and

~ ¢ (4:”‘%6‘3??“ ‘9914““%2)

ot Aol g-R)= O ol WER= A

- R
- e l £ ( T - COQIQ)??—-/)-\'\A%/)«’L??

_ (B enteen T AT, )




@ We know from Exercise 2(b) that
sin(z+zr.2)=sinzu:oszz +coszsing,,
Differentiating each side yields

€05(z+2,) = coszcosz, - sinzsing,.
Then, by setting z= Z,, we have

cos(z, +2,) = cosz, cos z, — sinz, sinz,.
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@ By writing f(z) =sin7 = sin(x — iy) = sin x cosh y—icosxsinhy, we have

S@=u(x,y)+ix(x,y),
where
u(x,y)= sinxcoshy and wx,y) = —cos xsinh y.

If the Cauchy-Riemann equations u_= Yyr U, ==V, are to hold, it is easy to see that

cosxcoshy=0 and sinxsinh y=0.
Since coshy is never zero, it follows from the first of these equations that cosx=0; that is,

V3 : L
x=;+ nw (n=0%1+2,.). Furthermore, since snx 1S nonzero for each of these values of x,

the second equation tells us that sinhy=0, or y=0. Thus the Cauchy-Riemann equations
hold only at the points

z=§+m¢ (n=0%1,+2,.),
Evidently, then, there is no neighborhood of any point throughout which fis analytic, and we

may conclude that sin7 is not analytic anywhere.
The function f(@)=cos7 = cos(x — iy) = cos x cosh y+isinxsinh y can be written as

F@)=u(x,y)+w(x,y),
where
u(x,y)=cosxcoshy and v(x,y) = sinxsinh y.

If the Cauchy-Riemann equations u_= V,» 4 ==v_hold, then

sinxcoshy=0 and cos xsinh y=0,

The first of these equations tells us that sinx=0, or x=nr(n=0,t1,£2,.). Since cosnm#0,
it follows that sinh y=0, or y=0. Consequently, the Cauchy-Riemann equations hold only
when

i=nr (n=0%£1,%2,.),

So there is no neighborhood throughout which f is analytic, and this means that 00sZ is
nowhere analytic.
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@ To find the derivatives of sinhz and coshz, we write

Z _ o=t Z -3
%sinhz=—d—(e - J=li(e‘—e")=e 5. = coshz

dz\ 2 2dz 2
and
d die‘+e*) 1d &t — et
—coshz=— = — z+ L) = =Sinh 1
z o dz( 2 J 2z e 2

@ Identity (9), Sec. 34, is sin?z+cos’z=1. Replacing z by iz here and using the identities

sin(iz) =isinhz and cos(iz) = coshz,

we find that i*sinh?z+cosh?’z =1, or
cosh?z —sinh?’z=1.

Identity (6), Sec. 34, is cos(z, +2,) = €082, €02, —sinz, sinz,. Replacing 4 by. i.z, and z,
)y iz, here, we have cos[i(z, +2,)] = cos(iz, ) cos(iz,) — sin(iz,)sin(iz, ). The same identities that
were used just above then lead to

cosh(z, +z,) = cosh z, cosh z, + sinh z, sinh z,.

erve that i "
@ fig}. e Lo gttt —ette  f-e ihe
sinh(z + 1) = —————=——"——="" 2

(b) Also,

) et + e ™ _ ele™ +e e ™ _ —-e'—e* . e+e’ =—coshz
cosh(z + mi) = 2 = 2 ) 2

(c) From parts (a) and (b), we find that

sinh(z+ i) _ —sinhz _ sinhz

= =tanhz.
cosh(z+ mi) —coshz coshz

tanh(z + 7i) =
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@ Since Ie"”l--e“‘. we find that

1=h

b -2t
[edr=m Jetdr=tm|E—| 1 ﬁm(l—e"")=l when Re 2> 0.
o b—u-o b-ee -z - Z boe Z

/ ( 3.) The problem here is (o verify that

Te“e'”d@-{o when msn,

. 2r when m=n,

To do this, we write
2r ) 2x
[= !emﬂe—hﬂdez Jei(nl—n)ﬂde
o 0
and observe that when m#n,

el(m—u)a l l

2
Is| —| = - =0,
[i(m-n)]o i(m—n) i(m-n)

When m=n, | becomes
2n

1= [d6=2n;
0

and the verification is complete.
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@ (a) Start by writing

I= fw(—t)dt =Tu(~—t)dt +i Tv(—t)a't.
-b

-b -b

The substitution 7=~ in each of these two integrals on the right then yields

a a b b b
I=- j w(T)dr—i j WT)dT= j u(t)dr+i j v(t)dt = [ w(t)dr.
b b a a a

That is,
-a b
[w=t)de= [wizyd.
-b a
(b) Start with
b ] b
1= [w()dr= [u(d+i [vyar
and then make the substitution t=@(7) in each of the integrals on the right. The result
is

)
B ’
1= [l e+ MO (D)de = g ().

That is, b )
j w(t)dt =I wlp(7)ip’ (7)dT.







@If w(t)= f[z(2)] and S@)=ulx,y)+i(x, ¥ z2(t)=x(t)+iy(1), we have

W) =ulx(e), )1+ [ x (1), y(0)).

The chain rule tells us that

du p ,
—EuXtuy and

dr

dv ; ,
=V ai+v
da y
and so

w'(t)= (e X'+ “ ¥)+i( v x'+ v, ).

In view of the Cauchy-Riemann equations u =v and u =-v , then,

wi(t)=(u x'- v Y)+i( vx'tu y'y=( U+ Xx'+y).
That is,
W)= {u [x(), y(O)+ i, O ONX O+ ()= F (012

when t=t,
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@ (a) Let C be the semicircle z=2¢® (0S6< ), shown below.

y

an

2 0

X

Then

22 = j(1+ )dz= j(u—-)zw"do:ezaj(e"+1)de
A

" x
—Zi[ +9] =2i(i+m+i)=-4+2mi.

(b) Now let C be the semicircle z=2e" (£ <8<2x) just below.

y
-2 2

NFA

This is the same as part (a), except for the limits of integration. Thus

2
2 D
cz+—-dz 2;[—+o] = 2i(=i+2m i) =4+ 2ni.
2

(c) Finally, let C denote the entire circle z=2¢* (0$0<27). In this case,

the value here being the sum of the values of the integrals in parts (a) and (b).
@ (a) Thearcis C:z=1+e® (*S6<2%). Then
en‘ b1 4
1 14+ =1)ie®d0=i | ¢%d6 =
fe-baem Tarer-itio . .[21]‘

- -;—(e'“ - e""') = 5(1_ =0.



@ In this problem, the path C is the sum of the paths C,, C;, C;, and C, that are shown below.

y G
i 1+i
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[ o4 I

The function to be integrated around the closed path C is f (z)=me"*. We observe that
C=C,+C,+C,+C, and find the values of the integrals along the individual legs of the

square C.
(i) Since Cyis z=x(0sx<1),

Ire"dz=7t' e dx=e" ~1.
G :

(i) Since G, is z= I+y(0sy<)),
- 1 1
Ic, ne™ldy =7:J°‘e""”’idy=e"ﬂi J e"dy=2¢".
0

(i) Since C, is z=(l—x)+i(0$x$l).

|
L2 % Ri(l-x l
J'c,ﬂe dz-ﬂ{e W=~ 1)dx = re” fe""dx=e"—l.
0

(iv) Since C,is 2 =i(I-y)(0syg)),
(14 h i t
L.‘ e dz=m Ie""""(-ady= mi I e™dy==2,
0
0

Finally, then, since

(14
we find that Ic’“ s L’ i J- G me"dz+ jc, Ke"dz.,,fc‘ me*dy,
jcﬂekldz=4(en _1).




)

The path C is the sum of the paths

Cz=x+ix’(-1€x<0) and C,iz=x+i’(0<x<1)),
Using

f(@=lonC, and f(z)=4y=4x’on G

we have

JS@de=_ f)dz+]_ e =j I(1+13x)dx + j4x“(l +i3%)dx
-1 0

= _Td.x + 3ij' xldx+ 4}x"dx + 12ij‘x’dx

-l e | 0

0
=[xl 40+ [x ] +2[x¢] = 14 iv142i= 243

Let C be the positively oriented circle Izk=1, with parametric representation
z=€"(0<6<2r), and let m and n be integers. Then

i

Lo zde= [(e*) () o [ =g
0

0

But we know from Exercise 3, Sec. 38, that

=
Ie""e""d@: {0 when m#n,
0

2w when m=n.
Consequently,

m—n 0 when m+l#n,
j "Thdz={_
¢ 2ri when m+i=n,

11,/(a) The function f(z) is continuous on a smooth arc C, which has a parametric

representation z=z(¢t)(a <t<b). Exercise 1(b), Sec. 38, enables us to write

[}
jf[z(t)]z'(t)dw [ flz@r W (.

where

Z(t)=2[¢(7)] (@astsph).
But expression (14), Sec. 38, tells us that

(0 (7)=2'(7);

“and so
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integrate the branch
@ Teinicl = Fe L (1z1>0,0<argz< 2m)

it
around the circle C:z= ¢ (0<0<2rm), wnte

2n T e o T 049 =il1-e™"
i . 0 s il er d8=i e ::l(— .
1082 1, = | p(TTHIEIO) b dG—lje
e( +1 g dZ— Ie ) >

jc Z-h-i dz= JC

e,
- *\
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@ Let C be the arc of the circle IzI=2 shown below.

0

Without evaluating the integral, let us find an upper bound for To do this, we

d.
J'CZTi-I '

notc that if z is a point on C,
|22 1]2)12 111 1] = 14-11=3,
Thus

1
2t -1

L1

22— 3

=

1
Also, the length of Cis 2(47:) =r. So, taking M =% and L=, we find that

Z

€l -1

SML=
3



'@ The contour C is the closed triangular path shown bejow.

To find an upper bound for Uc(e‘ —i)dz, » Welet z be a point on C and observe that

le! =ZI< et HIZl=e +\x? 4+ 7.

But e“ <1 since x<0, and the distance \/x2+y"

less than or equal (0 4. Thus le*~Z1<5 when z is
Hence, by writing M =5and L = 12, we have

of the point z from the origin is always

on C. The length of C is evidently 12,

[ fc(e‘-f)dzlSML--GO.
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(1) The function 2" (n = 0,1,2,...) has the antiderivative 5”'/(u+-n everywhere in the finite
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=] that, except for its end points, lies above the

7
“

-
@ et C denote any contour from z=-1 10
real axis. This excrcise asks us to evaluate the integral

where z' denotes the principal branch
(IzI>0,- < Argz < ).

7 =exp(iLogz)

An antidenvative of this brauch canner be used since the branch is et even defined a

But the integrand can be replaced by the branch
3

gi <=
2

2=

n
(L‘.l >0, -—<ar

o

¢ =expiilogs)

Using an antidenivative of this new branch, we

sinee it agrees with the integrand along €

Can now wrilc
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