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1. Since T is the linear transformation corresponding to matrix A, T(x) = Ax. So:

R HE R s TN

4. We prove T is a linear transformation by showing that T(c;v; + c2va) = e1T(vy) + c2T'(vy).

-y
LetT{zJ= T+ 2y ,v1=[x1}andvz'=[zzJ.Then
Yy 31_4y Y1 Y2

1 Z2 C1Z1 + Coxo
T =7
(CI {yl}-'-cz[w J) (l:clyl + C2y2 J)

T (c1vy + covy)

3c1zy + 3cpzy — deryy — deoys 3c1zy — 4eyyy

e /) ~Y2
e [ Ty + 2y, } +co [ T2 + 2y, =C1T[xl} +02T[;:J

3z1 — 4y, 3z — 4y, 0
— CIT(VI) +cT (Vz) .

So, this is indeed a linear transformation.

7. We prove T is not a linear transformation by showing that T(ev) # cT(v) ( property (2) fails

LetT[x}z{szandv=[zJ.Then
y z L

=2 ({i]) =2 [5]- [3]4[ 2] <[] - [g] e

Since T(cv) # cT(v) (property (2) fails), T is not a linear transformation.

2
Q: ISS[;J = [; J linear?

A: No, by a very similar argument to the one given above.
We should suspect both T and S are not linear because z2 is not linear.

12. Ason p.212, we confirm T is a linear transformation by finding A such that T(v) = Av.

by R AR R

0 -1
SoT=T4 where A=]1 2 .
3 —4

—C1Y1 — C2¥Ya —-a1y1 —CaYo
aZ1+ T2 +201y1 + 26y | = | cyzy + 2e1y1 | + | coma + 20y,
362322 s 402y2

|
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15. Asin Example 3.56, we confirm T is a linear transformation by finding A such that T(v) = ANY

z -z =1 e e R B B
WehaveF[y]:[ y]=[ 0]z+[1]y-[ 01 e
So we identify F = [ —(1) (1) ] as the matrix performing the desired transformation.

—_—
16. Asin Example 3.57, we confirm T is & linear transformation by finding A such that T(v) = A

A=) / = —}‘ _71= z
WehaveR[x]={‘_i§ = ?-" o 715 i 12 12 [y ‘
Y 7§(a:+y) v, o 3 5

g
So, R= [ 7:2‘ 715 i\ is the matrix performing the desired transformation.
by, SR

21. Using the formula from Example 3.58, we compute the matrix for a rotation of —30° = 330°.

cos 330° VA — sin 330° :
Ragoe(€1) = [Sin33oo] = [_"’% ] and Rasoe(e2) = [ cos330°] = [ Vel

3 1
So by Theorem 3.31, we have: A = [ Rasoe(e1) Rasos(€2) ]= [ "’1 \/25 :| .
352

36- A. countelclocksze Iotatlon tlllou h 60 o
g o o

Ll ey 1
xthhd=[1} isgivenbyS’:%[o 2} —[0 1
by Theorem 3.32, the composite tr o ]

is given by T = [ c0860° — sin g0° }

A reflection in the line y

ansformation is given by

[SoT) = [s][1] = [? (1)] [c0860° —~ sin 60° V3 o1
§in60°  cos 60°} = , j



ab a b\ _ [a+a b+¥ _lat+ad +o+¥ 0
1'T([ch+[c’ d’]>_T[c+c’ d+d’J_[ 0 c+c’+d+d’J
o ilarkbis 0 ad+d 0 s 0 A a v
‘[ 0 c+dJ+[ 0 c’+d’J_T[ch+T[c' d’}'
a b aa ab aa + ab 0 a+b 0 a b
T<a[c dD_T[ac adJ_[ 0 ac+adJ—a[ 0 c+dJ—aT[c d]=>
T is a linear transformation.

2. T [8 8} = [é (1]} # [8 8} = T is not a linear transformation (it fails Theorem 6.14a).

Note this is an application of the principle p — g & —q — —p.

8. T(0)=1+z+2%#0=T(0)#0= T is not a linear transformation.

9. T((a+bz+cz®) + (o' + bz +2%)) = T((a + ') + (b+b)zx+ (c+c)a?)
= (a+a")+(b+b)(z+1)+(c+c)(z+1)% = (a+b(x+l)+c(:z:+1)2)+(a’+b’(x+1)+c’(z+1)2)
=T((a + bz + cz®) + T(a’ + b’z + ¢'z?) and
T(a(a+ bz +cz?)) = T(0a + abz + acz?)) = aa + ab(z +1) + ac(z + 1)2
=a(a+b(z+1) +c(z+1)%) = oT(a + bz + cz?) = T is a linear transformation.

; 5 1
14. Since [QJ =5[OJ+2[?J,wehave:

il o) o] o3 [4]
|
=< 3] fs]-[ 2]

21. Recall, by definition, in any vector space V, v + (=v) = 0. Then Theorem 6.14a =
70) =T(v + (=v)) =T(v) + T(-v)=0= T(-v) = —=T(v) by definition.

26. (S ~z?) =
((5 017:)(3-1-21 .7:2) =S5(T(3+2z - 22)) = S(2-2z) =294+ (2 ~2)2+2(~2)g2 = 9 _ 42
o ')(a+bz+c:z: ) =S(T(a+bz+c:cz)) =8(b+2cz) = b+ (b+ 20)z + 4cg? .
Domain of 7" — P, = codomain of § = we can compute 7o § '

(ToS)(a+bz) = T(S(a+bz)) = T(q + (a+b)z + 2b22) = (a+5) +2(2b)22 = (a+0) + 4bg?
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04].
in ker(T) & a=d =0= only (ii) = [ 9 0 J in ker(T).
3 0],
in range(T) © b = ¢ =0 = only (iii) = [O _3 } in range(T).
0b
inker(T) ©@a=d=0= ker(T) = {{c O}}

a 0
in range(T) & b = ¢ = 0 = range(T) = {[0 d}}

. a—-b=0
3. (a) p(z) in ker(T) & btc=0 ©e=b=-c= only (iii) in ker(T).

(b) »(z) in range(T) & a, b, c€ R = (1), (ii), (iii) in range(7’).
(¢) p(z) inker(T) @ a=b= —¢= ker(T) = {t + tz — =
p(z) in range(T) & a, b, c € R = range(T) = R2. .
4. (a) p(z) in ker(T) & () =2(b+2z) = 0= b= = 0= only (ii) = 2 in ker(T).

(b) p(z) in range(T’) < p(z) = z(b + 2cz) = bz + 222 = ¢ = 0,, ¢ free = only (ii) = z2 in
range(T).

(c) p(z) inker(T) = b=c =0 = ker(T) = {a}.
P(z) in range(T) = a = 0,b, ¢ free = range(T) = {bz + cz?}.

7. ker(T) = {t+tz —ta?} = {1 +z — 2%} is basis = nullity(T) = 1.

range(T) = R? = rank(T) = dimrange(T) = dimR? = 2.

8. ker(T) = {a} = {1} is basis = nullity(T) = 1.
range(T) = {bz + cz®} = {z,2?%} is basis = rank(T) = 2.
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0 1] ]) = nullity(7) = dim ker(T) = 2.
dim My, — nullity(T) = 4 — 9 2

:T(1_$)=[p(0)=1—0=1]=>

pl)=1-1=9

c-bd-al] _ b— c
12.A€ker(T)=>AB—BA=[a_d B —0=>a_ d

i gL ity(T) = dim ker(T) = 2.
ker(T):{[ZaJ}=Sp3n<[0IJ,[IO =>vnu1y()
Therefore, rank(T) = dim My, — nullity(T) =4 — 2 = 2.

- b
=
d=0 = d=gq

[

2 T—-2y=90
16. (a) [ }eker(T)=>= Z+y=0 2=
y T+y=90
(b) (a) = rank(T) = dim R?
T is not onto.

Y=0= ker(T) = {0} =7is one-to-one.

~nullity(T) =2-0=9 dimrange(7) = 2 < dim R¥=3
Furthermore, dim range(T') < 2 < dimR3 — 3= no T can be onto.

18. (a) Exercise 10 = nullity(7)

=1 = ker(T) {0} = Tis no

(b) Exercise 10 range(T) = spap q?] ; [l

t one-to-one.
0 ]) =R? = T is onto by definition,



21. Dy = span(E),, E»3, E33) = dim D3 = 3 = dimR® = D3 = R3.
z.0+0 T z 00
DefineT | 0 y 0| = | y |. Then A€ ker(T) =
00 =2 z
ker(T') = {0} = T is one-to-one. '
Since T is one-to-one and dim D3 = dim R3, Theorem 6.21 implies T" is onto.

Q21 = Q12
22. A€ S3=> A=AT == a3 =aj3 and a1, ag, a3 free = dim S3 = 6.
G32 = a3
B e ay =az; =az =0 ;
Likewise, 4 € Uy = 2! o , = dim U = 6.
aiy, G12, @13, A2, G23, a3s free

Therefore, dim S3 = dim Uz = S3 = Us.

ay1 a2 a3 aiy a2 a3
Define T Q12 Q22 Q23 = 0 a2 Q23 | .
a13 @23 @33 0 0 a3

Then A € ker(T) = a11 = a12 = a13 = @22 = az3 = azz = 0 = ker(T) = {0} =
T is one-to-one.
Since T is one-to-one and dim S3 = dim U3, Theorem 6.21 implies 7 is onto.

24. P, =span(l,z,z%) = dim P, = 3. ‘
p(z) € W = p(0) = a+b(0)+c(0)2+d(0)® =0 = a = 0 = W = span(z,z?,2°) = dim W

Therefore, since dim %y =dimW =3, Z, =2 W.

Define T'(a + bz + z°) = az + bx? + cz®. Then p(z) € ker(T) = ax + bz + cz® =0 =
a=b=c=0= ker(T) = {0} = T is one-to-one.

Since T is one-to-one and dim &, = dim W, Theorem 6.21 implies T is onto.

28. Need only show p(z-2)=0= p(z) = 0 since that impli )
y plies p(z) € ker(T =0 v
ker(T') = {0} = T is one-to-one. P() e:(T) = pz) =0 v >

Note, this amounts proving that {Lz-2,(z-2)2,. .. »(z = 2)"} is a basis for £,,.
We will proceed by induction. .
Case: n = 1. Thenp(z—2)=a0+a1(:c—2)=0:a1 =0=ap=0a;=0= p(z) =0.

Assume g(z ~2) =0 = g(z) = 0 for any polynomial of degree < n.
Then let p(z) = ag + a1z +... + anz™ be such that p(z — 2) = 0. We will show p(z) = 0.

p(r—-2)=0=a,=0= the degree of p(z) < n = p(z) =0 by the induction hypothesis.
Altemapive proof using change-of-variable: Need only show p(a}) € ker(T) = p(z) for 4
z € R since that implies p(z) = 0 = ker(T) = {0} = T is one-to-one.

p(z) € ker(T) = p(z — 2) = 0 for alze€R=p(y)=0forally € R. wh =z-

p(z) = 0 for all x € R. ) L SR




33. (a) Recall L is one-to-one if and only if L(v) = 0 & v = 0 because ker[, — {0}.

So, we need to show (SoT)(u) =0 u=0
(SoT)(u) =0 ¢ S(T(u)) =0« T(u) =0 < u = 0 which shows So T is one-to-one

(b) Recall L is onto for every w € W there exists v € V such that L(v)=w.
So, we need to show for every w € W there exists u € U such that (SoT)(u) =w.

S onto = for every w € W there exists v € V such that S(v)=w.

Furthermore, T onto = there exists u € U such that Tu)=v=
(S0T)(u) = S(T(u)) = S(v) = w which shows S o T is onto.

Following the pip; we wi
g » We will use the Rank Th
The Rank Th . Tk €orem to show ker(T) = i 2
o corem implieg rank(7) 4 nullity(7) = rank(T2) 4 )H' er(2T )
20K(T) = rank(T?), we haye nullity(7%) = nuijity, 7 WY (T?) = dim v,

So we wil] ;
o belins::ovx( ;f)er(T) < ker(7?) ang conclude that ker(T) = ke (7?)
er ] theﬂ TZ(V) o T(T(v)) = Ker .
=7(0) = 0 whi : .
S0 ker(T) = ker (T?) as we were to show., & which implieg ker(T) C ker (12).

Now | inr
W let v be in range(T') N ker(T). We want to show v ~ g

Then v = T(w) and T
But ker(T) = oy (T%), 5o v is t(llsf)v:',r)l)ker(()]’v;hmh Implies w g5 jp ker(7?).

That is, v =
hat is, v = T(w) =0 as We were to show.
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38. Let U and V be subspaces of a finite-dimensional vector space V with T(u,w) =u—w.

(a) We need to show that T is a linear transformation.

T(ul + uz, wy + Wg) = (ul + UQ) - (W1 + W2) = (U.l - Wl) + (UQ - Wz)
= T(uy, wy) + T'(ug, wy).
T(cu,ew) = cu — cw = ¢(u — w) = cT(u,w).

(b) We need to show that range(T) = U + I

Recall from Exercise 48 of Section 6.1 that U + W = {fu+w:uisinUwisin 17}
Then simply note T'(u, -W)=u-(-w)=u+w.

Q: Why is this sufficient?
A: Hint: Think about the fact that —(—w) = w when substituting into 7" as well.

(c) We need to show that ker(T)~UNW.

By Theorem 6.25, since ker(T') and U N'W are finite,

we need only show dim(ker(T')) = nullity(T') = dim(U N w).

Let v = (u,w) be in ker(T), then u — w = 0 = u=w =X, where x isin U N W.
So, we have v = (x,x) where x is in U N W.

Therefore, if {x} is a basis for I/ \-W then {(xk,%k)} is a basis for ker(T).

So, dim(ker(T)) = nullity(T') = dim(U N W) which implies ker(T) U N W.

(d) We need to prove Grassmann’s Identity: dim(U + W) = dim U + dim W — dim(U NW).

From Exercise 43 in Section 6.2, we have dim(U x W) = dim U + dim W.
From the Rank Theorem we have: rank(7’) + nullity(T) = dim(U xW) = dim U +dim W.

From parts (a) and (b), we have:
rank(T’) = dim range(T) = dim(U + W) and nullity(T) = dim ker(T) = dim(U nw).
Substituting yields: dim(U + W) +dim(U N W) = dim U + dim W which implies

Grassmann’s Identity: dim(U + W) =dimU +dim W —dim(Un W) as we were to show.



