~*T\_\\\\~\\x~ —
e must show adj 4 js invertible, (adj 4)~! = a4, and adj (A71) = T A-

adj A: We will first show if 4 is invertible, then B — kA (k #0) is invertible.
We will then use this fact to prove that adj 4 = (det A)4-1 jg invertible.
Since 4 is invertible implies det 4 #0,if B = kA, then det B — k™det A # 0.
So, Theorem 4.6 implies that B js invertible,
Now by Theorem 412, A1 = wzadj A, so adj A = (det 4)4-1.
Since A4-1 ig invertible, det 4 #0. Therefore, adj A = (det A)A~1 s invertible,
Q: How might we convey the above argument (loosely) in words?

(adj 4)-1: As in Section 3.3, we prove X is the inverse of adj A by showing (adj A)X = 7.
We will show (adj A)(Ftz4) = I which wil] imply (adj 4)-1 = T A
(adj A)(mfl) = ((detA)A“)(mA) = (detAm)(A‘lA) =A"14=7

adj (A~!):  Note that Theorem 4.12 asserts 4-1 — ztzadj 4, so adj A = (det 4)4-!.
So(A~1)=1_ 4 miﬁ—)adj (A™1), so adj (47 Y = (det(A~1)) 4.
Now recall that det(4-1) = Tt SO adj (A7) = (det(4~1))4 = 374 as claimed.




70. )We show that block form can be used to compute determinants with certain restrictions.

(a) Below is an example of P, Q, R, and S all square such that
det A # (det P)(det S) ~ (det Q)(det R).

10 10 10 01
wreoi)s=foi)o-[1 o) n=[31]

1010

_(PQj_|0110
Therefore,A-—[R SJ_ 0110
0101

So, det A = =0 1= (1)(1) - (0)(0) = (det P)(det ) ~ (det Q)(det R).

(b) Given the proof of Exercise 69, it is clear the result holds for lower block form as well.

£ g} then det A = (det P)(det S).

That is, if A, P, and S are square and 4 = [ )

i
So, since B = [ —II;P‘I (I) J, Exercise 69 implies det B = (det P~1)(det ) = det P~!.
Since P is invertible det B = det P=! £ 0. So, B is invertible and A — B~I1BA.
Furthermore, det B~1 Tha 49 =oF = m g 745cp = det P.
-1
Also since B = [ —}R?P‘l CI) ] and A = { }}; g], we have the following:

Bl B GITE @1 I PTlQ 1_[1 PIQ
| -RP! | R S| | -RP'P+R -RP1Q+S| 7|0 S — RP7LQ
So Exercise 69 implies det(BA) = (det I)(det(S — RP™1Q)) = det(S — RP™LQ).

Now, det A = det(B~'(BA)) """ (det(B~1))(det(BA)) = (det P)(det(S — RP-'Q)).

(c) We use Theorem 4.8 to prove det 4 = det(PS — RQ) provided PR = RP. So:
det A = (det P)(det(S — RP1Q)) ™™2*® det(P(5 — RP-1Q))
= det(PS—(PR)P1Q) ""="F det(PS — (RP)P~1Q) *2° det(PS — R(PP1)Q)

P imertible 4ot (PS — RQ) as we were to show.

|



7. Asin Example 4.2, we show null(A — 37) # 0 then compute null(4 — 37) to find x.

Since Ax = 3x implies (4 - 37 )X =0, we have:
2 2 30 ~I 2
A"Bl‘[z -1}‘[0 3}‘[ 2 —4J
Since the columns of A~ 37 are clearly linearly dependent (because a, = —2a;),

the Fundamental Theorem of Invertible Matrices implies that null(4 — 37 ) #0.
That is Ax = 3x has a nontrivial solution. so 3 is an eigenvalue of 4.

Since Ax = 3x implies (A - 3/)x = 0, we now compute null(A - 37).
=1- 210 1 =219
e F R H B ERTH
So, if x = [ 51 J Is an eigenvector corresponding to the eigenvalue 3, then ) = 2z5.
2

These eigenvectors are of the form x = [ 2: } That is nonzero multiples of x = [ 12 J

Q: What does this tell us about null(4 — 37 )? What about E3?
A: The above shows null(4 - 37) = span ( [ f ]) = FEj, the eigenspace of 3.




23. As in Example 4.5, we find all solutions A of the equation det(4 — AI) = 0.

41— -1
2 1-

det(A—)\I):det{ /\}:/\2~5/\+6

Since A2 — 5\ + 6 = (A — 2)(\ — 3) = 0, the solutions are A = 2 and \ = 3.

4-2 -1 2 —1 2 -1
/\_2.A—2I_{ ) I—QJ_[2 ~1J_)[O OJ
So, if x = 11 s an eigenvector corresponding to the eigenvalue 2, then 1o = 2z,.
Iy
21‘1

These eigenvectors are of the form x = [ J That is nonzero multiples of { ,1) J

e ()]

4-3 -1 1 -1
AZ&A”‘H_[ 2 1—3}"”[0 OJ

. I . . . . .
So, if x = Lo | 1520 eigenvector corresponding to the eigenvalue 3, then =5 = z,.
9

These eigenvectors are of the form x = [zl } That is nonzero multiples of { i }
T

So, E3 = null(A — 37) = span q | D

3y




25. As in Example 4.5, we find all solutions A of the equation det(4 — AJ) = 0.

2—X 5
0 2-

Since (2 — A)? = (A — 2)(A — 2) = 0, the solution is A = 2.

-
9

det(A — AI) = det [ ={2-X)°

2—-2 5 05 01
N A B
1 is an eigenvector corresponding to 2, then z; = ¢, 5 = 0.

So, if x =

These eigenvectors are of the form x = { 0

1
So, Ey = null(A — 27) = span <[ 0 J)

27. As in Example 4.7, we find all solutions A of the equation det(A — AI} = 0.

1-Xx 1
-1 1-A

Since A2 — 2\ + 2 = 0, the solutions are A = 1 +14,1 —14.

det(A~/\I):det[ J:/\Q—Q/\—I—Z

N Ny 1 1=(1+49) 1 -t 1 14
1+4 A (1+Z)I—,: 21 1—(1+i)J_[—1 —iJ—_)[OOJ
So,if x = [zl J is an eigenvector corresponding to 1 + 4, then z; = —iLy = —it.
2
These eigenvectors are of the form x = [ _zi J . That is nonzero multiples of [ _12

So, Eyys = null(A — (1 +4)I) = span <[

)

=[] = 03]

So, if x = [:cl J 1s an eigenvector corresponding to 1 — 7, then z; = iy = it.
2

1 —
0 0

11
-1 1

1—(1~9)
-1

1

':A—(l—i)IZ[ 1= (1—1)

it J That is nonzero multiples of [ 12 }

These eigenvectors are of the form x = ¢

So, By_; = null(A — (1 — i)I) = span ([ ; D

J. That is nonzero multiples of {é J

&



1-) 1 0
3. (a) det(A—)\[):/ 0 —2-x 1 /:(14)(—2—»(3—».
0 0 3-4

(b) (1—/\)(—2—/\)(3—/\):0®/\1:—2, Ay

=1,0r A3 = 3.
310 11 1
(¢) A+27 = 001 - 001 180 E_5 = span -3 :
005 000 0
0 1090 010 1
A-T=10 -3 1 — 001 » 80 E) = span 0 :
0 02 000 0
1
-2 190 L0 -5 1
A-3I = 0 -51| — 01 —é » 80 B3 = span 2 .
0 00 00 o 10

(d) Each eigenvalue has algebraic and geometric multiplicity 1.



4.

(a) det (A~ A)

(B) (A=1) (A —2)(A
201
(c) A+I=1021
111

00

A“‘J.T: 00

| L1

-1

A-2] = 0

1

D)

(1-X)=A(1-A)?

=A-1X-2)(A+1).

(-
\

1—-X 0 1
= 0 1-X 1 |==-(1-=-X)-
1 1 =X
=2 =1 =A(A—-1)
+1):O<=>/\1— 1/\9—1/\3—2
10 3
}—> Ol% , 80 E_; = span
000
1 1160
D R I
A AV A 8 1 AL
lJ [OOOJ
0 1 10
-1 1| — 4101
1 -2 00

)
o))
|

—1] 1
—1 |, s0 Ey = span 17 1.
0 ] 1

(d) Each eigenvalue has algebraic and geometric multiplicity 1.

(a) det(4—Al)

1-x 2 0
=| -1
0 1 1-2A
=A-1+(1-A+A%7 =A%) = )2

(b) /\2(1—)\)2042‘7/\1:/\2:0,/\3:1‘

] 0
0 20 10 -1
A-I=|-1-21}{-— |01 0{,soFE; =span
0 10 600 O

10 -2
— |01 1],s0 FEy=span

“1-Xx 1 | =—(1=N+1=-N[1=A)(-1-A) -

A3 =22(1 - ).

!

———— R =
e T e N S |

_ NS

) |

(d) 0 has algebraic multiplicity 2 and geometric multiplicity 1,
while 1 has algebraic and geometric multiplicity 1.

(-2)]



14. Using inducti
1on and the proof;
For any integer n if Ax — AX, ihoefn-/l;if)((a) a;’? (o) e will
. the = A"x,

SlllCe a gives us 1he IeSU“ f()] [)()blll € 1nt eger we I()Ceed
( ) S Vv
2ECIS, p b

As suggest e wi
¥ 4 j:i\b’:?} ‘I\:e \\-31 also use the fourth Remark followi
. ‘Uble and n is g positive j ‘ e
Ve integer, then 4-n — (A1
s = )n — (An)—l.

prove Theorem 4.18(c):
Theorem 3.9 in Section 3.3

| 7 inducti
1 If Ax = AX, then 4~ 1x = ATk } e
Six =L this is the .
. nce A1 = 1 this is the Statement of Theorem 4.18(b
2 If Ax = AX, then 4—Fx — A~y o
This is the induction hypothesis..

So there is nothing to show.

k+1: If Ax = Ax, then 4~(k+1)y _ A= (k1)

This i € W v g
18 1S the stat ment we must prove usin tl
=3

by by

A*U"‘H)X Rer;ark 4*1(4~k ) induuc . by
‘ ) x = 4~ -k g _ n=1

(A7%x) = A k(A x) = /\—k()\-lx) = A~(k+1)y

1e induction hypothesis.

Q: Why does ¢} mark i
S the Remark imply that 4-(k+1) =A~14-ko

A:

(‘Q:
A

: They behave brecisely as we would hope. That
. Tha

The remark implies both 4~ — (4F) =1 and 4-G+1) k

‘ ’ K a b, = (At~

So xxe. need only show 4-14-+ _ (A1) =1 That i AE;1 —k) )

That is obvious since: (A‘IA"C)(A/CH) - 4—1(4;k14£) 3 )(Akﬂ) =1
T AT A=4-14 )

\/Vhat dOeS wuL
the Reﬂla? a“d our w l\ a}) (<} gees b() Integer e ()He]ns O H
A/ O oV S”‘DO a u X
(] p A

is, like the exponents of real variableg
[, L '
5 3 At
20. Given A" = O, we need fo show if Ax = Ax then A =0. That is:
1) 0 is an eigenvalue of A and 2) if A is an eigenvalue of A, then A = 0.
To prove assertion 1 we make the following observation:

Q: What is the contrapositive of Theorem 4.167
A: A is not invertible if and only if 0 is an eigenvalue of A.

Q: What does the contrapositive of Theorem 4.16 imply?
A: det A = 0 if and only if 0 s an eigenvalue of A. Why? Because the contrapositive of

Theorem 4.6 in Section 4.2 implies det A = 0 if and only if A is not invertible.

So, to prove 0 is an eigenvalue of A it suffices to show det A = 0.
That is, if A™ = O, then det A = 0. So, 0 is an eigenvalue of A.
Thm 4.8 A™=0
Sect 4.2 given
Since (det A)* = det(A") = detO =0, detA=0. So, 0 is an eigenvalue of A.
Next we show if A is an eigenvalue of A, then A =0.

If Ax = )x, then Theorem 4.18(c) implies A"x = A"x = Ox = 0.
Since x is an eigenvector, X # 0. So A"x = 0 implies A"™ = 0. Therefore, A = 0 as claimed

o bt )

22. Av =')\V :‘Av —cv=Av-clve (A-c)v= (A=c)v.
So v is an eigenvector of A — cJ with corresponding eigenvalue A\ — c.
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