| <F/(WX SJ&%

21. We find bases for row(A) and col(A) following Examples 3.45 and 3.47 respectively.

row(A): A basis for col(4) must span the columns of A and be linearly independent.
Clearly, the linearly independent columns of AT do just that.
When AT — R, the columns with leading 1s in R are linearly independent.
As in Example 3.47, the corresponding columns in AT are also linearly independent.
Whence, it is obvious that the transposes of those columns form a basis for row(A).

11 10
Since AT = 01]— 01| =R
-11 00
we conclude that {[ 1 0 —1},[1 1 1]} is a basis for row(A).

col(A): A basis for col(A) must span the columns of 4 and be linearly independent.
When AT — R, the linearly independent rows {the nonzero rows) of R do just that.
Whence, it is obvious that the transposes of those rows form a basis for col(A).

11 10
Since AT = 01| —101|=R
-11 00

we conclude that {[é } , { ? }} is a basis for col(A).

We should also note that provided AT — R uses no row interchanges,
the corresponding rows in AT are also linearly independent.
Whence, it is obvious that the transposes of those rows form a basis for col(A4).

22. We find bases for row(A) and col(A) following Examples 3.45 and 3.47 respectively.

row(A): A basis for col(A) must span the columns of 4 and be linearly independent.
Clearly, the linearly independent columns of AT do just that.
When AT — R, the columns with leading 1s in R are linearly independent.
As in Example 3.47, the corresponding columns in AT are also linearly independent.
Whence, it is obvious that the transposes of those columns form a basis for row(A).

10 1 10 1
Since AT = 12 -1 — 101 -1|=R,
-31 -4 00 0

we conclude that {{1 1 ~3],[0 2 1]} is a basis for row(A).
col(A): A basis for col(A) must span the columns of A and be linearly independent.
When AT — R, the linearly independent rows (the nonzero rows) of R do just that.
Whence, it is obvious that the transposes of those rows form a basis for col(4).

10 1 10 1
Since AT=| 12 -1|—]01-1]=R,
-3 1 —4 00 O
1 0
we conclude that 01, 1 is a basis for col(A).

1 -1




25. Our answers to Exercises 17 and 21 appear different because we used different methods.
Let’s compare the methods and answers for row(A) and col(A) from each of the exercises.

row(A):

col(A):

In Exercise 17, we found the basis for row(A) as follows:

Given A — R, the linearly independent (nonzero) rows of R span the rows of 4. Thus:

. 10 -1 10 -1
Since A = l:l 1 1} — {O 1 QJ =R,
we conclude that {[1 0 —1],[0 1 2]} is a basis for row(A).
In Exercise 21, on the other hand, we found the basis for row(A) as follows:
When AT — R, the transposes of the columns in AT corresponding
to the columns with leading 1s in R form a basis for row(A4). Thus:

11 10]
Since AT = 01— 01| =R
-11 00

we conclude that {[1 0 —1],[1 1 1 ]} is a basis for row(4).
So, first we used rows of R as our basis, then we used rows of A.
Do the rows of A corresponding to the nonzero rows of R form a basis?
Yes. Since A — R uses no row interchanges, those rows are linearly independent.
We prove this explicitly by showing the spans of these two sets are equal.
By Exercise 21 of Section 2.3, we need only observe:

-[10-1]+[111]=[012]

Why is this enough? The basis vectors in each set are linear combinations of each other.

In Exercise 17, we found the basis for col(A) as follows:
When A — R, the columns in A corresponding
to the columns with leading 1s in R form a basis for col(A). Thus:

. 10 -1 10 -1
SlnceA—[11 IJ——)[OI 2J—R,
we conclude that {[;},[?}} is a basis for col{4).

In Exercise 21, on the other hand, we found the basis for col(A4) as follows:
Given AT — R, the transposes of the linearly independent (nonzero) rows of R

span the columns of A. Thus:

11 10
Since dAT=| 01— {01 =R
-11 00
1 0 . .
we conclude that {{O J , [ 1 } } is a basis for col(4).

So, first we used columns of A as our basis, then we used transposes of the rows of R.
Notice, however, those rows correspond to the columns of A found in Exercise 17.

For example, [ 1 0 | of R corresponds to { i J of A.

Explicitly, it is obvious that the span of both these sets is R?. Why?
Since both sets contain two vectors and the dimension of R? is obviously 2.



27. As in Example 3.46, given S = {u,v,w} we form matrix B and row reduce:

u’] 1 -1 o0 1-10
Since B = vi| = -1 0 1 Rs+&}+R2 ~1 01
wT 0 1 -1 0 00
1 -1
we conclude that. {u, v} = -1, 0 is a basis for span(s).
0 1

Note: We rearrange and transpose the vectors of S to simplify the row reduction.
As noted in the remark following Example 3.46, we need only reduce to row echelon form.
Then, we find the basis by identifying linearly independent vectors in the original set,

Q: Does {u, w} also form a basis for $? What about {v,w}?
A: Yes, since no 2 vectors are multiples of each other. Why is that enough?

28. Before we begin, we should note that at most 3 of these vectors can be linearly independent.

u? 120 20
Since B = | w7 011 R3_ﬁ+3R2 011(=y,
vT 212 005
1 0 0
we conclude that 29,111,10 is a basis for span(S).
0 1 5

Q: Could we also conclude {u,v,w} is a basis for S after only one step?
A: Yes, since the rows of B corresponding to the linearly independent (nonzero) rows of [/
are linearly independent, This is only true because we performed no row interchanges.

33. II\}et R be a matrix iy echelon form. Then row(R) = span(the rows of R) by definition.
onzero rows of R gre linearly independent (first entries are in different columns) =

Since 4 —
and {[1 ¢ =1],[01 2]}isap

nullity(4) = ,, _
(4) = rank(4) = number of Bonzero vectors i, a basis for null(4)

From Exere;g i
ICise 17, -2 1s a basis for null(4), so nullity(4) = 3 _ 2=1



= Bumber of vt
1 -3 Ctors in a basjs f,,
Since 4 - 0 2 1| __ 5 91 -3 col(4) or row(4)
1 3 —4 - =
0
1 1 0 0
and 0/, 9

Is a basis fo,
» a basis fo, col(4), we have rank(4) = o

- Hulnbef Of 11()11281() ve 1;()]8 mn a b S1S f ' 1“ A

From Exercige 18, { ‘1 ]

Is a basis for null(4), s nullity(4) < 3 _ 2=]

39. If nullity(4) > 0, then the columns of A are linearly dependent.
Though we could prove this using theorems, it is instructive to prove it directly.

If nullity(A) > 0, then there exists a vector x # 0 such that Ax = 0.

Let A=[a; a, ... a, | and xT = [e1 g - cn ]
Since x # 0 at least one ¢ # 0. Then Ax = > cia; = 0 where at least one ¢, # 0.
Therefore, the columns of A are linearly dependent.

So all we have to show is: If 4 Is a 3 x 5 matrix, then nullity(4) > 0.

};:2( dis rank(A)<3

3x5
nullity(4) = n — rank(A) = 5 rank(A) > 5-3=92s¢
Q: If Ais 3 x5, why is it obvious that rank(A4) < 37
A: Recall, that the number of vectors in a basis for row(4) = dim(row(A)).
Now note the rows contain a basis for row(4), so dim(row(4)) < number of rows.
So, rank(4) = dim(row(A4)) < the number of rows = 3.

41. Rank must satisfy the following two conditions simultaneously:
1) rank(A) = dim(row(4)) < the number of rows
i lumns
2) rank(A) = dim(col(A)) < the number of co
The)refore,( rank must be less than or equal to the smaller of these two numbers.

Since A is 3 x 5, rank(A) can equal 0, 1, 2, or 3. .
Therefore, since n = 5 and nullity(4) = n — rank(A), we have:

nullity(A) =5 -3=2,5-2=3,5~1=4d, or5-0=5



2 1 a 12 a-2
2 -1 -2 —
C313—2 facls ) 3 3 2 |ftRlgg o)
-2 -1 a a 2 -1 a 2 -1
1 2 a—2 12 a—2
4
0 1 a—% — |01 el N
02-2a ~(a—1)2 00 (a—1)(a—2)
o1 i k(A) =3
g = herwise, ran = 3.
Ifazl,g,thenA~—s 0 1 % | = rank(A) = 2. Otherwise, ra
000
ul
: asi 3 A={ vT [, rank(4) =3.
45. As in Example 3.52, {u, v, w} form a basis for R® & When v
1 10
T 110 1 10
u
vil=l101|Rflo 11ty 1
wl 011 0 11 0 02

Since rank(4) = 3, {u, v, w} form a basis for R3.

1
1

—

e B = R

1110 1 1 0
1101 Ry o1 Ra+Ry+Ry
1011 [®flg 1 o1 —
0111 0 1 11

R

Since rank(A4) = 4, {x, u, v, w} form a basis for R4.

55. We need to show if v is in row(A) and x is in null(A), then v - x = .

First, we will show if x is in null(4) and A; is the ith row of A, then A, - x = 0.

Al Z;
Ag o
Let A = ) and x = | " |. Then we have: If x is in null(4), then Ax = 0.
A, Ty
ay1xi +a12z2+~~-+a1nzn Al x O-,
2171 + Q22Zo +--+agz, Ay -x 0
So, Ax = . = . =
AmiZT1 + GpaTo + -« - + AmnTn A, -x 0

Therefore, if x is in null(A), then A; - x = 0.

If v is in row(A), then v is a linear combination of the rows of Asov =73 ¢A,.
So, we have: v .x = (>l -x = 2oci(4; - X)=>¢0=0.
Q: What is the idea behind the proof of this exercise?
A: If a vector is orthogonal to a set of vectors,
it is orthogonal to all linear combinations of those vectors.



L
57. We will prove part (a) using the idea we suggested by Exercise 29 of Section 3.1.

(a) Let {Aby} be a basis for col(AB) formed from the columns of AB.
Then rank(AB) = number of vectors in {Abg} = number of vectors in {bk}.
First we show: If {Ab,} is linearly independent, then {br} is linearly independent.
That is, if )" cyby, = 0, we need to show all the ¢, = 0.

chbk =0= A(chbk) =0= ch(Abk) =0
Since {Aby} is linearly independent by assumption, all the ¢; = 0 as required.

Now, since {by} is a linearly independent subspace of the columns of B,
the number of vectors in {by} < rank(B).

Therefore, rank(4B) = number of vectors in {bx} < rank(B).

1 1] 10
0 OJandB_[ll

o God)

60. Since this is an if and only if statement, there are two statements to prove.

21

(b)LetA:[ o

J. Then B has rank 2, but AB = [ ] has rank 1.

if: If rank(A) = 1 then col(A) = span(u), so A = uv’ where
a; = ¢;u are the columns of A and v7' = [¢; -+ ¢, . .
If rank(A) = 1, a basis for col(A) has only one vector. That is, col(4) = span(u).
Furthermore, every column of A must be a multiple of that vector.
That is a; = ¢;u for every column of A and 4 = [clu cpu ]
So, if we let vT = [ ¢l Cp ], then A = uv? as required.

) = = 1.

ly if: If A=uvT then col(A) = span(u), so rank(A) . .
o Why? Because rank(A) = the number of vectors in a basis for col(4).

Let vI = [cl cn],thenAzuvT: [clu cnu].
So, a; = c;u for every column of A = col(A) = span(u) = rank(A4) = 1.



4

2.

37. B = {E11, E12, B3y is a basis — dimV = 3.
a c a b
38. Recall skew symumetric means A7 = _ 4 = [b dJ = - [c d} =

a:d:O)c:—b,bfree:B: [_?é isabasis:>dimV:l.

/\’/: O/E’ f{ M)

We need to prove Grassmann’s Identity: dim(U + W) =dimU + dim W —dim(U n ).

We will follow the hint: Let B — {vi,. ., Vi } be a basis for U nw,
Then extend B to a basis C of [/ and a basis D of .
We will show ¢ U D is a basis for U+w,

Clearly, span(C y D)=U4+ W, so we need only show Cy p Is linearly independent.
FdimU = m, and dim W = 1, we have: ¢ = {wppe,. .. s U JUB and D = {Wiir,. .. s W JUB.
Since C and D are bases, {upyr,. .. W} N B =0 and {Wige,.. SWR}NB =g

Therefore, c D — B. Why?
Clearly, B CCND, so we need only show ¢ A DCB.

k
Ifvecen D,then v e U n W, therefore v — 2o cqu; because B is basis for / N 1.
i=1

But since v ¢ CnB)uU (DN B), v must equal one of the u;.
S0, CUD is a basis for U + . Therefore, dim(U + W) = {the number of vectors in C U D},

the number of vectors in C U D minyg the number of vectors in B.
We subtract the number of vectors in B because they are counted twice in the intersection.

So, dim(U7 + W)=m+4n_f— dim U + dim W _ dim(U n W),

Q: Why must {ugyy, ... W } N B = and {Wier,. . s WRl N B = (2
A: If there Were any vectors in common, C and D would not he linearly independent.

Q: Why is it possible to extend B to a basis C of [/ and a basis D of W7
A: By Thm 6.10e: Any linearly independent set inV can be extended to a bagig for V.

44. Clea!ly S aII(JZ = 1 z,...,T .. ) - @ IUIthenIlOIe § ;T = O e a; = O fOI all 1
p y il bl bl 0 2

2=0=
45. a(l+z)+b(1+z+2%) +c(l) = (a+b+c)+(a+bx + bz

= =0,b=0= .
- Z—f-c _ % itsb— {01’ 1+z,1 +:E+z:2} linearly independent =
a = = = = s s

t in B.
B is a basis for %, because dim 425 = 3 = the number of vectors



49. We will show span(1,1+ z,2z) = span(1,1 + z) and {1.1 4 z} linearly independent which
will imply {1,1 + 2} is a basis for span(1,1 + x. 2z).

2z = =2(1) +2(1 + z) = span(1,1 + , 2z) = span(1,1 + 7).

a(l) +b(1+a)=(a+b)+bz=0=a+b=0,b=0=qg=b=0 =
{1, 1+ x} linearly independent. Therefore, {1,1+4 z} is a basis for span(1,1 + . 27).

)

107, 11
27.LetV: Vs = P/ 11 11
! [OOJ’ [OOJ’I%“[IO]’M:[ll]

L 12
Thenfl:[3 4]:aV1+ng+cV3+dV4:>[a+b+c+d:1 hhetd

=2]
] [c+d=3 d=4 =
-1
A:_LQ-VQ—V%Jr“/-fz:WAJB: _11
4
29.p(:L‘):2-$ 2
+ 322 =
z a,(1)+b(1+.z>)+c(~1+r2)~(a+b )
2?) = TC) Fbr g2
a+b—c= =
c 2,b~~l,c:3:>a:6,b=—l c~3:>[()7 i
s — pl“B: ‘l
3
31. [eju; + ...+ Call,]p = [crwi]s + ...+ [cnun]g = “ilug s

Tt epfug g

(owﬁm*()

33. Let span(S) = R” and |

etvel = x= Vg = )
because the T€presentation of v with resp{ e oo = 2leuls = v 2o ey

ect to basj i i
Therefore, V' — span(u,). P e

1

Let =S an 3 - § - -
V D (uz) and let X . eER" o § Ciuy vevl because V span(u)
2/
Cn

B = Z[Cz'uz']B = ZCz'
Therefore, span(S) = R~

Theref; =
elore, x = [v] [wls = x e span(S).



2] 1] by +by=2 by =32 B
IR R RS B R i) B

1
1
(bj Let £ = {[

implies

O =
—
—
= O

1 1’10J 105 3
— = Pcp=
[1401 [01{% -

SIS T

(c) [Xlc = Peeslx]s = [

|
(IS
—_

J} Then Theorem 6.13, which states [C|B| — [I|Pc—g],

Rl 13—
W2 O
—

(d) Let & = {{é} , [OJ} Then Theorem 6.13, which states [B|C| — [[|Pg—c],

1
implies
10{1 1y (101
[Oll—lJ_[Oll

(e) x|z = Ppc[x|c = H _” [_

—
I
—

W)= oo

A
4
U
Cs
1
O
|
| ama—
=
|
—

Il
—
[UER )
| S



0 0 1 = 1
1]=a1 1] +a2 01 +as 0 5
|5 0 1 0 3
byi= = 1
3 1 0 1 1 2 2
1l=b1l|l +by | 1] 403 0 ﬁb'):% = [xle = 2
5 0 1 1 b= 1
3 =79 3
101001 100 §-3% 3 -3 a2
e e R A B
(1) e} 10
’ 001\—; % % -3 :
ok, & i
2 2 2 1 2
()IXIc~Pc*.B[x]B= 1 1 -illsl= 3.
0 e T 3 d
2 2 2 2
0:6-111:0-1 100/110 110
(d) 100110 —010j011 o Pgc=|011}.
010041 001|101 1::0.1
1101[72 1
(e) [xls = Pa—c[Xlc = o g 3l=|5].
10 1 7 3
2
2 1 0 a1 =2
5. (a) {_1]=01{0]+ 2[1]¢\:a;=_11\i[p(:c)hg:[_l].

- 0 1 b2=2 b1=—3 e 3
[—11_“[1}4—1’2{1}:}[b1+b2=—1]=>b _9 =>[p(:c)]c_-{ 2]
0:1]1.:0 10/-11 -11

()[1101]"’{01\ 10]=>P°*3“[ 10]

@ R

(e) [p(@)ls = Pa—clp(@e
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15. Peop = [_1 _;] = [we = [-

1
1

1 2
Likewise,u2=—[2] +2[3] =[

foptionil )

17 a=1=2B8={l,z-1,(z-1)2=1-2z + 2} is the Taylor Polynomial basis.

1
Let C = {1,z, z?} = [p(z))c = 2
-5
1 -1 1j100 100j111
[BIC]— [I|Ps—c]=|0 1 -2/010—{010/012]=
0 0 1001 001|001
111 111 1 -2
Ppe=]012 =>[p(:l,‘)]3=PB.._c [p(.’l:)]c: 012 2| =|-8|=
001 001 -5 -5

p(z) = -2(1) - 8(z — 1) — 5(z — 1)2.

[op&w«l)

21. Need only show [x]p = Pp.¢ Pc.p [x]p since this matrix with this property is unique.

By definition, [x]p = Pp—c [X]c (1) and [x]c = Pc—g(x]s (2).
Substituting (2) into (1) = [x]p = Pp.—c Pc—p [x]s which is what we needed to show.




