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We consider the definite integrals of the S-function type

I_j(lfw)aR(a:)dz, l<a<l, (1)
0

where R(x) is the rational function such that it does not have poles at the closed interval z € [0, 1] and

R(z) — const for x — oo. (2)

To evaluate (1) we extend its integrand into the complex plane z € C as follows

o= (1) & 3)

1—=2

and define a branch cut at the segment of the real line [0, 1] which connects branch point z = 0 and z = 1 of f(z).
Then we choose the branch of f(z) such that

f(x+1i0) = f(x) >0 for 0<z<l (4)

Here and below z + i0 and z — {0 means the limit ¢ — 07, € > 0 for = + ic and = — i¢, respectively.

To obtain f(z —i0), 0 < x < 1 we move from z+1i0, 0 < x < 1 to x —i0, 0 < & < 1 either around the branch point
z = 0 in the counterclockwise (positive) direction on the angle 27 thus adding 27« to the argument of f(z) from z¢
factor in (3) or around the branch point z = 1 in the clockwise (negative) direction on the angle —27 thus adding
—2m(—a) = 2w to the argument of f(z) from (1 — z)~* factor in (3). Thus in both cases

flx —i0) = ™ f(x +i0) for O<z<l. (5)

It also proves that f(z) is analytic in C\ [0, 1].
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FIG. 1. Dumbbell contour.

We integrate over a dumbbell contour shown in Fig. 1 consisting of the line segments Ly : [1 — p — 30, p — i0],
Ly : [p+10,p+i0] and the circles C, : [2[ =1, C}: [1— 2| =1 with 0 < p < 1. Here p is chosen small enough such



that now poles of R(z) are in interior or on of any of these two circles. It implies that all poles of R(z) are exterior
to to the dumbbell contour I', := L; UC, U Ly U C/’). Then the residue theorem implies that

> Res.—., f(z) + Res.—s0 f(z)] , (6)

= /f(z)dz = 27i
£, k=1

where z1, ..., z, are the residues of f(z) for z € C
The definition of I', and (5) also imply that

Ip:/f(z)dz:/f(z)dz+/f(z)dz+/f(z)dz+/f(z)dz
r, Ly ¢, Ly ¢

—i0 1—p+i0
/ f(z dz+/f )dz + / dz—i—/f
1—p—i0 p+i0
p+i0 1—p+i0
= ¢ / dz—l—/f dz + / f(z)dz+/f(z)dz (7)
1—p+i0 p+i0 c

We prove that lim [ f(z)dz = 0 as follows:
p—>00p

/f )dz=0 </|f Hdz|< /|dz|f27r ) - —0asp— 0"

ICol 1Col
because —1 < av < 1. Here M; = max |R(z)| and |C,| means that the integral is taken is the positive direction. In a

similar way we prove that hr% J f dz =0.
C/
Thus taking the limit p — OJr in (7) and using (6) we obtain that

I= Z Res,—,, f(2) + Resz_oof(z)] ) (8)

k=1
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To find Res,—c0f(2) we consider the Laurent series of f(z) at z = oo by first finding Laurent series for R(z) and
q(z) := (lfz) . For R(z) we use (2) to obtain the Laurent series

C_1 C_9o
R(z):co+7+272+...,|z|>Ro, (9)

where Ry > 0 is chosen to be large nought such that all finite poles of R(z) are located in |z| < Ry.
For ¢(z) we obtain that

q(z)z(lzz>a:(—11i>u=em”(1li)az“”[1+ +. } EESt (10)

where we used the Taylor series for w = % and we moved from z = 2+ 40, 0 < x < 1 to 2z = & > 1 by moving
around the branch point z = 1 in the negative direction on the argument — around the branch point (1 — z)~®Phe
thus accumulating an addition to the argument of ¢(z) as (—m)(—a) = 7« thus giving the factor ™.

Combining (9) and (10) we obtain the Laurent series for f(z) as

o acy + c_
f(z) = R(2)q(z) =€ {co S } |2 > R, (11)
which gives that
Res,—oo f(2) = =€ (aco + c_1). (12)

Together with (8) and (12) we thus evaluate the definite integral (1).



