c+d)ain
(c+ d) amn
aijl - Gin
(cd)| + . | =(cd)A ,‘
aml " OGmn .
Qin
= A.
amn

[ 11 -+ an b1 bin
(e) ¢c(A+B) =c +1 :
Q1 - Gmn bt - bmn
[ a1 + b1 ain + bin
=c :
| am1 +bmr - Amn + bmn
[ c(ap +b11) - c(ain +bin)
| c(am1 +bm1) - c(@mn + bmn)
[ cay; + cbn cayin + chin
| cami + cbmi -+ Camn + Chmn
[ cai; - cain [ cbyy -+ chin
= + : .
| Cam1 "+ Camn | Com1 -+ chmn
ai - ain | (c+d)ay; -+
(f) (c+d)A =(c+d) = : -
Gm1 - Gmn | (c+d)am1...
[ cain +dan cain + dain
| cam1 +damy - Cmn + damn
[ cayy -+ Caln- day; - daip
= . + . . .
| Cam1 * - Camn | dam1 -+ damn
=cA + dA.
dai; -+ dain [ cda;; -+ cdaip
(g) c(dd)=c| =1 :
dam1 - damn | cdamy -+ cdmn,
ain - Gin layr -+ lamm
(h) 1A=1 =] =
Am1 **° Gmn lam: -+ lamn



. Let A, B, and C be matrices of appropriate dimensions. Then

aiy - a1n | bir -+ bin cir 0 Cin
(A+B)C = N
Am1 " aan bmi - bmn Cml " Cmn
[ a1 +b11 0 aimtbin | e o0
_am1+bm1 amn"}'ban Cml " Cmn
[ (e +bi)ein+ 4 (@mi +0mi)Cin - (@i +bin)cir + -+ (@mn + bmn) Cin

_(all + bll)cml + 4+ (aml + bml) Cmn " (aln + bln) Cp1t+ o+ (amn + bmn) Cmn

[ aricii +biici o F amiCin F dmicin 0 @inen Fbincir + - + @mnCin + dmncin
| ¢11Cm1 + b11€m1 + -+ + @miCmn + bmiCmp - - @1nCmi +b1nCm1 + -+ GmnCmn + bmnCmn
(ar1€11 + - +amicin) + ~ Aamen + -+ amncin) + T
+ (bt + -+ + bmicin) + (binc11 + - + bmncin)

= (@116m1 + - + Gmi1Cmn) +
+ (b11em1 + - + bmiCmn)
(alncml +...+ +amncmn) +
+ (blncml + -+ bmncmn) -

( (a11c11 + -+ amicin) - (@nCi1 + -+ GmnCin)

L (allcml +--+ amlcmn) to (alncml +---+ +amncmn)

o

mncln)

(bricit + - +bmicin) -+ (brncii +---
+ : - :
(bllcml +t bmlcmn) ot (blncml +o bmncmn)

= AC + BC.



20. Let A, and B be matrices of appropriate dimensions, and let k£ be a scalar. Then

a11bi1 + -+ Ginbmr - @11bin + - + G10bmn
k(AB) = k :
amlbll +"'+amnbm1 amlbln + - +amnbmn
kE(aibin + -+ ainbm1) -+ k(atibin + -+ + @inbmn)

|k (@mibir 4 + Gmabmi) -+ k(@mibin + - + amnbmn)

[ (kaw1) by + - + (karn) b1 -+ (ka11) bin + -+ + (ka1n) binn

L(kGMI) bip - 4 (kam") by - (kaml) bin + - + (kamn) bmn
[ kay; - kai, bii -+ bin

| kam1 -+ kamn b1 - bmn
= (kA)B.
[ ayr (kbin) + - +ain (kbm1) -+ app (kb)) + -+ + a1n (kbmn)

| ¢m1 (kbu) +otamn (kbﬂﬂ) 0 Om) (kbln) + - + Amn (k’bmn)
[ai1 - an kbyp - kb

Aml ** " Gmn kbml N kbmn

A(kB).

I

92. We need to show AB = BA if and only if (A — B)(A+B) =A%+ B2

left right
distributivity

distributivity
(A-B)A+(A-B)B = A*-BA+AB-B

Note: (A- B)(A+ B) =
If AB = BA, then -BA+ AB =0,

because
. —~BA+AB=0
o (A-B)A+B)=A>-BA+AB-B* =  A’-B
If (A~ B)(A+ B) = A2~ BA+ AB— B? = A* - B,

then —~BA + AB =0 so AB = BA.
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30. Let 4, B be' matrices whose sizeg bermit the indicated operations and let k be a scalar.
Denote the ith row of a matrix X by row; (X) and its Jth column by col; (X)

Theorem 3 4(a):  [(AT) 17 < [AT],, = [Al,;- So, 4, j arbitrary = (AT = 4.

Theorem 3.4 (b): [(A + B)TL]' =l Bl = (4], + [B]ji = (ATL']' + (BT]
i, j arbitrary = (A + B)T = AT 4 BT,
Theorem 3.4(c): [(kA)TJ = (kA]ji =k [Asz' =k [ATJ

iy

2, j arbitrary = k)T =& (AT)‘

7
ij’

33. We need to show (Ay Ay -+ Ap)T = AT .-  ATAT for n > 1.

We will prove this using induction. . »
See Appendix B for discussion and examples of Mathematical Induction.

1 (A" = AT, This is obvious, so there is nothing to show.
ki (AyAdg- - Ag)T = AT ... AT AT, . . ,
This is the induction hypothesis, so there is nothing to show.

T AT
k+ 1 (A + Ay Ag )T = AL AT - AT A]

This is the statement we must prove using the induction hypothesis. .
(AlAz ree A/CA/H_I)T = ((A1A2 s Ak) Ak+1)T = Az+1 (A]AQ cee Ak) [b’y Thm 34d]
= AL, (AT ---ATAT)  [by induction]

We have shown the pattern holds for & + 1. What does that mean?
T T T AT
We have proven (by induction) that (4;A;--- Ap)" = A; - 43 A].

37. For each matrix, we will simply check to see if A7 = — A4 is satisfied.

(a) -Since AT = [; ‘gj #* — [~1 2J = —A, Ais not skew-symmetric.

(b) Since AT = —A, A is skew-symmetric.

il
—
Lo
O R
[
f
I
—
—_ o
o L
—_

(i) tr(A+ B) =((Gu +b11)+(a22+bzz)+"'+(ann+bnn)
= 011+a22+"’+an )+(b11+b22+"'+b )
) n o :tr(A)+tT(B)
1) tr(kA) = .
(WHMX) (kA) ka11+ka22+-~-+kam=k(au+a22+---+ann)=ktr(A).
45. Let A and B benxnmatrices. Then

tr(AB) =
1(AB) (011611 + agpbyy + ... T @nbn1) + (ag1byy + azobyg + -+ . 4 Bambnz) +

_ "'+(anlb1n+an2b2'+...+a b
= (bllall + b12a21 “+ ... -+ blnanl) + (b21a12 + b22a22 + ... : b2nan2) _:n nn)

( @WM ) R— Ot b )

46. Let A ?e an n X n matrix. Then
b (AAT) = (a2, taby ot a? ) 4 (ag, +agy + -

. -+ a2 . 2 2
that is, the sum of the squares of the entries of 4 )+t (a2, + Gny + -+ +al ),



@To prove X is the inverse of A, all we have to show is AX = 1.
Theorem 3.9b. asserts (cA)~! = 1471, 50 all we need to show is (cA)(:47Y) =1
(cA) (1A71) = (1) (AA"Y) = A4~ = ]

o prove X is the inverse of A, all we have to show is AX =1.
Theorem 3.9d. asserts (A7T)~!

= (AT, so all we need to show is (ATYA YT = T.

b}! 'I;hnz 3;;1T This is obvious.
B "A"=(A Why?
L L (A






