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(a) Write f(2)= u(r,0)+iv(r,9). Then recal] the polar form

! & t— .
u’ VG, uo rv’_

=(7,8,) in the following way:

Al 1 i - -]
’ — L if e T e . o, 1 »
f(zo)-e (r v, rug -mm(uo+xva)~;—(u9+tvo).
0




(b) Consider now the function I — I
1

 —

1, 1 -
f(2)= 7 =~¢ " ==(cosh-ising) =056 _,;5in0
re r ;4

r ' &
With

& |

u(r,9)= J and v(r,0)=—309

r
the final expression for f ’(zo) in part (a) tells us that

~i{ sin@ cose ] cos8—isind

W)= ——— =2 ———
e e
S zl » e z\ T ki

Z

when z#0.
@ (a) i

We consider a function F(x,y), where

2+7 Z~2
x-.——z—- and y=

P

2

Formal application of the chain rule for multivariable functions yields
OF oF 8x+ IF dy

_____ aF{ LI dF 1 e gf ]
7 OxdZ dydz dx|2 &) 2i dx Jy
{b) Now define the operator

g e g
It B of Lo
a7 2\ox 9y

suggested by part (a), and formally apply it to a function f(z)=u(x Y)+iv(x,y)

8f 8f &f ]91_*_1'591
0z 2c7x 8y 20x 29y

1

3 (u’ + )+é(z¢y +iv)‘)= é—[(uj - vf)-H'(v_‘ +uy)].

If the Cauchy-Riemann equations “ =Vl =—v are satisfied, this tells us that
af/Jz =o0.




Homework 03

1. Assume the operators
6 _1/9 .9
0z 2\ 0z Zay
9 _1(0 .0
9z 2\ 0z Z@y '

Then proof the following Leibniz rules for complex-valued functions
F(z,z) and G(z,2):

and

2 rey=62 1 r 7,
0 oF oG
—(FG) =G + P :
S P)eo #.¢)
Cobtm )N F@:i(@x@@é e

() ~L’D> 3 o
7&;(; 9079






F'q
D,

i (a) f(2)=3x+y+i(3y-x) is entire since
[ ——— St et

# =3=v and u =l=~v.
x ¥ y #

) f (z)=sinxcosh y+icosxsinhy is entire since

u v

ux=cosxcod1y=v’ and u’=sinxsinhy=-—vx. |

o g iy Y o 2 S
{¢) f(2)=e sinx—ie”” cosx=¢”sinx+i(—e™ cosx) is entire since

o v

u =¢’cosx=v and u =—esnx=-—vy .
x y y z
(d) f(2)=(z"~2)e"e™ is entire since it is the product of the entire functions

g(2)=2"-2 and h(z)=e¢¢ =¢ *(cos y—isiny)=e€ " cos y+i(—e *sin y).
| SRR o AR R
u v

The function g is entire since it is a polynomial, and 4 is entire since
u =—-e'"cosy=vy and “ =—e” sny=-v .
@ (a) f(»)= g+i Y is nowhere analytic since
u =v =y=1 and u =y = x=0,
which means that the Cauchy-Riemann equations hold only at the point z=(0,1)=1i.

@) falz 1xy<ixt-9")
i TXD A= AT



- ’, k= ’ ] - ’ - ’ . . -
(¢) f()=e"¢" =&’ (cosx+isinx)=¢’ cosx+ie’ sinx is nowhere analytic since

ux=vy=>-—e’sinx=e’s‘mx=¢2e’s'mx=0==>s’nx=0

and
B ==y => e’ cosx=—e’ cosx =>2¢’ cosx =0 =>cosx=0.

More precisely, the roots of the equation sinx=0 are nz (n=0,£1,%2,.), and

cosn=(-1)"#0. Consequently, the Cauchy-Riemann equations are not satisfied
anywhere.
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It . - :
{a) It is straightforward to show that u_ +u”=0 when u(x,y)=2x(1-y).

To find a
harmonic conjugate v(x, y),

we start with u (x,y)=2-2y. Now

4= DY =22y = u(xy)=2y- yrag(x)

Then
GETN 2= ()= (1) =22 = p(x) = x2 4.
Consequently,
MEN=2y= Y+ (8 +0)=x =yl 4 2y,
(d)

It is straightf; =
ghtforward to show that U, tu =0 when u(x,

N=—2— To find a
X" +y
harmonic conjugate V(x,y), we start with U (x,y)=- 2

Pty Now

U=y =y =-

xy x
x4+ y*)? e v(x’y)zx’-i- ¥ e

Then
pe. yz e yz
U =—py = = "(X)=¢"(x)=0= ¢(x)=c.
y | x (x2+y2)2 (x2+y2)2 ¢ ¢ ¢(
Consequently,
x
» v(‘x!y) - 2 2 +C'
x+y

@uppose that v and V are harmonic conjugates of u in a domain D. This means that

u=v,u=-y and u =V, y ==y,
5 y ¥ x X y Yy x
If w=vy-V, then,

W=v-V=-y+y =0 and w =y -V =y -y =0,
x X % h y y y ) 4 x x

Hence w(x,y)=c, where cis a (real) constant (compare the proof of the theorem in Sec. 24).
That is, v(x,y)~V(x, y)=c.



@ The Cauchy-Riemann equations in polar coordinates are

rur =v0 and ue -—rvr.

Now

m ---:va =:>m”+u' =V“
and |

¥, s, DUy =1V,
Thus

2 o - .
r u"""m""‘u“-—”’& ’V’o,
and, since v, =v_, we have

r*u +m +u, =0,
" r o0

which is the polar form of Laplace's equation. To show that v satisfies the same equation,
we observe that :

1 1 1
U, =Y ZPP By DY S ey
] r r r (] " )"2 ('] r or
and
ru'=v9=>v”=mm.

Since u,=u,, then,

2 et L
v +m +v =u—m_ ue+mm—0.

If u(r,0)=lnr, then

r’u” +r+u, =r2(~-12~J+r[l]+0=0.
r r

This tells us that the function u=Inr is harmonic in the domain r>0,0<8< 2. Now it

follows from the Cauchy-Riemann equation ru =v, and the derivative u,=-l- that v, =1;
r

thus v(r,0)=6+¢(r), where ¢(r) is at present an arbitrary differentiable function of ». The
other Cauchy-Riemann equation u, =~-rv_then becomes 0=-r¢’(r). That is, ¢’(r)=0; and
we see that @§(r)=c, where ¢ is an arbitrary (real) constant. Hence v(r,0)=8+c¢ is a
harmonic conjugate of u(r,8)=Inr.




@) (a) exp(2+3ni)=e’exp(3mi)=—e’, since exp(£3mi)=—1

2+i i i
(b) exp =[€XP~)(CXPE‘—)=~/; [cos—’-t-+isin-7£)
2 4 4 4

4
=JZ[71;+1‘71;)=\/§(1+0.

gt b e k—%wvi o bive,

@ First write ——— :

exp(Z)=exp(x—iy)=e'e”” =¢" cosy—ie*sny, .
|
|

where z=x+iy. This tells us that exp(Z7) =u(x,y)+(x,y) where
u(x,y)=e*cosy and v(x,y)=—e"sny.

Suppose that the Cauchy-Riemann equations ¥ =V, and u =-v_are satisfied at some point

z=x+iy. It is easy to see that, for the functions u and v here, these equations become cos
y =0 and sin y = 0. But there is no value of y satisfying this pair of equations. We may
conclude that, since the Cauchy-Riemann equations fail to be satisfied anywhere, the function

exp(Z) is not analytic anywhere.

@ We .
first write !

) Iexp(Zz-!—i)I =lexpl2x+i2 YD) = e

€. ( 2 e » .
Then, since I R )’ IexP[ 2xy+i(x? ~ )'2)11=e'2*."_

IexP(2z+i)+ (&?
it follows that exp(z )l Slexp(zz.,. ;)I +I exp (éz)l,

ex ; ) ;
’ P(22+i)+exp(z? )I ety ?



@ To prove that |exp(—2z)| <leRez>0, write

|exp(—2z)|=lexp(-2x—i2y) =exp(~2x).

It is then clear that the statement to be proved is the same as exp(-2x)<1& x>0, which is
obvious from ;he graph of the exponential function in calculus.

@ (a) Write € =-2 as e*e" =2¢™. This tcl!s us that

*=2 and y=m+2n7m . (n=0,£1,%2,.).
That is,
x=In2 and y=(2n+l7w {in=0,£L%£2;.).
Hence
z=In2+2n+Dmi (n=0,%1,£2..)

(b) Write €' =1+\/§ i as e*e” =2¢'™™ from which we see that

¢*=2 and y=-’35+2mz (n=0,£1,£2,..).
That is,

x=In2 and y=[2n+%)1t (ri=0a1k2,..)

Consequently,
2= ln2+[2n+ —%}ri (n=0211%2,.).



@(a) Suppose that e is real. Since e*=e"cosy+ie“siny, this means that e'siny=0.

Moreover, since e* is never zero, siny=0. Consequently, y=nn(n=0,£1,£2,...); that
is, Imz=nm (n=0,£1,12,...).

(b) On the other hand, suppose that e* is pure imaginary. It follows that cosy=0, or that

y=§+n7t (n=0,£1,%2,..). Thatis, Imz =-§-+mt (n=0,£1£2,..).

he problem here is to establish the identity

(expz)" =exp(nz) (n=0,£1,£2,..).

fa) To show that it is true when n=0,1,2,..., we use mathematical induction. It is obviously
true when n=0. Suppose that it is true when n=m, where m is any nonnegative
integer. Then

(expz)™' = (expz)™ (expz) = exp(mz)expz = exp(mz+z)=exp[(m+ Dz].

(b) Suppose now that n is a negative integer (n=-1,-2,...), and write m=-n=12,.... In
view of part (a),

(CXPZ)"=( l )"= L L Ll expina)
expz /] (expz)" exp(mz) exp(—nz) P



@)n the other hand,

and

Log(~1+i)* =Log(-2i)= |n2--72£i

2Log(-1+0)= 2[11\ 2+1-3——) ]n2+3
2

Hence
Log(~1+i)* # 2Log(-1+1)-

onsider the branch
logz=Inr+ié (r>0 %o
4 4

Since

bg(;’) =log(-D= nl+iz=mi and 2logi= 2(h1+:;)-—m,

we find that log(i*)= =2logi when this branch of logz is taken.

o

or

)



(L) Suppose that Rez, >0andRez, >0. Then

z,=rexpi® and z,=rexpi®,,
where

—£<G <E and —-E<6 <—7£.
2" 1 g e

The fact that -z < 9' +92 <7 cnables us to write

Log(z,z,) = Logl(r,) exp i(©, +©,)] = In(rr,) +i(©, + O,)
=(nr, +i0,)+(nr, +i0,) = Log(r, exp i®,) + Log(r, exp iO,)

=Logz, + Logz,.
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@In each part below, n=0,£1,12,...

(a) (l+i)‘=exp[ilog(1+i)]=exp{i[h 2+{§+2rm]]}

= cxp[%ln2-(%+ 2mr)] = cxp(—-%— an)exp(%ln 2).

Since n takes on all integral values, the term ~2nz here can be replaced by +2nz. Thus
(1+i) =exp(—§-+2nn}exp(éln2).

(b) ()" = exp[% log(-l)] = exp{;lr-[ln 1+i(m+ 2n7z)]} = expl(2n + 1)i].

@@ pv.i =exp(mogz7=exp[i(m+i§n=exp[-lz‘.),

[z e
@® B
(_(-e‘gf) = [F(('
B
o = &l
‘_l+(T(—- ‘
(/Z ﬂ
=\ ((-4(3{: < & e
3 3 % (

Bz X odT) R
:j [ (_\( —(-Gt‘) ] dﬁ)
o Hd a+4e
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