e o
L OO

1. Directly, T'(4 + 2z) = 2 — 4z.

Tl =10-2le = | 0@ = -0z = [ ] = tecs = 03]

S0, [Tles [44 22l = [ b (I)J m = [_:} = [2 - dz]c = [T(4 + 2)].

4. Directly as in Exercise 3, but since a + bz + cz? = (a+2b+4c) + (b + 4¢)(z — 2) + ¢z - 2%,

a+2b+4c
we have [a + bz + cz®|p = b+4c
c

! 4
(e = e = [g] e H

OO
o~

-
= 00 o

16
[T( (l’ + 2)2 )]c = [(I + 4)2]c = [16 + 8z + 9:2](: = |: 8 } = [T]C—B = [
i

].So:
14 16 a+2b+ 4c a+2b+4c

[Tle—sd+2z]p= |01 8 b+4c = b+ 4c
0:0=1 c c c

=[(a+2b+4c)+ (b+4c)z + cx?lc = [a+b(z +2) +c(z + 2)%e
= [T(a+ bz +cz?)c.

-3

o[ 7)1 s s 7] a3 5 3] 7], - [ 2]
o L [1] <[4} FE0- 3] -[4]-

4
[T C—B = _3 2 o
1

s [,= {3 2] 81 [3] - [1] - E L

D



a b ra b T_ a c
9. Directly T . =_cd “lbdl
r 1 7T ’—g
[T(Ewn)le = [Eule = 8 » Likewise, [T(Ewa)lc = [Bale = | | |,
0 _0
s i 0
(‘1’ : - 0055
[T(EZI)]C Al [ElZ]C = o0l [T(Ezg)]c = 0 = [T]C'—B = 0100
0) 1 10001
1000 a a
oo0to||b]|_|ec =H“ CH = [T(4)e.
S0, Mewsldls= g1 90| |c|=]|b bdle
0001 |d d
d
10. Directly as in Exercise 9, but (Als = ; since B = {E2, B,y E\2,E\1} in that order.
a
0
[T(Ex))c = [Ea)e = ? also because the order of the E;j in C matter.
0
1 0 0
: . 0 :
Likewise, [T(Eq)e = [El2)e == 0 | [T(Er))e = [Bai)e = é  [T(En)e = 8 =
0 0 1
0-1.0:0
0010
Elop =t o o5
0001
1000 d c
=P 0N0EL 0 LA O B o A
So, [T)c.—n [A]s = 0100 =1 l= [[b dJ]c = [T(A)]c.
0001 a a

Again,

Q Q o
I
—
—

Z ;”c because of the order of EjincC.




17. (a) Let p(z) = ¢ + dz, then T(p(z)) = T(c + dz) =

oyt ) E

C
(SOT)o) = ST(p(a) = STerdo) =S | , £

0
1

©,
|=[cz4]-

)
) ‘
|-l =

(SoT)(1)]pes = ["11"_20(0)] = [‘” e o
(SoT)(@)pws = [—00—_21(1)} z [j} =>[SoT]D._B=[ : _IOJ,
® le-s = [ 21| = [1] snd trenie—s = [ X 27| = 1] =
ik — _
e 12021
0 g

[S]Dec = [; :f]

1 -2
Therefore, [S] pen = [S]DC [Teen = [

2 -1

(' o V L\W"Q-'
19. In Exercise 1, since both bases were already standard,

[Tlgte = [ _;) (I)J invertible = T invertible and

e ] 3]
: (opderd,

40. By‘Exercise 39, A=

1=

i :f} asin (a).

we have:

=l lf5)- 10

[T]C'—B < A[b,JB = Ae,-

= a; = [T'(b;))e.

Also, nullity(4) = dim(null(4) = {v: Av=

Will show {b,, .. .

Furthermore, a; = Alb;]g
So we need only show null(4

+bm} C Bis a basis for null(4) & {T(by),..
[T(by)]c linearly independent « T'(b
) = span(b,, ...
Section 6.2 Theorem 6.7=0= Albilg = [

null(4) = span(b,, . ..

optiod)

44. We will show [x]
Tler g =

ybm) & ker(T)

B)= Fere([Tlewp(x)s) = Fere
BFsp as was to be shown.

0}) and nullity(7) = dim ker(T) =

»T(bm)} is a basis for ker(T).
i) linearly independent.
1bm) & ker(T) = span(T'(b,),... » T(bp)).
T(bi)jc  T(b) =0 =

=span(T(b,),..., T(by,)) = nullity(T") = nullity(A4).

¢ =FeclT)eepPg. g [x]5 which wil] imply
PC’n—C[T]C~—BPB'-B’ since this

Ferc[Tlep(Ps g [x]
[Tle/-p = Ferc[Tle..

matrix with this Property is unique.

Xe = [xe: =

{T(v): T(v) =0}).
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1 4 8 € compu 4 Y Xpandlno alono th ﬁrS w an the t
2 AS I.Il a. p € 4.0, ¥ J

01 -1

row: 23 -2
-13 0

01 -1

column: | 2 3 =2
-13 0

7. As in Example 4.10, we cho

Since Az = |

52 2
row3d: | -1 1 92
300

Q: What should we look for when choosing a row
A: A row or column with the maximum number o
The maximum number of zeroes minimizes the

8. As in Example 4.10, we ch
SinceAQ:[Q 0 IJ

11 —1
row2: ({2 0 1
3 -2 1

Q: Why is the coefficient of det As; equal to —
A: Because the cofactor Cay

2 -2 23 2 1(-2) —1(9) = -7
:_1\_1 0\—1‘_13 (
1 -1 Lo oy -1y =7

08¢ a row or column that minimizes

the number of calculations.
] contains two zeroes, det A = 43,04, = azi(—=1)** 1 det 43, = 3det Az
2 2
=3/ 2,—3(2)~6

or column to expand along?
f zeroes. Why?

number of cofactors we have to compute.

00se a row or column that minimiz
contains one zero, det 4 =

-1

es the number of calculations,
—2det A21 — ldet A23.

1 -1
-2 1

1

=9 ; _;Iz—z(_1)~1(—5)=7

2 instead of 27
(—1)2+1 detAgl = —det AQI.

Q: Why is the coeflicient of det A,y equal to ~1 instead of 1?

As in Example 4.10, we choose a row or column

that minimizes the number of calculations

cos @
Since a; = 0 contains two zeroes, det A = cos§ det Ay
0
cosf sinf tanéd 050 —sind
coll: | 0 cosd —sinf|=cosg|™ = cos §(cos® 6 + sin?§) = cos g
. sinfé cosd
0 sin@ cosg

17. Following the method of Example 4.9, we have:
0 -2 2

Adding the three products at the bottom a‘nd
subtracting the three products at the top gives
det A=0+3+4-0—-(-2)-2=T7.
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21. We use induction to prove Theorem 4.2: if A is triangular then det A = ajja22 - - - @nn.
See Appendix B for discussion and examples of Mathemaiical Induction.
Since Theorem 4.10 asserts det A = det AT, we can assume A is upper triangular.

1: If Ais 1 x 1, then A = [a;1] so det A = det{[a;1]) = a11-
This is obvious, so there is nothing to show.

n: If Aisn x n and upper triangular, then det A = aj1a22- - Gnn-
This is the induction hypothesis.

n+1: If Ais (n+ 1) X (n+ 1) and upper triangular, then det A = a11a22 - - - GnnGnyint1-
This is the statement we must prove using the induction hypothesis.

A is upper by
triangular induction
det A = Ap41n+1 det Anting1 = an+1n+1(a11a22 - 'ann) = a11022 " Gn41R
Ed

We have proven (by induction) that if A is n x n and triangular, then det A = aj1a22 - - app_

Q: Why does the fact that det A = det AT allow us to assume A is upper triangular?
A: Because if A is lower triangular, then AT is upper triangular.

So, det A = det AT = aj1a90 - - - ann because [A); = [AT]y.

That is, the diagonal entries of A and AT are equal.
: Why does A being upper triangular imply det A = apyint+1 det Antingr?

: Because if A is upper triangular, then row n+1= A, 1=[0 0 -+ Gnying1 |-
So when we expand along this row we have: det A = anti1n+1det Appingr-

= o

: Why is the coefficient of det An414+1 €qual t0 ant1pt: instead of —apyint1?
The cofactor Cpiine1 = (—1)?"F2det Apy1ns1 = det Aptint1 because 2n + 2 is even.

: Why do we get to apply the induction hypothesis to the matrix A, 1ip+17

: Since Api1n41 is created by removing the n + 1 row and the n + 1 column of A4,
Apiint1 is n x n and upper triangular. Why is this obvious?
Since Ais (n+ 1) x (n +1), Antin+1 (created by removing a row and column) is nn x 1
Since A is upper triangular, [A];; =0 = [Antin+1i; for ¢ > 7 when i,j <n.
That is, A,4+1n+1 is upper triangular.

All these details support the proof given above. We should carefully investigate them all.

In general, we should be critical of our reasoning and actively seek out oversights.

PO PO

22. As in Example 4.13, we use Theorem 4.3 to track adjustments to det A required A — U.

103 10 3 10 3
detA=151 1|FBR|g 1 —14|F=f2|01 —14|=1-1-16=16=detU
012 01 2 00 16

Q: Even though row operations were used in A — U, we still have det A = detU. Why?
A: Both row operations were of the form R; + kRj. So what does Theorem 4.3 say?
Part f. asserts a row operation like R; +k&Rj does not change the value of the determinarnf

«



26. Since Ag = [2 2 2] =2[1 1 1] =2A,, we have det A =0.

Q: Does Theorem 4.3 imply if A; = kA then det A =07

A: Yes. How? Part f. asserts if A Riz ks B, then det A = det B.

But B; (row i of matrix B) is zero, so part c. says det B = det A = 0.

. Does the same hold true for columns? That is, does a; = ka; imply det A = 07
. Yes. Since det A = det AT this conclusion holds for both rows and columns.
. How might we word this conclusion as part g. (so to speak) of Theorem 4.37
These two statements are specific cases of what Theorem from this section?
Theorem 4.6 which asserts A is invertible if and only if det A # 0.
So what does Theorem 4.6 imply if A is not invertible?
. Theorem 4.6 implies A is not invertible if and only if det A=0.

How is this a generalization of the statements we have just proven?

We have shown if one row of A is a multiple of another row, then det A=0.

But we know that if one row of A is a multiple of another row, then A is not invertible.
Theorem 4.6 implies if there is any dependence relation among the rows then det A =0 »
Why? Because the existence of any such dependence relation implies A is not invertible

PO PO PO O PO

- Does Theorem 4.6 imply det A = 0 if there is a dependence relation among the columns?
Yes. Since det A = det AT this conclusion holds for both rows and columns. )

O

(3)(—2)(4) = —24

we have det A = 211022033 = | .
ploy in reaching this conclusion’

97. Since A is triangular.
Section did we have em

Q: Which Theorem from this
A: Theorem 4.2.
Q: How does the proof of thi
A- By expanding along row 3. So:
3 160
row 3: |0 —2 5 =4
0 04
Note: We should apply our proc.>fs to
Also: Aszis2 %2 and upper triangu ) o
i i tA=—24#1=aeti:
Q: Since A — I (obviously), why is de T by o

: have to multiply row 1by 3 ‘ |
A ?l;;)lI {‘;?ha: does that tell us? We have to do the same thing to det A
TOW e

- -1 (— = 1.
Therefore det I = (5) (—1) () det A= 2 (—24)

. . . o
g Theorem in Exercise 21 suggest solving this problem directly?

3 1

- —4(3)(-2) = —24

es to see if they ‘make sense and work.

i campl .
e honld ng to proof in Exercise 21.

lar as it should be accordi



35. Let A be the matrix given at the beginning of Exercises 35 — 40 with det 4 = 4.
Let B be the matrix given in this Exercise which is derived from A. So:

Since A 4 B det B = 9ot 4 — 2(4) = 8.
Q: What Theorem from this section Supports our conclusion above that det B = 2det 42
A: Theorem 4.3 part d. which asserts if 4 5% B, then det B = k det A.

ABBIRC 2 D 2det C'= 2(—det B) = 2(~(3det A)) = —p dop 4 — —24.
Q: How might we generalize this result?
A A B O o do b bed(det A).

Q: Does this result hold for rows? If 4 2% p & c ¥ D, does det D = bed(det A)?
A: Yes. Since det 4 — det AT this result holds for both rows and columns,

40. Let A be the matrix given at the beginning of Exercises 35 — 40 With det A = 4.
Let C be the matrix given in this Exercise which is derived from A in 2 steps.

Since 4 2 p A= o Lo e det O — det B = 2(det A) = 2(4) = 8.

Q: How might we generalize this result?.
A If 4 25 B leRk C, det C = bdet A. This is precisely Theorem 4.3, parts d. and f

;. o Cj~cC
Q: Does this result hold for columns? If 4 2% p ©i=<Ck C, does det C = bdet A?

A: Yes. Since det 4 — det AT this result holds for both rows and columns.

Tow: If 4 hag 5 Z€r0 row, thep det 4 = . That is if A,

By Theorem 4.1, det 4 = Xn: %;Csj, where A — [
Jj=1 '

7

=0, then det 4 =g
%1 Gig --o g, ].

IfAi:O:[O 0 -.. O],thenaiijforaHj. So, detA:iO(Cij):o_
J=1

col: If 4 hag 5 2ero column, thep det 4 = . That is, ifa; = @ then det 4 — 0

alj
By Theorem 4.1, det 4 = Zn: 3;Cy;, where 8 = Qg4
i=]
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42. We will first prove Thenrem 4.3(f) for rows and then for columns.

row: If A FutkRs C, then det C = det A.

We will prove this using part e. of Theorem 4.3. That is, we will define B
such that A, B, and C are identical except that C; = A; + B;.

Under these conditions on A, B, and C part e. asserts det C = det A + det B.
We will then show det B = 0, so we can conclude det C' = det A.

[’ A ] Ay ]
A.Q A2
: RitkRy . . : o
Since A — " C implies C = A kA, | we let B = kA,
An J L An ]

Then A, =B, = C, whenr # i_and rowiof Cis C; = A;+kA; = A; + B, as required.
So part e. of Theorem 4.3. asserts det C' = det A + det B.

Next we will show that det B = 0. (Note: row i of B, B; = kA;).
We will prove this using parts c¢. and d. of Theorem 4.3. That is, we will define D
such that D has two identical rows so part c. will imply det D = 0 and

such that D 2% B so part d. will imply det B = kdet D = k(0) = 0.

[' A, F Ay
Ag A2
Since B = kA, | we let D = A, so D; = D; = A; and B; = kD, as required.
| A L An |

So parts c. and d. assert det B =P g det D D= k(0) = 0.

Therefore, we conclude det ¢ 275 det A + det B **L7 det 4 as required.
col: T A “F57 ¢ then det C = det A.

SinceAcﬂ»CjCimplies C = [albaz ceeag+kay - an],

welet B=[a; a; --- ka; - an |.

Then a, =b, = ¢, when r # i and column i of Cis ¢; = a; + ka; = a; + b; as required.
So part e. of Theorem 4.3. asserts det C = det A + det B.

Next we will show that det B = 0. (Note: column i of B, a; = ka;).
Since B=[a; a3 --- ka; -+ a, |, welet D= [a; a3 -+ a; -+ a, .
So d; =d; =a; and b; = kd; as required.

So parts c. and d. assert det B °=F% k det D di;dj_k(O) =0.
det B=0

Therefore, we conclude det ¢ 2% det A + det B det A as required.



44. 'lo prove Theorem 4.7, we need to show if B = kA, then det B = k™ det A.
We will begin by proving the following slightly more general result by induction:
If the first m rows of A have been multiplied by & to create B then det B =kMdet A.

1: If the first row of A has been multiplied by % to create B, then det B = kdet A.
But if A 2% B, Theorem 4.3(d) implies det B = k det A.

[ kA, Ri—kR;
A, Thm 4.3(d)
That is, if B = . , then det(B) = kdet A
- An
r: If the first 7 rows of A have been multiplied by k to create B, then det B = k" det A.
[ kAL ]

kAg

That is,if B=| kA, |,thendet B=k"det 4
A-r'+1

A, |
This is the induction hypothesis so there is nothing to show.

r + 1: If the first 7+1 rows of A have been multiplied by & to create B, then det B = k"+1 det A.
This is the key step we must show using the induction hypothesis.

( kA1 T [ kA,
kA, kA,
That is, if B = kA, , we must show det B = k™t1 det A. So let C = kA
kAr+1 Ar+1
Arpo Ao
[ A [ An |
Rry1—kRryy by
Thm 4.3(f) induction
Then det B = kdetC = k(k"detA) =k +ldet A
So if the first m rows of A have been multiplied by k to create B, then det B = k™ det A.
kA,
kA,
Therefore, if B = kA = . , then det A = k™ det A as we were to show.

kA,




47. We use Theorem 4.8, det(AB) = (det A)(det B), and the given values to compute det(A@

det(AB) T™M2%® (det A)(det B) ¥ (3)(=2) = —6

Q: How might we state the conclusion det(AB) = (det A)(det B) in words?
A: The determinant of the product equals the product of the determinant.

48. We use Theorem 4.8 and det A = 3 to compute det(B~*A).
det(A?) = det(A - A) T"E*® (det A)(det A) = (det 4)% ==L (3)2 = g

Q: How might we state the conclusion det(A2) = (det A)? in words?
A: The determinant of the square equals the square of the determinant.

49. We use Theorems 4.8, 4.9 and det A = 3, det B = —2 to compute det(B~1A).
_ Thm 4.8 - Thm 4.9 ivens
det(B~14) TR (det(B1))(det ) B (1) (det A) L™ (~1)(3) = — 3

51. We use Theorem 4.7 with k = 3, Theorem 4.10, and the givens to compute det(3B7).

k=3
Thm 4.7 .
det(3BT) = 37 det(BT) "L gn gy p FE gn(_g) = _g. gn

54. We use Exercise 53, associativity, and MM~! = [ to prove det(B~'AB) = det A.
det(B~'AB) “=° det(B~1(4B)) P det((AB)B1) *£° det(A(BB-1)) '~ det 4
Q: What is the key insight to take away from this exercise?
A: That it is important to Justify each step and pay attention to the details.
Q: Could we have proven this equality directly as well? How?
A: Use Thms 4.8, 4.10, and (£) k =1 to prove det(B~1AB) = det A.

det(B~1AB) T™M248 (det(B—1))(det A)(det B) THA0 (525) (det A)(det B)

What detail do we need to prove to complete the proof just given?
We need to show det(ABC) = (det A)(det B)(det C).

What are the strengths and weaknesses of the two proofs given?

(/Rk=1 4ot 4

Could we construct a proof based on the elementary matrices?
See Section 3.3 where B and B! are constructed from elementary matrices.

Coy-'[-\’bML> )
56. First we use induction on Theorem 4.8 to show that det(A™) = (det A)™.
Then we use that fact to find all possible values of det A when A™ = O.

1: det(Al) = (det A)*
This is obvious, so there is nothing to show.

k: det(A¥) = (det A)* .
This is the induction hypothesis, so there is nothing to show.

k4 1: det(AFt1) = (det A)F+! .
This is the statement we must prove using the induction on Theorem 4.8.

det(AF1) = det(AA*) MR8 et A det(AF) "ML det A(det A)F = (det )5+

2O O >0

Therefore, det(A™) = (det A)™ as we were to show.

Since (det A)™ = det(A™) gen qeg 0 T 0, the only possible value for det A is zero.



57. We solve the System using

Theorem 4.11 (Cramer’s Rule). So we have:
1 1
det 4 = / 1 -1 I

.

1 1 1 i
S} det(Al(b)):/2 i l=-3 det(AQ(b))zll 5/:1.
, _det(4i(b) -3 g _det(dyb) 1
ByCramersRule,x—W—s—Qandy-m_?_—

BN =

2
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