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j—F the elementary blocks in the Jordan form of A have the form B =diag [A. ..., AJor B =
diag [D, .... D] where D is a 2 x 2 matrix of the form in the theorem stated in this section,
then each coordinate in the solution x(t) of the initial value problem (4) will be a linear
combination of functions of the form eM, e cosbt or e sinbt. Furthermore, if all of the
eigenvalues of A have non-positive real part, i.c., if A <0 and a < 0 in the above forms,
then each of the coordinates of x(t) are bounded by constants (depending on x,€ R») for

all t 2 0 and therefore for each xy& R", there exists a positive constant M such that Ix(t)! <

M forallt 2 0.
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By definition, ||T]| = mzsvl(]T(x)[. Thus, ||T)| > max [T(x). But max [T(x)| = sup H]‘g"-)—l

since if [x| = a and we sel y = x/a for X #0. then |y] = |x}/a = 1 and since T is linear,

sup ]TTS:,")J = sup "Lgx)l = sup ,T(—'}), = max [T(Y)|. Thus. ||T]| Sdi;‘i& E’-%)-‘ < sup TS"—)J =

max [T(x)]. It follows that [|T]| = max [T(x)| = sup [TC)l/|x].
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Let D(1) be a fundamental matrix solution of (2) and let x(1) = d(t)e(t). Then e(0) =
O-1(0)xy and X(1) = d(t)e(t) + @) = AD(De(t) + D()At) while Ax() + b)) =
AD(B)c(t) + b(1). It then follows from (1) that (1)¢(t) = b(t). i.e., that c(t) = ¢(0) +
P,
j0<1> {D)b(r)dt = d-1(0)x, + f(:tb"(t)b(r)d'c. Thus x(t) = D(t)e(t) = GE)G-1(0)x, +
(1) J‘(;(D-’(T)b("t)d’t which is equation (3).
I

| (02 )
A=1 A =-1,v;= (L. 0)T. v, = (1, -2)T and a fundamental matrix d(t) with PO)=1is
1 1 e 0 1 1/2 t I
given by d(t) = eMt = o (e =5 )/2 .
0 -2 0 e'| [0 ~1/2 0 e

Note that ®-1(t) = ®(~t) and then
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e21

: 3

5 (2cost +sint)-cost + 2
&) | xg +

__e—2t

(2cost ~sint) + cost —%

PMxe+ = . , b 2 -2t 2 : :
5| sin“t + 2sint cost +5cos“t —3¢cost +¢ (—2005 t—4smtcost+35mt)

e S
_

2c0s°t —4sint cost + 3sint +e 2 (=5cos?t + 2sint cost —sin?t + 3cost
1




X, « ¥, 4,
g, iy
DA - ((M«, (Fe) 42
;+sz K X,
= ¥, | *Z ¥

0

£






r~|>
o2



(b) By Separating variables and integrating we find that x(t) =

(c)

6 t7/63.
@ uy@W=1+tLu®O=1+t+2+83. u;()=1+t+2+3+293 +t5/3 +6/9 +
. e . ; > 1, assuming
Mathematical induction: uy(t) =1+t uy,() = L + t + 2+ 0(3) and forn > 1, g
2 vee 480
O=1+t+t24 - +17+00™) we find thatu,, (V=1 + j(‘, [1+s+s2+
u(t) =

= 24 oo 0L 4
O ))2ds =1+ [; [1+25+3s2+ - + (n+)sn+ O(s™)]ds = 1 +t+ 2 +

0(tn+2). QED.

1/(c - ) and the initial condition

implies that ¢ = | For x(t) = (1 - 071, we have tha ) =(1 - 072 = x2(t) for t # 0: and

since x(0) = 1. te (=e2. 1). and this function is a solution of the [VP in part (a) according

to Definition 1. The Taylor series for x(t) = 1/(1 - D=1+t4 gy *, Which agrees

with the first (n + I)-terms in u,(t) found in part (a).

X(t) = (3t)-23 = 1/x2(1) for.au t#0: hence the function x(1) = (313 is a solution of the

given differentia] €quation on the interval (=22, 0) or on the interval (0, oo), Clearly this

function satisfies x(173)=1.113 €(0, =) and hence X(1)= B3 isa solution of the given

IVP on the interval (0. o) according to Definition 1.

uy(t) = Xy, 1y (1) = x, + Axg. o) =(T+ A+ o 4 Ak/k!)x, and E_I-)IE m (1) = eAtx,

absolutely and uniformly on any interval [0. t,).




Homework 02
1. Find a general solution of the following ODE:
By =+ )Y +y =2

given that y1(f) = ¢ is a solution of the corresponding homogeneous equa-
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