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By the lemma in this section, fis locally Lipschitz in E, Therefore, given %€ I, there
exists a Ky > 0 and an € > 0 such that N.(x) < E and for ajl X, Y€ Ny(xp), [f(x) - f(y)| pod
Ky [x - y]. Next. Tou(t) is continuous at t = 0. Therefors for £ > O there existsa§ > 0
such thatif (| < & then [Tou(t) - Tou(0)| = [Tou(t) — x| < &, Choose a > 0 such that
a<min(d. 1/Ky). Then for I = [~a. a]. te I and u,veVs={ue C(I)] fu-xo| <e}.
Teu() - To V()| = ]_[é[f(u(s)) - f(v(s))}ds!i feif (u{s)) - i< Nds<cfu-v [ where

¢ = Kya < 1. Thus, by the contraction mapping principie. tiese exists a unique

u(ye Vo (D) such that Tou(t) = uft) forafl 1= ¢



If x(t) is a continuous function on 1 that satisfies the integral equation, then x(0) = X, and

x(t) = %J: £(x(s))ds = f(x(t)) for all te I by the fundamental theorem of caleulus since

f(x(1)) e C(I); and therefore x(t) is differentiable and it satisfies the initial value problem

(2) for all te 1. Conversely. if x(t) is a solution of the initial value problem (2) for all te 1.

then x(1) is differcatiable and hence continuous on 1 and x(ye E for all te I; therefore,
x'(8) = f(x(1)) implies that %)= f;l‘(x(s))ds +c¢ forall te I and clearly ¢ = x(0) = X
Thus. x(t) satisfies the integral equation for all te 1.

72(9)

Suppose that there is a constant K > 0 such that for all x. y € E. |f(x) - f(y)] < Ko |x -yl
Then, given € > 0, choose & = /K > 0 to get that for x, y & E with [x - y| <3,

f(x) - f(y)| < Ky [x ~ ¥ < K48 = €. Therefore, £ is uniformly continuous on E.

("( ) Follow the hint for § < 1: and for § 2 1. choose x = 1 and y = 1/3 to show that
If) - fiy)|=2>1=¢.

(/6 ) Use the result of part (a) and Problem 9 to show that f(x) = 1/x does not satisfy a Lipschitz

condition on (0, 1).
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