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From Local to Global Approximation

When seeking approximate solutions to partial differential equations, a
crucial operation is the approximation of spatial derivatives, e.g., classic
finite difference methods are often designed to yield exact differentiation
if the solution is a low order polynomial. Indeed, let us consider the
smooth function, u(z), specified at N +1 discrete grid points, zg, ..., ZN.
Throughout the text we shall assume that NV is even.

A 2m’th local interpolating polynomial to u(z) in the neighborhood
of z; is obtained as

u(r) = Z ujrkLjrr(z)

|k|<m

where we have the grid function, uj;; = w(zjyx), and the Lagrange
interpolation polynomial, L;y(x), given as
T — Tj4q
Lie() = J[ -
[t|<m
I#k

2.1
Tj+k — Tj+l @1)

We shall seek a 2nd order polynomial representation of u(x), i.e., corre-
sponding to m = 1 in Eq.(2.1). Assuming, for simplicity, that the grid
is equidistant, we obtain
1
u(@) = gxs (@ =)@ — gja)uj-1 — (2.2)
1
Ax?
1
oA @~ Ti-1)(@ — 2j)ujt

( —zj-1)(@ — zjp1)u; +

3
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where Az = z; —x;_1 represents the constant distance between the grid
points.

To approximate the derivative of u(z) at the grid point, ;, we utilize
the local polynomial approximation, Eq.(2.2), and recover

dul | Ujp1 —Uj

dx o5 2Ax
One can recognize this as the classic centered finite difference formula
of 2nd order accuracy.

For problems processing a significant spatial variation it is clear that
using a low order local approximation will require a very fine grid to
ensure an acceptable accuracy. This translates to severe requirements
on the computational resources when addressing problems of interest to
science and engineering.

This naturally poses the question as to whether alternative schemes,
overcoming this need for a fine grid, can be formulated. Indeed, as an ex-
treme alternative to the local approximation utilized in finite difference
schemes, one can think of approximating functions and their derivatives
using a global method, i.e., an approach in which all available infor-
mation is utilized to construct the approximation and its derivatives In
between the local and the global approximation schemes reside a large
number of methods, generally known as high-order accurate methods,
i.e., methods for which the local solution is assumed to have a large de-
gree of smoothness and, thus, is well represented by a high-order local
polynomial.

Example 1. Consider the scalar hyperbolic equation

ou ou

5 =25 (2.3)
u(0,t) = u(2m,t) ,
u(z,0) = exp [sin(z)] ,

where the smooth function, u(z,t) € C°°[0,2n], is periodic and the
initial condition is periodically extended.
The exact solution to Eq.(2.3) is given as

u(z,t) = exp [sin(z — 27t)] ,
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figure 2.1. The maximum pointwise error, L*, measured at t=m obtained
using a 2nd order, a 4th order and global spectral scheme as a function of the
total number of points, V.

i.e., the initial condition is propagating towards increasing x at the speed
of the propagation, 27.
We solve this equation at an equidistant grid

zj =jAzr = j€[0,...,N] .
In a method-of-lines approach we use a 4th order explicit Runge-Kutta
scheme to advance the solution in time with the time-step taken to be
well below the stability limit.

To approximate the spatial derivatives at the grid-points, x;, we shall
consider 3 different schemes.

Local Finite Difference Scheme: The second order centered finite dif-
ference approximation to the spatial derivative is

Ou
Ox

o Ui+l —Uj—1
2Azx ’

Zj

as recovered from Eq.(2.1) with m = 1.

High-Order Finite Difference Scheme: A fourth order centered finite
difference scheme on the form

Ooz|.  ~— 12Azx

Zj

wj—z = 8uj—1 + 8ujt1 — uji2)
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This scheme appears from Eq.(2.1) with m = 2 and evaluating the
derivative of the interpolation polynomial at the grid point, z;.

Global Scheme: The final scheme appears, as we shall see shortly, by
taking m = oo in Eq.(2.1). In this case, the approximation of the
derivative at the grid points is evaluated by a matrix-vector product
as

Ju
Ox

N

~ Z Djiui ,
=0

where the entries of the matrix operator is

D, = { S {Sm(%)]_li# . (2.4)
"o i=j

Zj

Let us first consider the dependence of the maximum pointwise error,
L, on the number of grid points, N. In Fig. 2.1 we plot this error
measured at t = w for an increasing number of grid points. It is clear
that increasing the order of the method used for approximating the
spatial derivative has a significant effect on the error. Indeed, the error
obtained with N = 2048 using the 2nd order finite difference scheme is
the same as that computed using the 4th order method with N = 128
and the global infinite order method with only N = 12. Moreover, by
lowering At for the latter method one can obtain even more accurate
results, i.e., the error in the global scheme is dominated by time-stepping
errors rather than the errors in the spatial derivative. To be fair, one
should keep in mind that the 4th order accurate method as well as the
global method require more work per grid point to compute the spatial
derivative. We shall return to a quantitative discussion of these aspects
shortly.

Let us now restrict the attention to a comparison between the popular
local 2nd order finite difference scheme and the global method. In Fig.
2.2 we show the result obtained after long time integration. Again, we
clearly observe that the global scheme is superior in performance to the
local scheme, even though the latter scheme employs 20 times as many
grid points and is significantly slower.
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figure 2.2. Anillustration of the impact of using a global method for problems
requiring long time integration. On the left we show the solution of Eq.(2.3) as
computed using a 2nd order centered finite difference scheme. On the right we
show the same problem solved using a global method. The full lines represent
the computed solution, while the dashed line represents the exact solution.
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2.1 Analysis of Finite Difference Schemes

The previous example illustrates that global methods appear to be su-
perior to local methods not only when very high spatial resolution is
needed but also when long time integration is required. While the for-
mer property can be attributed to the use of additional information in
the approximation of the derivative, the latter observation is perhaps
more surprising and illustrates why we need to look deeper into the
theory of global methods to appreciate their full potential.

In this section we utilize phase error analysis, introduced in [62], to
explain the observations made in the previous section. As we shall find,
the analysis confirms that high-order/global methods is the appropriate,
and quite possibly the only, choice when very accurate solutions and/or
long time integration is required.

2.1.1 Phase Error Analysis.

To analyze the phase error associated with a spatial approximation
scheme, let us again consider the linear wave problem

Ou  Ou

ot = ‘oz
uw(0,t) = u(2m,t)

u(z,0) = exp(ikz) ,

where ¢ = +/—1, k = 27/ is the wavenumber with A representing the
wavelength. The solution to Eq.(2.5) is a rightward traveling wave

u(z,t) = exp(ik(z — ct)) . (2.6)

Note that ¢ has the dimension of velocity and is known as the phase
velocity of the wave.
We continue as in Ex. 1 and introduce an equidistant grid

21g
= —jAz , jeo,...,N],
7= T8 s JEl ]
with the associated grid vector, u = (uo, - ..,un)T, where u; = u(z;).

If we define the central finite difference operator

u(zj +nAx) —u(r; —nAx)  Ujyn —Uj g,

Dnufzj) = 2nAzx o 2nAzx ’
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then a general 2m’th order approximation to the spatial derivative of
u(z,t) at x; takes the form

ou SN
ol = > arDyu; (2.7)
j n=1

where the weights, o, are given as

(m!)?

o = 21" (m —n)l(m +n)!

(2.8)

Suppose now that we consider the semi-discrete version of Eq.(2.5), i.e.,
keeping time as a continuous variable and using a 2m’th order approx-
imation to discretize the spatial dimension, we recover a scheme for
updating the grid vector, u;, as

d’u]' -
o= —c; anDpu; (2.9)

u;(0) = exp(ikz;) .

We can interpret the grid vector, u, as a vector of grid point values of
an interpolating trigonometric polynomial, v(z,t), i.e.,

v(w,t) = Y n(t)exp(ikz)

In|<N/2

where 0, (t) are constrained such that v(z;,t) = wu;(t). Thus, solving
Eq.(2.9) amounts to

ov

@D mp (1) 2.1
ot cnz::lan v(z,t) (2.10)

v(z,0) = exp(ikz) .
If v(z,t), which is a continuous function, satisfies Eq.(2.10), the solution

to Eq.(2.9) is given by v(z;,t). However, the solution to Eq.(2.10) can
be obtained directly on the form

v(z,t) = exp(ik(z — e (k)L)) . (2.11)
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We shall term ¢, (k) the numerical phase velocity. Note that contrary
to the solution, Eq.(2.6), of original problem, Eq.(2.5), the solution,
Eq.(2.11), to a discrete wave problem, Eq.(2.10) is dispersive, i.e., ¢;,, (k)
is a function of the wavenumber, k, as a consequence of the introduction
of the grid.

As there is no difference in the amplitude of the two solutions, u(z,t)
in Eq.(2.6) and v(z,t) in Eq.(2.11), the different behavior illustrated in
Fig. 2.2 must be due to differences in the propagation, i.e., the phase
velocity.

Following [62] we measure the difference between the actual solution,
u(z,t), and the approximate solution, v(z,t), as the leading order term
of the relative error

u(z,t) —v(z,t)
u(z,t)

‘ = |1 —exp(ik(c — cm (k))1)|
=~ [k(c = cm(k))t] = em(k)

which quite naturally is termed the phase error.

The computation of the phase error for various schemes allows us to
pose, and answer, important questions related to accuracy and efficiency
of the various schemes. In particular, we can identify the most efficient
scheme guaranteeing a certain level of accuracy at a specific time.

For simplicity we shall mainly concern ourselves with the different
schemes studied numerically in Ex. 1, although the validity of the tech-
niques extends this simple example.

2.1.2 Finite Order Finite Difference Schemes.

Let us apply these new concepts to the analysis of the two different finite
difference scheme discussed in Ex. 1. We begin by considering the 2nd
order finite difference schemes for which Eq.(2.10) becomes

dv(z,t) _  v(z+Awx,t) —v(r — Az, t)

ot ¢ 2Ax
v(z,0) = exp(ikz) .

Seeking a solution of the form Eq.(2.11) yields the numerical phase ve-
locity
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If we continue by assuming that
A
kAz = QWTx <1,

,i.e., a highly resolved problem, a Taylor expansion yields

(kAz)?
6

c(k)=c <1 - + (’)((kA:v)4)> ,
confirming the 2nd order spatial accuracy of the scheme.
For the high-order 4th order scheme considered in Ex. 1, the approx-
imation to Eq.(2.10) is
ov(z,t) v(z — 2Ax,t) — 8v(z — Az, t) + 8v(z + Az, t) —v(z + 2Az,t)

ot ¢ 12A¢

Seeking a solution of the form Eq.(2.11) results in a numerical phase
velocity on the form

_ 8sin(kAx) — sin(2kAx)
ea(k) = ¢ 6kAz '

Again considering the limit of KAz < 1 we recover

(k) =c <1 - (kﬁ(;v) + (’)((k:Aa:)ﬁ)> ,

illustrating the expected 4th order accuracy.
Using the numerical wave velocities, ¢; (k) and ¢o(k), for the 2nd and
4th order schemes, respectively, we have

. sin(kAx)

ei1(k,t) = ket ‘1 AL , (2.12)
B 8sin(kAz) — sin(2kAx)

ex(k,t) = ket |1 N

To measure the accuracy of a particular scheme the actual number of
grid points, N, is less important as the resolution of the scheme clearly
depends on the solution. To reflect this, let us introduce
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X 27
P=Ae " kAz
It is worth realizing that it takes a minimum of two points per wavelength
to uniquely specify a wave, i.e., p has a theoretical minimum of 2, while
p > 1 reflects a highly resolved wave.
Let us also introduce the number, v = c¢t/A, as the number of times
the solution returns to itself under the assumption of periodicity. Intro-
ducing this notation into Eq.(2.12) yields

. 2 71

e1(p,v) = 2mv 1—-§Eg}§§T—2 : (2.13)
8sin(2rp 1) —sin(4rp1)

ea(p,v) = 27w |1 — orp

A leading order approximation to Eq.(2.13) is

qmm:ﬂ<ﬁf, (2.14)

3 \p

4
v (27
ea(p,v) ~ 15 <?>

Hence, the phase error is directly proportional to the number of periods
of time, v, i.e., the error grows linearly in time.

To arrive at a practical measure, assume that we can accept an error,
€p, after v periods of evolution and denote by py,(ep,v) the number of
points per wavelength required to ensure that the phase error is bounded
by €p. From Eq.(2.14) we directly obtain such bounds on py,(ep,v) as

vm
> 2 — 2.15
pl(g,lj) Z T 35p ) ( )
YN
> 2 af
pQ(an) Z T 15€p )
YN
>2r 8
ps(&,v) i 70¢e,

To illustrate the general trend we have also included the result for a
6th order central finite difference scheme discussed in more detail in the
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exercises.

Example 2. Let us consider the implication of these estimates for a
few special cases.

ep = 0.1: For this relatively large error one obtains

pL>20Vv , pp>TVV , p3s>6Vv .

We recall that the 4th order scheme is twice as expensive as the
2nd order scheme, so not much is gained for short time integration.
However, as v increases the 4th order scheme clearly becomes more
attractive. For this low accuracy there is little reason to use the 6’th
order scheme.

ep = 0.01: Requiring this error one obtains

p1264\/’77 p22]-3<4/’7 ) P328%:

Here we expect a significant advantage of using the 4th order scheme,
even for short time integration, while the advantage of the 6’th order
scheme remains marginal unless very long time integration is required.

ep = 107°: This approximately corresponds to the minimum error of
the 2nd order scheme shown in Fig. 2.1. We obtain

p1>643\v , pa >43V/v , ps > 26/v

which corresponds reasonably with what is observed in Fig. 2.1 and
confirms that high order methods are superior when high accuracy is
required, even for short time integration.

While it generally is accepted that high-order methods yield superior
accuracy, one often encounters doubts regarding the efficiency of such
methods. To briefly address this, let us define a measure of work, W,,,
as

PmV

CFL,, "’

t
At

where CF L, = cAt/Ax refers to the maximum C'F L number for stabil-
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figure 2.3. The growth of the work function, W,,, for various finite difference
schemes is given as a function of time, v, in terms of periods. On the left we
show the growth for a required phase error of ¢, = 0.1 while the right shows
the result of a similar computation, however with £, = 0.01, i.e., a maximum
phase error of less than 1 %.

ity, i.e., W, represent a measure of the amount of work per wavelength
using a 2m’th order scheme during the required number of time-steps.

Assuming that a 4’th order explicit Runge-Kutta method is used for
the temporal integration, hence defining the values of CF'L,,, the es-
timated work for a 2nd, a 4th and a 6th order central finite difference
scheme is given as

Wy~ 30v— , Wy~ 3w, [— , Ws~4803/— (2.16)
Ep Ep Ep

In Fig. 2.3 we illustrate the approximate work associated with the differ-
ent schemes as a function of accuracy and time. While we expected the
high-order methods to be the most appropriate choice when considering
only accuracy, this confirms that also for problems exhibiting unsteady
behavior should one consider the use of high-order methods to minimize
the work required to solve the problem at a prescribed accuracy.

2.1.3 Infinite Order Finite Difference Schemes.

Taking the estimates, Eq.(2.15), to the limit of of m — oo suggests
that the required number of grid points, p.,, approaches a constant
independent of v and ¢,,. This is also reflected in Eq.(2.16), which yields
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W o v, indicating that the work depends only linearly on time. In
other words, the required number of points per wavelength, p.,, should
be independent of v as well as &,.

To make this argument a bit more quantitative, let us first recall that
the 2m’th accurate scheme, Eq.(2.7), can also be expressed as

m—1

ou

—| =D > (-1)"r2 (A2’DyD )"y
Oz Tj n=0

where
DJFUJ.ZUJ%;UJ' , D,uj:uj_Ai;M ,

is the standard upwind and downwind difference operator, respectively.
The constants, 7o, are given explicitly by the series [62]

22"y,
(arcsin a:) = 222 Z 5 :_223:2” .
n

For this to hold at z = 1, it is clear that
22" = (14 an)®"

with «, vanishing as n approaches infinity. In other words, 2277,
approaches a constant for large values of n.
Proceeding as previously, we recover the expression for the phase error

sin 27Tp )

Z 4" 1, sin? <I>
27rp o p

To leading order, this yields a phase error as

em(p,v) =2mv |1 —

em(p,v) ~ 2nv4™ 1o, sin®™ (%)

However, as 4™y, is bounded for m approaching infinity, we recover
that sin(mp~!) < 1 suffices to guarantee that the phase error vanishes
for large m. In other words

lim pp(ep,v) =2,

m—»00

i.e., the infinite accuracy finite difference scheme achieves the minimal
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number of points regardless of the accuracy and time requirements.

Despite the asymptotic nature of these arguments it is noteworthy
that the results discussed in Ex. 1 conform very well with the above ob-
servations, i.e., the infinite order finite difference scheme and the global
scheme discussed in that example appear to be closely connected. To
further elaborate on this connection, let us rewrite the 2m’th order ap-
proximation as

a m
ou) _ Z o™ Ujtn — Uj—n
ox|,. " 2nAzx
J n=1
N+1 [ am — a™,
= A Z n Ujtn + Z n Ujtn
n=1 n=—1

N+1 & g™
= T 2 Ui

n=—m

where we have introduced the new weight

m oy n#0
p {0 n=0 "~

n

and used that o) = a™,.
Consider now the infinite order finite difference approximation, i.e.,
the case of m — co. Using Eq.(2.8) this implies

o [=2=1)"n#£0
’Bn_{O n=0 "

and the approximation becomes

oo

N+1 B
=TI 2 e

Tj n=-—o00

ou

or

The 2m-periodicity of the solution u(z,t) to Eq.(2.3) is reflected in the
grid function as

Ujtn = uj+n+p(N+1) , b= 0, :*:]_, +2...

This yields the approximation
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du :N+1Ni 5 e
Ox 4m n+p(N+1)) 7™

1 H W= (1P

e 2 Y <p§p+n/<N+ 1>>
1 N T

- %n;j_(_l) sin(rn/(N + 1)) 9

where the last step assumes that n # 0. In the special case of n = 0 the
sum over p vanished identically. Introducing the substitution ¢ = j +n,
we obtain

N

3 —%(—1)1'*3' [Sin (NLH(Z - j))] h u;

1=0
- -1
> sin (N—-l—l(J — z))} ui

N
1 L
Z(=1)it¢
>
for i # j while the diagonal entry vanishes.
Hence, we obtain the remarkable result [23, 24] that the infinite or-
der finite difference approximation of the spatial derivative of a periodic

Ou
Ox

i=0

function can be implemented exactly through the use of the differentia-
tion matrix, D. We recall that this was exactly the approach exploited
in Ex. 1. While this certainly is an interesting observation, explaining
the good agreement with the phase error analysis, it is even more re-
markable that the exact same formulation can be interpreted as Fourier
spectral methods as we shall discuss in the following.

2.2 The Fourier Spectral Method

Rather than starting with the finite difference formula, Eq.(2.9), and
identifying v(xz,t) as a trigonometric polynomial, let us assume that
u(z,t) can be represented as

u(z,t) = Y in(t)exp(inz) , (2.17)

In|<N/2

where the expansion coefficients, ,,, must be determined such that
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u(zj,t) = Z Un(t) exp(ine;) , (2.18)
In|<N/2

is a solution to Eq.(2.5) at the grid points, ;. As usual, we assume that
N is even.

The first issue to address is how to obtain the expansion coefficients,
Uy (t), such that Eq.(2.18) holds. For that we shall need the following
result

Lemma 1. Consider the equidistant grid given as

2mj

T ) €10,...,N] .
37] N-l—]_’]E[, 7]

The complex exponential function obeys the orthogonality relation

N
1 . (1 p=(N+1)m, m=0,£1,%2,...
N+1 Jz_; exp(ipz;) = {0 otherwise

Proof: ~ We rewrite the series as

1 1

N
1 NS 9 .
Nl jz:;exp(sz]) Nl exp(i2mmj)

-

Il
=]

J

1 [exp(i2rm)]’ . (2.19)

+1

-

I
=)

=

J

If m is an integer, we immediately recover that exp(i2rm) = 1 and hence
the first part of the result.
For m being a non-integer, we have

1 & , 11— N+t

Nl [exp(i2mm)]) = ————,
7j=0

N+1 1-—r

where r = exp(i27rm) # 1. We then utilize the geometric series as

L—rNt 1 — (exp(i2rm))V T 1 — (exp(i27(N +1)))™
1—r 1 —exp(i2mm) 1 — exp(i27m)

=0,

since N is an integer. QED

Using Lemma 1, we immediately obtain the expansion coefficients
through a discrete inner product as
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u(z;,t) exp(—

=, (t) . (2.20)

To realize that Eq.(2.20) enforces Eq.(2.18), simply substitute the former
into the latter to obtain

u(z,t) = Z Un(t) exp(inz)

In|<N/2
N N
= Zu(a:j,t) {ﬁ Z exp(in(z — x;)) -| Zu (xj,t) ,
Jj=0 [ + [n|<N/2 J j=0
where
in [L _
h](l‘) — 1 s [Q(N + 1)(56 .77])]

N+1 sin 1 (z — x;) ’

is obtained by summing the series directly. It is easily shown that h;(z)
indeed is the interpolation polynomial with h;(xr) = d;x, hence yielding
Eq.(2.18).

Let us now return to the problem of computing the solution to Eq.(2.5)
using the trigonometric polynomials. The approximation to the deriva-
tive is obtained directly from Eq.(2.18) as

ou > iniiy exp(inz) . (2.21)

In|<N/2

Assuming that the solution takes the form of a trigonometric polynomial,
Eq.(2.18), we have

Z (d;t_tn + incﬁn> exp(inz) =0
In|<N/2

by inserting Eq.(2.18) into Eq.(2.5). This yields N + 1 equations for the
N + 1 expansion coefficients, @,(t), as
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Un(t) = exp(—inct)a,(0) ,
with the initial conditions being

1 1 k—n=p{HN+1)

N
in(0) = 377 2 expike;) exp(—ina;) = { 0 Otherwise
j=0

Thus, for |k| > N/2, the initial condition is completely misrepresented, a
phenomenon known as aliasing, and we get an order one error. However,
if |k| < N/2, we have

~ 1 k=n
Un(o):{o k#n

such that the solution to Eq.(2.5) is

u(z,t) = Z Un(t) exp(inz)
In|<N/2
= Z Un(0) exp(—inct) exp(inx)
In|<N/2
= exp(ik(z — ct)) .

Consequently, we obtain the rather unusual, and perhaps surprising,
result that the error is either of order one or the solution is exact.

If we relate the performance of the global trigonometric method to
the number of points per wavelength, p, as done previously, we recover
the exact solution provided |k| < N/2. In other words we have

b NNy
~ k  27/\N " Az N/2-
This implies that py/, — 2 as N approaches infinity, i.e., the Fourier
spectral method recovers the optimal minimal value for p,, for large N as
was the case for the infinite order finite difference scheme considered in
Ex. 1. The natural question that arises is whether the two schemes are
indeed related or rather two separate roads to schemes both requiring
only two points per wavelength.

To investigate this issue further, let us express the temporal derivative

of u(z,t) at x; as
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N

du; dhy
w0 g,

N
= Z D]lul(t) )
=0

where the entries of the matrix D are
—1yiH T o s -t

B, = T [ (§G-D)] i

0 =]

Hence, the Fourier spectral method is mathematically equivalent to the
infinite order finite difference scheme [23, 24], although they were derived
by very different means.

Furthermore, one obtains the exact same result by summing

- 1 . . 2mn .
Dﬂ:N——kl Z znexp<1N+1(j—l)> ,
In|<N/2

which appears directly by inserting the expression for ,(t), Eq.(2.20),
into the Fourier approximation to the spatial derivative, Eq.(2.21).

This duality between point-space formulation, termed the nodal form,
and corresponding coefficient-space method, referred to as the modal
form, shall prove very fruitful in the subsequent chapters as it allows
for different formulations and means of analysis of otherwise equivalent
schemes. Furthermore, it has dramatic implications for the implemen-
tation of such methods.

2.2.1 Success and Fatlure.

The remarkable resolution power of the Fourier spectral method dis-
cussed above is achievable only for certain special cases as we shall illus-
trate through a couple of examples prior to engaging in a more thorough
discussion.

Example 3. Consider the heat equation with constant coefficients

ou  0%*u

u(0,t) = u(m,t) =0 ,
u(z,0) = f(z) .
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Since we have homogeneous boundary conditions, this problem can be
solved using standard Fourier techniques to recover

u(z,t) = Z exp(—n2t) fn sin(nz) | (2.23)

where
flz) = Z frsin(nz) .
n=1

To solve this problem approximately, it seems reasonable to seek a solu-
tion of the form

N
un(z,t) = Z Uy, (t) sin(nzx) .

Indeed, by following the exact same approach as for the infinite series,
we obtain the approximate solution

N
un(z,t) = Z exp(—n?t) fn sin(nz) .

n=1

We observe that the numerical approximation reproduces the first N
terms of the expansion exactly as was the case when solving the wave
equation. We recover the L2-error as

@ /0 e _UN($’t)|2dm>l/2 ) ( > 7 exp(—2n2t)>1/2

n=N+1

The dominating error term yields

exp(—(N +1)%)

which, even for slowly decaying fn, decays exponentially in time.

As for the wave equation we found that the solution to the heat
equation, subject to homogeneous boundary conditions, can be approx-
imated very well using expansions based on trigonometric polynomials.
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However, changing the problem slightly may result in a very different
behavior.

Example 4. Consider again the heat equation, although slightly al-
tered compared to the previous example, as

% = % +1, (2.24)
u(0,t) = u(m,t) =0 ,
u(z,0) = f(z) .

As before we look for a solution of the form
N
un(z,t) = Zﬁn(t) sin(nz) .
n=1

The equation for the expansion coefficients, @, (t), is now given as
din _ —n2ly, +a
- n n -
dt
Here a,, represents the expansion coefficients of the constant function,
1, in terms of sin(nx) and are given as

ap =

2(1-(=1")

Now solving for 4, (t) yields the result

2(1 = (=1)")

ﬂn(t) = fn exp(—n2t) + 7TTL3

(1 — exp(—n?t))

One easily shows that the Lo error in this case is

2 [T o \Y? 1
(2 [ e untaf ) <ot

i.e., the scheme is only slightly better than a 2nd order finite difference
scheme.

The source of this result is the constant function, 1, which does not
have a rapidly converging expansion in the function sin(nz), thus de-
stroying the rapid global convergence.
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As we have seen, global spectral methods, when properly constructed,
has remarkable numerical properties, unsurpassed by any other scheme
for solving general partial differential equations. However, the proper
construction of the schemes is nontrivial and greatly affect the overall
performance of the scheme. It is the study and understanding of the
criteria underlying these choices that we shall devote ourselves to in the
following chapters.
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Exercises

1. Consider the central finite difference approximation to the spatial derivative
of u(z) at the grid point z; on the form

m
ou
~ E an Dnuj
n=1

ox

Zj

where

u(z; + nAzx) —u(z; —nAz)  wjyn — Uj_n
Dn c) = = s
u(@;) 2nAzx 2nAzx

and Az is the grid size of the equidistant grid.
Prove that for the approximation to be of order 2m, the weights, «;,', takes
the form

m n (m!)?
= 2(-1r—
n D = m )
2. Show that the 6th order accurate central finite difference approximation is
given as
du U3 =+ 91Lj72 — 45’11,]‘71 + 45u]-+1 — 9u]-+2 + uj+3

dz |, 60Az

3. (Continued). Considering the 6th order approximation, show that the nu-
merical wave speed is given as

c45 sin(kAz) — 9sin(2kAz) + sin(3kA)

ca(k) = 30kA ’

and that the leading order phase error is given as

6
v [ 27
e3(p,v) = =0 <?>

Based on this this, show that

vz
p3(6P7V) > 27(-‘5[ 70613 )

and compute the number of points required to ensure £, = 0.1 and ¢, =
0.01.
Compare with Ex. 2. When is it advantageous to use a 6th order scheme.

4. Using von Neumann analysis, show that

(o) (- 2))]

At < CrxAz , At < CrxAcz
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yields necessary and sufficient conditions for stability of the 2nd and 4th
order central finite difference approximation.
Here Crk depends on the choice of Runge-Kutta method only.

5. (Continued). For a 4th order Runge-Kutta scheme, Crx = \/g Use this
to derive the scalings in Eq.(2.8).

6. Show that the 2m’th order difference formula, Eq.(2.7), can also be written
on the from

-1
8u s 2 n
—| ~D -1)" Az"DyD_ ;
9 ., 1;0( )" 7o (A2’ DiD-) " uy
where
Dy = YHY |y, =Mt

You do not need to relate the coefficients, o' and 72,, in the two formulas.

7. (Continued) Using the limiting expression

) o n
e = D1 (~1)'mn (A2®DyD )"

n=0

show by considering the testfunction, exp(ikz), that

(arcsinz)® = 22° z‘x’: 27" 7o ™"
—~ 2n+2 ’

8. Prove that hj(z) is
1 1 sin I:%(N+1)($—$j)]

hj(z) = —— exp(in(z —z;)) = NI Y —— ,
Inl<N/2 2 !

and that hj(xz) =0j1.

9. Show that the entries of the Fourier differentiation matrix, D are given as

:{% [Sin(NTrl(j_l))]_l i#J
0 i=j

~ dh;
D=2
at dx

Ty

10. (Continued) Prove that the entries of the Fourier differentiation matrix, D,
can also be obtained by directly summing the series



2.2 The Fourier Spectral Method 27

= 1 . . 2T,
])J'l:]\r—_+_1 Z 1nexp(zN+1(]—l))
In|<N/2

11. Using the Fourier differentiation matrix, compute the derivative of the
following functions

(a) f(z) = exp(cos(4z)).

(b) f(z) = cos(10x).

(c) f(x) = cos(x/2).

(d) f

x
) 7o) = .
All functions are defined on [0, 27].
Compute the pointwise error (L) and the global error (L,), for increasing
values of N and discuss the different behaviors and convergence rates. Cam
you explain the differences.

12. Test the accuracy of the Fourier differentiation matrix on the function

u(z) = exp (ksinz) ,

in the interval z € [0, 27].
Take

k=24,628,10,12 ,

and measure the relative pointwise error. Determine the minimum N for
all values of k that ensures a maximum error less than 107°.

13. Use the Fourier differentiation matrix to approximate spatial derivatives at
an equidistant grid and use this to solve the problem considered in Ex. 1.

Use a 4th order Runge-Kutta scheme for the temporal integration.

Compare the computational results with those in Ex. 1.
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Elements of Convergence Theory

The single most important property of a numerical scheme, useful for
solving partial differential equations, is that the solution approximates
that of the continuous partial differential equation and that the level
of accuracy improves as we refine the grid in time and space. Such
behavior is known as convergence and is nothing short of the holy grail
of the analysis of numerical methods for partial differential equations.

Prior to engaging in a detailed discussion of the convergence of spec-
tral approximations to partial differential equations, we shall need to fix
the mathematical framework and introduce a number of key concepts,
central to the subsequent developments.

We will, with few exceptions, focus our attention on the development
and analysis of schemes for solving the general initial boundary value
problem (IBVP)

Ou(x,t

%:f(m,t,u(m,t))—kf(m,t) , zeDb ,t>0, (3.1
where u(x,t) : D x Ry — R, D is the domain of interest confined by the
boundary 6D and F represents an operator that may depend on space,
x, and time, ¢, as well as the solution, u(x,t), and derivatives thereof.

We have also introduced the forcing function, f(z,t) : Dx Ry — R. The
boundary conditions are given as

Bu(x,t) = h(xz,t) , z€dD ,t>0, (3.2)

where B signifies the boundary operator and the initial conditions are
specified as

29
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u(xz,0)=g(x) , =D ,t=0. (3.3)

In much of what follows we shall refer to the boundary conditions, the
initial conditions and the force function as the data of the problem.
Attempting a direct convergence analysis of a particular scheme for
the numerical approximation of the general nonlinear IBVP is at best
very complicated and in most cases impossible. Thus, in the following
we shall discuss and motivate alternative avenues that, if not completely
resolving the question of convergence, at least can illuminate the key
problems and properties of the numerical approximation to the IBVP.

3.1 Wellposedness of the Initial Boundary Value
Problem

To come to an understanding of the wellposedness of the general IBVP,
it is natural to first consider the equivalent Cauchy problem, i.e., we dis-
regard the effect of the boundary conditions and assume the problem to
be embedded in an infinite space. We furthermore assume that the solu-
tion, u(x,t), exists and is unique and require that it depends smoothly
on the data of the problem. In other words, small perturbations of the
initial data implies only small perturbations on the solution.

To make these statement more rigorous, assume that u(x,t) as well
as f(x,t) and g(x) all belong to a Hilbert space, H, endowed with the

norm, || - [|zzp), for all + € [0,T]. Consider a perturbed problem for
v(z,t) € H as
ov(x,t)

S = F@,to(@, ) + f(@t) +f(@,t) . s €D, 120, (34)

with the initial conditions

v(x,0) =g(x)+dg(x) , €D ,t=0, (3.5)
We shall use the following definition [61]
Definition 1 (Wellposedness I). Assume that a unique solution ez-
ists to the Cauchy problem given by Eq.(3.1) for given initial data and

for all t € [0,T]. Then the problem is wellposed if there exists a unique
solution to the perturbed problem, Eqs.(3.4)-(3.5), for which

sup (|0 £z o) + 1092y <€
te[0,T]
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for any € > 0, such that

sup ||u(t) — v(t)||rzp) < C(T) { sup [|6f|lz2 o) + ||6g||L?U[D]} ,
t€(0,17] t€[0,T]

where the constant, C(T), can depend on T but not on the initial data.

Establishing wellposedness for the general nonlinear operator is tremen-
dously complicated and in many cases not currently possible. This is
further complicated by realizing that the choice of the norm in Def. 1
plays a crucial role, e.g., a problem being wellposed in one norm may well
be illposed in another norm, an example of which we shall see shortly.

To continue our discussion on wellposedness beyond this point, we
shall reduce the complexity of the general problem. Clearly, wellposed-
ness of the nonlinear problem is closely related to that of the linearized
problem as stated in [61]

Linearization Principle: A nonlinear problem is wellposed at u(z,t)
if the linear problems obtained by linearizing for all functions in the
neighborhood of u(x,t) are wellposed.

Hence, we can relate the issue of wellposedness of a set of variable coeffi-
cient, linear problems to that of the original nonlinear problem with the
former providing necessary but not sufficient conditions for wellposed-
ness of the latter. Let us furthermore assume that the solution, u(x, t),
has a minimum degree of smoothness, i.e., u(x,t) € C[D]. This allows
us to state the

Localization Principle: If all constant coefficient problems are wellposed
and the solution can be bounded solely by the initial data then the
corresponding variable coefficient problem is also wellposed.

While this result, motivating the analysis of frozen coefficient problems,
is invalid for the general variable coefficient problem it provides necessary
but not sufficient conditions for strictly hyperbolic, parabolic and mixed
type operators[61], to which we shall devote most of our attention.
Motivated by the above line of arguments, although not very rigor-
ous in nature, we shall mainly focus on constant or variable coefficient
problems as they remain the only type of problems for which a some-
what general theory can be developed. While certainly not rigorous, the
two above principles suggests that results do carry over from the linear
case to the fully non-linear case or rather that the analysis of the former
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may shed some light on the properties of the latter, and much harder,
problem.

Let us therefore introduce the linear, constant coefficient form of the
original IBVP, Egs.(3.1)-(3.3), as

6“2‘?” = Lu(z,t) + f(z,t) , ¢€D ,t>0, (3.6)
Bu(x,t) = h(z,t) , zedD ,t>0,
u(x,0) = g(x) , zeD ,t=0,

where £ and B are independent of time and space and the data are
assume to be in C[D] at all times.

The complexity of this general problem can be reduced considerably
without sacrificing the validity of the subsequent analysis. Let us first
consider the effect of the inhomogeneous boundary conditions, h(x,t),
and introduce the transformation

’U(:L‘,t) = u(m,t) - QS(m:t)h(m:t) )

where ¢(x,t) is chosen such that v(x,t) vanishes at the boundary at all
times. This yields the transformed problem

ov(zx,t)
ot

9¢(x, t)h(z, 1)
ot

= EU(m,t) + f(m>t) + h(m)t)£¢(m)t) -

Provided only that ¢(x,t) and h(x,t) are functions of bounded variation
in ¢t € [0,T], wellposedness of the problem subject to general boundary
conditions follows directly from wellposedness of a homogeneous bound-
ary value problem, subject to a different forcing function.

Through a similar line of arguments and the use of the transformation

’U(:L‘,t) = u(m,t) - eitg(m) )

we have

ov(x,t)
ot

= Lo(z,t) + [f(z,t) + e " (g9(z) + Lg(x))]

subject to homogeneous initial conditions. As for the boundary condi-

tions, the issue of wellposedness follows directly from the wellposedness

of a very similar problem, albeit subject to a different forcing.
However, the impact of the general forcing, f(x,t), on the wellposed-
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ness of the problem can be understood by recalling that if the solution
to Eq.(3.6) with f(x,t) = 0 takes the form

u(x,t) = exp (Lt) g(x) ,

then the solution solution to the inhomogeneous problems is given as

u(x,t) = exp (Lt) g(x) +/0 exp (L7) f(z,7)dr .

This results is known as Duhamel’s principle and remains valid also for
the general variable coefficient and nonlinear problems [?].

Hence, we can recast the general linear IBVP into one with homo-
geneous initial and boundary values, and neglect the forcing terms in
the analysis of wellposedness as it follows from that of the homogeneous
problem. It should be cautioned, however, that if the homogeneous
problem is illposed, this approach does not in general allow us to state
anything about the inhomogeneous problem.

Through this rather long line of arguments we have realized that
quite a lot can be said about the solution to general nonlinear IBVP by
studying the much simpler linear homogeneous IBVP on the form

t
6“(6";’ )~ Cu(@,t) , weD ,t>0, (3.7)
Bu(z,t) =0 , £edD ,t>0,
u(z,0) = g(z) , zeDb ,t=0,

which shall be the main subject of our study. In much of what follows
we shall therefore consider the linear IBVP for which wellposedness is
defined as

Definition 2 (Wellposedness II). Assume that a solution ezists to
the problem, Eq.(3.7). Then the problem is wellposed for t € [0,T] in
L2 [D] provided only that

sup |lu(t)|lzz o) < C(D)lgllzz o) >
te[0,T]

where the constant, C(T), can depend on T but not on the initial data.
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3.2 Counsistency, Stability, and Convergence

We are now ready to return to the discussion of convergence of a numer-
ical scheme, serving as an approximation of a general initial boundary
value problem. Based on the discussion in the last section it seems rea-
sonable to focus the treatment to linear, variable coefficient problems.
One should be aware that such an analysis provides only necessary, but
not sufficient, conditions for convergence of the approximation to the
general nonlinear IBVP.

Let us for simplicity begin by restricting the attention to the one-
dimensional linear, constant coefficient initial scalar boundary value
problem

%zﬁu(l‘,t) , zeD ,t>0, (3.8)
Bu(z,t) =0 , xr€ID ,t>0,
u(z,0) = g(z) , z€D ,t=0,

where £ is independent of time as well as space. We shall also subse-
quently assume that the boundary operator, B, is included in the oper-
ator, £. The extension to the multi-dimensional scalar case is straight-
forward provided the domain of interest is simple, e.g., convex with a
Lipschitz boundary. The generalization to systems of equations is con-
siderably more complex and we refer to [?] for an detailed discussion of
these complications. In Chap. 8 we shall revisit this within the context
of spectral methods for conservation laws.

Let us here assume that the solution, u(z,t), belongs to a Hilbert
space, H, endowed with a norm, || - ||z p}, in which the problem is
wellposed according to Def. 2. The boundary operator, B, restricts
the allowable solution space to B C H, where the Hilbert subspace,
B C H, is constructed from all u(z,t) € H for which Bu(z,t) = 0 on §D.
Wellposedness implies that the operator, £, is a bounded operator from
H into B, i.e., £L[D] : H — B.

The formulation of any numerical schemes for the solution of partial
differential equations involves two essential steps

e Choosing a finite dimensional space, By, to approximate the continu-
ous space, B. By is the space in which to seek approximate solutions
and this choice defines the method, e.g., finite difference, finite vol-
ume, spectral etc.
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e Defining a projection operator, Px[D] : H — By. This choice specifies
the way in which the equation is satisfied, e.g., Galerkin, collocation
etc.

Here N is a measure of the dimension of the dense subspace, By € B,
and of the projection operator, Py .

The projection is often defined through the method of weighted resid-
uals (MWR), by enforcing that the numerical solution, uy(z,t) € By,
satisfies

0
—gzv —Lyun =0 ; (39)
UN(O) —gnN = )

where we have introduced the approximated operator, Lx[D] : B — By,
defined as Ly = PNLPn, and gy = Png-

The aim of the convergence analysis is to derive conditions for the
convergence of un to u as N tends to infinity for any ¢ € [0, T]. However,
a direct comparison between uy and u is difficult as they occupy different
spaces, leaving ambiance as to how to measure the difference. It is more
natural to compare uy and the projection, Pyu, as they belong to the
same space, By, endowed with the norm || - [|z2pj. It is important to
realize that any numerical scheme produces a projection of the solution,
Pnu, rather than the solution, u, itself which is generally not available.

In what remains, we shall simply assume that

vVt € [0,T] = [lu(t) — Pnu(t)|lzzp) =0 as N — oo . (3.10)

Estimating this generally involves knowledge about the regularity of the
solutions to the partial differential equation. While this topic is of great
importance in the theory of partial differential equations, it is also well
beyond the scope of this text. We shall simply assume that the solution
has sufficient smoothness and remains bounded to ensure that Eq.(3.10)
holds.

The convergence rate, however, of this may well be different from that
of

Vt€[0,T] : |lun(t) _PNU(t)||L?D[D] —+0 as N — o0 ,

which measures the difference between the projection of the exact solu-
tion and the numerical solution.
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The projection of Eq.(3.8) yields

OPNU
ot

= PnLu . (3.11)
Let us recall the identity
Vuny € By @ Pyvun =un ,

i.e., the projection of a function in By is the identity operation. Com-
bining Eq.(3.9) and Eq.(3.11) yields the error equation

d
5; (Pnu—un) = Ly (PNu—un) + PNL(T=Py)u . (3.12)

Hence, if Pyu(0) — un(0) = 0 and the truncation error,
PNL(Z —Pn)u , (3.13)

vanishes, we recover that the error, Pxyu — un, is zero for all ¢ € [0,T].
Let us now define the concept of convergence as

Definition 3 (Convergence). An approzimation is convergent if
vVt € [0,T]: ||Pyu(t) —un(t)||z2p) >0 as N — oo,

for all u(0) € B and un(0) € By.

A direct approach to proving convergence of a specific scheme is, in
general, hard. However, there fortunately is an alternative avenue along
which to proceed.

We recall Eq.(3.12) and define

Definition 4 (Consistency). An approximation is consistent if

I|PNL(Z —Pn)ullLzp) — 0

as N — o ,
1Pnu(0) —un(0)llz2p) = O

for all u € B and un(0) € By.

This essentially requires that the truncation error introduced by the
approximation vanishes as IV approaches infinity.
Let us also define
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Definition 5 (Stability). An approximation is stable if
VN :[[exp(Lnt)|rzp) < C(F)

with the associated operator norm

|| exp(LNt)ull L2 D)

HUHL?U[D]

)

|l exp(Lnt)|| L2 D] = sup
u€EB
and C(t) is independent of N and bounded for any t € [0,T].

This guarantees that the solution remains bounded as N approaches
infinity. Stability of the approximation is clearly closely related to the
question of wellposedness for the partial differential equation.

These concepts are connected through one of the principal results in
the convergence theory of the numerical approximation of linear partial
differential equations.

Theorem 1 (Laz-Richtmyer Equivalence Theorem). A consistent
approzimation to a linear wellposed partial differential equation is con-
vergent if and only if it is stable.

Proof: ~ We will just outline the proof of this important result. Let
us first establish that consistency and stability it suffices to guarantee
convergence. Consider the error equation, Eq.(3.12),

0
ot (Pnu—un) =Ly (Pyu—un)+PNL(Z—Pn)u .

Using Duhamel’s principle yields
Pnu(z,t) — un(x,t) = exp [Lnt] (Pnu(z,0) — un(z,0))
t
+/ exp [Ln(t — s)] PnL[Z — Pn]u(s)ds
0

which is valid provided only that the truncation error has sufficient
smoothness. Introducing the L2[D] norm and the triangle inequality
we recover

IPNu(t) — un(t)llz2p) < C@|PNu(0) — un(0)]|L2 0]
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t
+/ C(t = s)IPNLIZ = Pnlu(s)lzz o ds -
0

Provided u is dense in B, uniformly bounded in ¢, and the approximation
is stable and consistent according to Def. 4 and Def. 5, the truncation
error vanishes as N approaches infinity, thus establishing convergence.
Indeed, we observe that the rate of convergence is the same as that of
the truncation error.

Conversely, to prove that convergence implies stability, we recall that
convergence implies that

| lexp(Lt)ullzz o) — [lexp(Lnt)ullrz o) |
< |lexp(Lt)u — exp(Lnt)ullpzp) = 0 ,

for N — oo. Since || exp(Lt)ul| 2 (p) is bounded due to wellposedness, see
Def. 2, this indicates that convergence indeed implies stability. However,
there are subtleties as || exp(Lnt)u|p2 p) may depend on u as well as ¢.
We shall not address this issue further but refer to [??] for a complete
proof of the equivalence theorem. QED

A few remarks regarding the use of the equivalence theorem is in place.
We have indicated the proof of the theorem in Hilbert spaces, utilizing
the inner product norms. The original result, on the other hand, is valid
for solutions in Banach spaces, i.e., the result remains valid in all of
the LP[D] spaces. It is crucial to appreciate, however, that the consis-
tency, stability and wellposedness of the problem has to be established
in equivalent spaces, i.e., using equivalent norms, for the theorem to re-
main valid. The problem is the issue of wellposedness which may well
be lost when changing norm. To appreciate this, consider the following
example [?].

Example 5. Consider the linear wave equation

Ou  Ou

Z=_Z 1,1
ot oz * U € =L
with u(—1,¢) = 0 and the initial conditions being

_f1—etz] 2| <1-c¢
U(.’I},O) - {0 |1’| > ¢ ’
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where € > 0.
Let us consider the norm

lu(®)| = / (1)1 - 2?)" de |

—1

with a > —1. Note that a = 0 reflects the classical energy (L?) norm.
One can easily show that

[u(0)]2 oce .
The solution at ¢t =1 is

e 1) = {

0 r<l-—c¢
l—ettetz] l-e<z<1

Evaluating the norm shows
llu(DII7 oc e .
For wellposedness, we must require that

[u(®)lla = [[exp(LE)u(0)]la < C@)[lu(0)lla ,

where C(t) can depend on the time but not on the initial conditions.
However, using the above results, we have

[e(D)|a

| exp(Lt)[|o > ™ o< e™/? .
= u(0)la
Hence, for —1 < a < 0, one can not bound the operator by any fi-
nite constant and the problem is illposed. For a > 0, the problem is
wellposed.

This partly explains why the application of the theorem traditionally has
been restricted to problems in Hilbert spaces, as wellposedness, including
uniqueness and existence, as well as stability and consistency in most
cases is harder to establish in the L? [D]-spaces.

The power of the Lax-Richtmyer equivalence theorem lies in the real-
ization of a natural splitting of the convergence analysis of a numerical
approximation scheme into the less difficult issues of consistency and
stability. In what follows we shall rely heavily on this result to facilitate
the analysis of spectral approximations to partial differential equations.
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3.3 The Spectral Approximation

What separate spectral methods from all other methods for solving par-
tial differential equations is the implicit assumption that the solution,
u(z,t) € B, can be expressed as a series expansion of global and smooth
polynomial trial functions, ¢, (), defined on D as

u(l‘,t) = Zan(t)¢n(x) ) (314)
n=0

with the truncated approximation

N
un (@) =Y tin () dn(z) - (3.15)
n=0

The conditions on u(z, t) ensuring that such an expansion exists remains
unknown for general ¢, (z). However, for special choices of the trial, or
basis, functions one can establish necessary conditions for the existence.
For now, we will simply assume that the series exists and later return
to the question of existence for specific examples of ¢, (z).

The choice of the trial functions is of great importance for the devel-
opment of a good method, e.g., recall Ex. 4 in Chapter 2, since they
also define the subspace, By, in which we seek the approximate solution,
up. Clearly, if By, is a poor approximation to B we can not expect uy
to be a good approximation to u.

In what remains we assume that ¢, (z) € H belongs to a polynomial
family, including the trigonometric polynomials, that is complete in H
and orthogonal under the associated inner product. In this setting the
finite dimensional subspace, By, is of dimension N + 1 and is spanned
by a subset of a polynomial family that is dense in By

In the particular case where

BN - Span{‘i)n(m)}g:[) ’
we realize
u—uy Luy , (3.16)

i.e., u — un forms an orthogonal complement to the subspace, By .

So far we have not concerned ourselves with the question of how to
recover the expansion coefficients, 4y (t), such that Eq.(3.14) remains
true. There are two essentially different methods for doing so as we
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shall discuss in the following.

3.3.1 The Continuous Approximation

Consider the truncated expansion

N

Pru(z,t) = Y in(t)¢n(w) -

n=0

Since we assume that the trial functions, ¢, (z), form a complete and
orthogonal system with respect to the weight, w(z), we have

(¢na ¢m)w = ’Yn(snm )

where v, = (¢n, ¢n)w, from which we recover the expansion coefficients

Un(t) = i/Du(a:,t)gzﬁn(a:)w(ﬁv) dr . (3.17)

Note that this formulation is grid free, i.e., we are working solely in a
continuous framework and, motivated by this observation, we shall term
Un(t) the continuous expansion coefficients.

Completeness of the system, ¢, (z), in H is equivalent to the property
that for all u(z,t) € H we have

||U—IPNU,||L12”[D]—>0 as N — oo ,

i.e., Pnu converges to u in the mean. While this ensures consistency it
expresses nothing about the quality of the approximation for finite IV,
i.e., the convergence rate.

To understand this, we recall Bessel’s inequality, which in the case of
an orthogonal basis becomes an equality, as

© 1/2
llullz2 0] = (Z %ﬁi>
n=0

Recalling that the truncation error is in the complement of the approx-
imation, Eq.(3.16) we recover

o 1/2
lu — Pnullrz o) = ( > %ﬁi>

n=N+1
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Hence, the approximation error depends solely on the decay of the ex-
pansion coefficients, which again depend on the actual orthogonal family
being applied, the regularity of u, and the weight function, w(x).

3.3.2 The Discrete Approximation

The computation of the continuous expansion coefficients involves, as
expressed in Eq.(3.17), the evaluation of a continuous inner product.
For general solutions, u(z,t), this is very hard or even impossible to
evaluate and certainly impractical for real problems.

To overcome this problem, let us introduce a set of distinct grid points,
xj, and search for a polynomial, Zyu(z,t) € By, satisfying

N
YV Inu(z;,t) = Zﬂnqﬁn(w]) , (3.18)
n=0

i.e., we require the approximation to u(x,t) be an interpolation. The
remaining question is how to obtain the discrete expansion coefficients,
n(t), such that Eq.(3.18) is satisfied.

Let us define the discrete weighted inner product

N

[, vl = > ulw)v(z;)w; (3.19)

=0
and assume that u(x),v(z) € C[D]. We shall furthermore assume that
[U7U]w = (U7U)’LU , U,V € BN } (320)

i.e., the grid points, z;, and the discrete weights, w;, are chosen such
that the discrete inner product is identical to the usual continuous inner
product for all functions in By. To thoroughly understand the impli-
cations of the assumptions expressed in Eqs.(3.19)-(3.20) we shall need
to develop the theory of Gauss integration, the discussion of which we
postpone to Chapter [?]. At this point the equality is simply a postulate
although we saw an example of such a summation rule in Lemma 1.
However, armed with this assumption we recover the discrete expan-
sion coefficients on the form
1 1 &
iy = —[u(@), pn(@)]w = — Y _ u(z;)dn(z)w; (3.21)

Tn Tn j=0
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where w; represents the discrete weights and we have 3, = [¢n, dn]w.

3.3.3 A Comparison

Let us briefly compare the two different sets of expansion coefficients, 4,
and @,. While the computation of the former requires the evaluation of
an integral, it introduces no grid points. Contrary to that, the evaluation
of 4, involves the definition of a grid and a quadrature to compute
the expansion coefficients through a summation. This later approach is
clearly better suited for a computer.

The use of a grid, however, introduces an additional source of er-
ror. To realize this, let us consider the relation between the two sets
of expansion coefficients, assuming that u(z,t) is at least continuous,
i.e., u(z,t) € C[D]. Then the discrete expansion coefficients, @,, can be
expressed using the continuous expansion coefficients, @y, as

Unp (Zul¢l T ) (z)n(xj)wj = Uy + ; Z al[¢la¢n]w
7”]' 0 Tn I=N+1

The last term does not vanish as ¢;(x) is in the complement of By for
I > N in which case Eq.(3.20) is no longer valid. Summing over all
modes we obtain

) N
= Z Undn(T) + Z iy Z ;)«/i[d)la bnlwdn ()
n=0 n=0

where the last term, R yu(z), represents the difference between the two
approximations. This difference, known as the static aliasing error, is a
direct consequence of the introduction of a grid. Another interpretation
is that it is caused by the loss of accuracy in the evaluation of the
integral by a summation. This causes high frequency variations in the
function to appear as low frequency variations in the approximation due
to insufficient resolution. Since the aliasing error is in the complement
of the continuous approximation, Pnyu, we recover the following error
estimate
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llu — Inullpz o) = llu — Pyullpz o) + I1RNull2 o) -

Hence, to establish convergence of the discrete expansion we need to
understand the impact of the aliasing error in addition to the behavior
of the continuous approximation.

3.3.4 Revisiting the Discrete Approximation

It is worth while returning to the discrete approximation as it allows for
an alternative, yet equivalent, formulation. To appreciate this, let us
recall that the discrete expansion coefficients, %, are defined to ensure
that the approximation is an interpolation, ie., Zyu(z;) = u(x;) as
discussed in Sec. 3.3.2. In other words, Zyu(z) represents an Nth order
polynomial, specified at IV +1 grid points, z;. As this polynomial clearly
is unique we may equally well express the interpolation on the form

N
Inu(z) = u(w;)Lj(x)
j=0

where the Lagrange interpolation polynomial, L;(x), based on the grid
points, z;, is given as

We recall that L;j(zx) = d;i, ensuring the interpolation property of Zyu
which is now nothing else than a global polynomial on which we can
perform any operation much in the spirit of the finite difference schemes
discussed in Chapter ??. Indeed, we may differentiate the interpolating
polynomial to obtain an approximation to the spatial derivative of u(z)
at the grid points, z;, as

du

au ~ d(IN’LL)
do|,  —

dx

Tj Zj k=0 Zj

with the derivative of the Lagrange polynomial at the collocation points
being given as
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dLy(z) _{7@]2:“”””) #
dli(z)|  _ 20
o Wl A

An alternative way of expressing the interpolation polynomial is by in-
serting Eq.(3.21) into Eq.(3.18) to obtain

N N N o
Inu(z) =) ulz;)Lj(z) = ) u(z;) (wj > —¢n($;’)¢n($)>
j=0 j=0 n=o "
Due to the uniqueness of the interpolation polynomial we recover
N
Lj(z) = w; Z O () n () (3.23)
n=0 n

While the construction of L;(z) from Eq.(3.22) is possible for any set
of N + 1 distinct grid points, the formulation in Eq.(3.23) is clearly
more restrictive in that it involves a sum over a particular orthogonal
basis. Hence, one can certainly find examples of L;(z) that can not be
expressed in the form of Eq.(3.23).

However, as we shall concern ourselves with approximations originat-
ing from orthogonal expansions with associated quadrature nodes and
weights, both formulations are of relevance. Indeed, we shall see that the
duality in expressing the discrete approximation in terms of expansion
coefficients or in terms of Lagrange interpolation polynomials shall be
of very significant use for the analysis of spectral methods as well as the
more practical aspects.

3.4 Method of Weighted Residuals

So far we have focused the discussion on the construction of the finite
dimensional subspace, By, and how to recover the approximations to
u(z,t) in the finite dimensional space. However, to complete the specifi-
cation of the numerical scheme we need to discuss the equally important
question of how to satisfy the partial differential equation.

Consider again the linear scalar problem

ou

o = Lu (3.24)
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with appropriate initial conditions and assume that the boundary oper-
ator, B, is included in £ and that u € B.

To recover a semi-discrete approximation we use the method of weighted
residuals (MWR) to require that the residual, Ry (z,t), is orthogonal in
an inner product to a set of test functions, ¥, (z), as

Vn € [0,N] : (RN,%)W:/DRN&”wdm:o :

where the residual

reflects the error introduced by approximating u(x,t) by un(z,t).

The choice of the test-functions defines the way in which we satisfy
the equation, i.e., the projection operator Py, and names the overall
scheme. In the following we briefly discuss the three essentially differ-
ent choices of test functions that lead to the standard formulations of
spectral approximation schemes for solving partial differential equations.

3.4.1 Galerkin Approximation

In this classical approach to the construction of a semi-discrete approx-
imation to a partial differential equation, we assume that the solution,
u(z,t), can be approximated by a truncated expansion as

N
un(x,t) = Zﬁn(t)(bn(a:) .
n=0
The test-function, ¢ (), is defined by

(¢n7/¢l)w = 6nl )

i.e., they are essentially the orthogonal basis functions subject only to a
slightly different normalization as

1

This specific approach is known as the Galerkin approximation. The
MWR argument leads to the following set of equations



3.4 Method of Weighted Residuals 47

which, using the orthonormality of the trial and test functions, yields

di

—n:(EUN,’(/Jn)w s n:O,...,N.

dt
Hence, the semi-discrete approximation consists of N + 1 coupled ordi-
nary differential equations, which determine the temporal evolution of
the expansion coefficients, 1y (t), subject to the initial conditions on the
form

an(o):(gﬂ/}n)w ) ’I’LZO,...,N .

The formulation of the Galerkin approximation may be viewed in a dif-
ferent way. Assume that at each given time, ¢, the expansion coefficients,
1y, are known. Then seek values of the N + 1 independent quantities,
(@p,)t, that minimize

i.e., it is the solution that minimizes the residual in a weighted least
square sense.

The main difficulty associated with a Galerkin formulation emerges
when one considers boundary conditions. Since the projection leaves no
degrees of freedom through which to impose the boundary conditions,
these conditions have to be a part of the basis itself. Moreover, due to
the implicit orthogonality of the basis and the test-functions, we need
to require that the basis functions obey the boundary conditions indi-
vidually, i.e., ¢,(x) all have to satisfy the boundary conditions. This
essentially restricts the practical use of the Galerkin approximation to
problems with simple boundary conditions, e.g. periodic or homoge-

0

)

L3, [D]

neous boundary conditions.

Example 6. Consider the constant coefficient linear problem

ou_ o 0
ot~ Yoz dz?
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u(0,t) = u(2m,t) ,
u(z,0) = g(z) ,
in the domain D = [0,27]. We will discretize the problem using a

Fourier-Galerkin method and assume a polynomial solution of the form

N/2

un(z,t) = Z Un(t) exp(ing)

n=—N/2
where the continuous expansion coefficients, ., are found as

1

2m
= %/0 u(z,t) exp(—inz)dz .

Un (t)

To construct the scheme we require that the residual

N/2 .
Ry(z,t) = Z <% —inat, + nzbﬁn> exp(inz) ,
n=—N/2

is orthogonal to By = span{¢,}]\_,, i.e.,
Ry LBy & Vn (RN>¢n)w =0 .

In this special case, we have that Ry (z,t) € By and we immediately
recover the NV + 1 equations to be solved as

~

d
Vn € [-N/2,...,N/2] : % — inaiin + n%bi, =0 |

and the initial conditions as

1

T o

G, (0) /Oﬂg(a:) exp(—inx)dx .

The simplicity of this scheme is caused by the fact that

0 0?
L=a—+b—
Or  Ox?
commutes with the projection, LPny = PnL, i.e., the truncation error,
Eq.(3.13), vanishes and we recover the projection of the exact solution,

uy = Pnu.
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A main drawback of the Galerkin method is that we have to derive the
system of ordinary differential equations separately for each individual
problem. While this is possible for constant coefficient problems, it may
prove hard or even impossible when considering more general variable
coefficient or nonlinear problems. Moreover, the Galerkin approach re-
quires that the trial functions obey the boundary conditions individually
which may well complicate matters considerably.

3.4.2 Tau Approximation

For many problems, the boundary conditions are sufficiently complicated
to make the Galerkin approximation impractical. Let us in the follow-
ing assume that the boundary operator, Bu = 0, require us to enforce
Np boundary conditions, and assume that the solution to the partial
differential equation, u(z,t), is approximated as

N+Ny

UN(wvt): Z an(bn(x) :

n=0

In contrast to the Galerkin approximation, we shall choose test func-
tions, 1, (), that do not satisfy the boundary conditions individually.
However, in applying the MWR, argument we shall leave enough degrees
of freedom to enforce the boundary conditions. The consequence of this
procedure is that we need to specify two sets of test functions.

For the partial differential equation itself we choose the test functions
as for the Galerkin approach

wn(w):%(bn(x)  n=0.....N .

and require orthogonality between the residual and the space of test
functions as

8uN
- n = ; =U,..., N .
<—6t Lun, >w 0 n=>0
This results in N + 1 coupled ordinary differential equations as
diiy,
W = (EUN,i/Jn)w )

to describe the evolution of the first IV + 1 expansion coefficients.
The Nj remaining coefficients shall be specified to enforce the bound-
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ary conditions. For this we define a set of N, test-functions on the form
BC 1
U () = —dn()dsp -
Tn

Here deltasp reflects a function that vanishes everywhere except at 6D
where it becomes unity.
Applying the MWR condition on the boundary equation, yields

(BuNyi/Jr]?C)w:O) TL:O,...,N-l-Nb )

which results in N, conditions on the form

N+Ny

> n(t) Bonlsp =0 ,

n=0

to close the set of N + 1+ N, equations for NV + 1 + Ny unknowns. This
constraint is natural as it simply reflects that one requires Buy = 0.

The name of the method, which was originally proposed by Lanczos
[64, 25] originates in the observation that the approximate solution, up,
is an exact solution to the modified problem

Ou =
o = Lun + D mon(@)

p=1
Following the approach outlined above yields the same N + 1 equations
for the expansion coefficients. However, we also obtain the equations for
Tp as

Lun,
ry= LU ON )y g

YN+p
Consequently, calculating 7, one obtains an error estimate which indicate
how accurately the posed IBVP is being solved.
Let us finally note that in the trivial case where the trial functions
satisfy the boundary conditions individually, the tau method and the
Galerkin method are equivalent.

Example 7. Consider the elliptic problem

d*u(z)
dzx?

= f(=) ,
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u(0) =u(r) =0,

in the domain D = [0,7]. We will also assume that f(x) is even, i.e.,
f(z) = f(=z), and w-periodic, i.e., f(z) = f(z + 7).

We chose to discretize the problem using a Cosine-tau method and
seek a polynomial solution on the form

N+2

un(z) = Z Un cos(nx) .

The expansion coefficients, @, can be found using the orthogonality of
the cosine basis as

/ cos(nz) cos(lx)dx = Iénl ,
0 2
such that
. 2 (7
Up = —/ u(z) cos(nz)dx .
0

™

The expansion of f(z) is found in a similar way.

We observe that since cos(0) = 1 and cos(nm) = (—1)", none of the
basis functions satisfy the boundary conditions.

To construct the approximation we require that the residual

Rn(z) = ﬁ: (—nQOn - fn) cos(nz) ,

is orthogonal to By as for the Galerkin approximation. This yields the
first NV + 1 equations as

Vn e [0.N] : —n%h, = fn .

The additional equations required to enforce the boundary conditions
yield

N+2

un(0) =Y i, =0,
n=0
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providing the 2 equations required to solve for the N + 3 unknown.
For this problem we obtain the measures of error as

N1 = —(N +1)%an41 — fner » Tvee = —(N +2)%in4s — fnee

while 7, = 0 otherwise.

As for the Galerkin method, a drawback of the tau-method is the need
to derive the equations separately for each separate problem. For linear
problems, the tau-method yields a very efficient and accurate method
for the solution of ordinary differential equations. However, as for the
Galerkin approximation, dealing with variable coefficient or non-linear
problems is in most cases very hard and often even impossible.

3.4.3 Collocation Approximation

As we have seen, the Galerkin method and the tau method have the
distinct disadvantage that one needs to explicitly derive the governing
equations separately for each case.

Let us therefore consider an alternative approach known as the col-
location method in which we assume that the solution to the partial
differential equation, u(x,t), is well approximated by the interpolation

polynomial
N N
un(@,t) =Y () on(z) = > ulw;, t)L;(x) |
n=0 j=0

where the interpolation is based on some given set of grid points, z;, as
discussed in Sec. 3.3.4.

What separates the collocation approximation from the two previous
techniques to satisfy the equation is the introduction of a grid which
we define by NV + 1 distinct grid points, y;, in D. It is important to
appreciate that this set of grid points, y;, may well be different from the
set of grid points, z;, on which the interpolation polynomial is based.
The reality is, however, that they very often are chosen to coincide.

We require that the partial differential equation is satisfied exactly at
y; by choosing the test functions as shifted Dirac delta functions

Yo(x) =6(x —yn) , n=0,...,N .
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Applying the MWR, argument yields the equations

15]
RN (yn,t) = {_g;v - EUN1|

Yn

In case the grid points include the boundary, 4D, we obtain those equa-
tions through the boundary operator which has to be obeyed exactly at
the boundary point(s).

One may also understand the collocation method by assuming that
at each given time, ¢, the expansion coefficients, 4,, are known. Then
we seek values of the N + 1 independent quantities, (4, ), that minimize

8U,N 8UN

or _Luw g —Lun|

w

i.e., it is the solution that minimizes the residual in the discrete inner
product in a least square sense.

Example 8. Let us consider the following variable coefficient problem

Ou _ . Ou

8t = Ssinxr 8;[7 y
u(0,4) = u(2m,1)
u(,0) = g(a)

in the domain D € [0,2x]. To discretize the problem using a Fourier-
Collocation method we introduce the grid

27
i=—7 ] .., N
1'] N—{—IJ,JE[O, ’ ]7

on which we will base the interpolation and satisfy the equation.
We seek a polynomial solution of the form

N
'U/N(mat) = ZUN(CU],t)h](CU) y
=0

where hj(xz;) = 0;; represents the interpolation Lagrange polynomial
given as
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as discussed in Chap. 2. We shall also approximate the spatial derivative
of u(z,t) as

ou Oun

~

or ~ Nor

which yields the spatial derivative at the grid points as

8U,N
or

N
=> Djun(z,t) ,
1=0

Zj

where the entries of the differentiation matrix, Dj[, are given as

)it . T -1 .
dhy| g o S [en (w6 D)) 1#d
dz |, 0 l=j
Since
. 6UN . 6UN
In <sm(a:)ﬁ> . = sin(z;) e . )

recover the Fourier-Collocation approximation on the form

N
dun . -
W . :Sln(mj)lZ;Dj[UN(fE[) 5

at all the collocation points, ;.

Contrary to the Galerkin and tau method, we are not required to ob-
tain the equations governing the expansion coefficients. The collocation
scheme is different and it is straightforward to deal with variable coef-
ficient or nonlinear problems. This simply reflects that while it is easy
to interpolate such terms it may well be hard to project them onto a
particular orthogonal space as required to obtain the equations for the
expansion coefficients. The key disadvantage of the collocation method
is the need for a grid and the associated introduction of the aliasing
error.
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Exercises
1. Consider the following functions

— 3
* u(z) ~ 5—4cos(z) "

o u(x) =sin(z/2).

o u(zr)=r.

with z € [0, 2x].

Derive the continuous Fourier expansion coefficients, i.e.,
27

! u(x) exp(—inz)dzr

:% |

Un

and compare them to the discrete expansion coefficients

- 1 . 2w
Un = N—H Xgu(xj)exp(_znxj) y Lj = N+1'
j=

N
for several different values of N. The latter summation should be evalu-

ated computationally.

Discuss the differences and similarities and how it relates to the different
functions.

2. Consider the linear constant coefficient problem

ou ou 0*u
a—d%%‘bw s 1136[0,271'] 5

subject to periodic boundary conditions.

Show that for a Fourier-Galerkin approximation, the residual is

N/2
dii, . . . .
Ry (z,t) = Z (% — inaty, +n2bun) exp(inz) .
n=—N/2

3. Consider the variable coefficient problem

du

. ou
Er +sin(z)=— =0, z €[0,27] ,

ox

subject to periodic boundary conditions.
Derive a Fourier-Galerkin approximation. Is Pyu = un ?.

4. Consider Burgers equation

ou  low’ _ 0% € [0, 27]
t "2 0r  Cogz 0 TEHAT
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subject to periodic boundary conditions.
Derive a Fourier-Galerkin approximation.

Consider the variable coefficient problem

ou | . Ou
B +sm(a:)% =0, z€[0,27] ,

subject to the boundary conditions
u(0,t) = u(m,t) =0 .
Derive a Fourier-Galerkin approximation.

(Continued) Assume that the solution is expressed as

un (@,t) =Y iin(t) cos(nz) .

Derive a tau approximation.
Consider Burgers equation

ou 10u? 582u € [0, 27]
— t+ts5—=55 , I
ot 2 Ox oz’ ' '
subject to periodic boundary conditions.
Derive a Fourier-Collocation approximation.

(Continued) Consider Burgers equation on the equivalent form

@+u@—6& z € [0, 27]
ot dr = 0x? ' ’
subject to periodic boundary conditions.
Derive a Fourier-Collocation approximation.

Will the two approximations yield the same results 7 Why/why not ?
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Trigonometric Polynomials

As discussed in the previous chapter, the choice of the appropriating
basis function, i.e., the specification of the finite dimensional subspace,
By, lies at the heart of the design of the spectral method. Indeed, as we
learned through an example in Chapter 2, this choice greatly influences
the overall performance of the scheme.

If we restrict the attention to problems possessing some degree of
periodicity, it seems natural to consider the use of trigonometric poly-
nomials, also known as Fourier series, for the purpose of representing
the unknown solutions. However, as we experienced in Chapter 2, even
for problems involving some degree of periodicity may result in a disap-
pointing performance of schemes based on trigonometric polynomials.

In this Chapter we shall come to an understanding of exactly what
determines the behavior of the approximating series. We will, for the
sake of simplicity, consider functions, u(z), of only one variable and
defined on [0,27]. We shall also restrict ourselves to functions having
a continuous periodic extension, i.e., u(z) € C9[0,2x]. The behavior
of trigonometric series for the approximation of piecewise smooth func-
tions, u(z) € L?[0,27] shall be revisited in Chapter 8.

4.1 Continuous Trigonometric Polynomials

The classic continuous series of trigonometric polynomials, also recog-
nized as the Fourier series F[u], for the approximation of a function,
u(x) € L%[0,27], is given as

Flu] = ap + Z dn cos(nx) + Z by, sin(nz) | (4.1)

n=1

57
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where the expansion coefficients are

1 1 2T
An = — N = — d ,
a o (u(z),cos(nx))r2(0,2x) ey u(zx) cos(nzx) dz
with
o = 2n=0
" lin>0 "
and
N 1 . 1 2T )
bn = — (u(x),sin(nz))L2(0,2.] = = u(x)sin(nz)dr , n >0 .
In T Jo

This follows immediately from the orthogonality of the trigonometric
functions in the unweighted inner product

2
(4, 0) 2(0.9m] = / w(@)o(z) do |
0

with the associated norm

27
210,001 = ( / |u<x>|2dx)

While orthogonality of the polynomials is advantageous, an essential
property is L?[0,2r]-completeness. Establishing this for the trigono-
metric basis is, however, a classical, albeit somewhat complex, result,
the proof of which is beyond the scope of the present text. We shall
henceforth simply assume the validity of this result and refer to [?7]
where a complete proof of L%[0,27]-completeness of the Fourier basis
can be found.

Before we move on to study the properties of the approximating se-
ries, let us recall that the Fourier series can be expressed differently by
introducing the Fourier basis functions

1/2

¢n(x) = exp(inz) .

Clearly, this set of functions is an orthogonal system over the interval
[0, 27] with respect to a unity weight-function. By introducing the com-
plex coefficients,
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ag n=>0
b = (an —ibn)/2 n>0 (4.2)
(6_p+ib_,)/2n <0

the trigonometric series, Eq.(4.1), is seen to be equivalent to

Flul= Y ingn(z) . (4.3)

[n|<oo
The expansion coefficients, ,, are obtained directly as

N 1 1

i = - exp1) g = 5

/0 7 (@) exp(—inz)de |

A few notes concerning the Fourier series are in place. In the important
special case where u(z) is a real function, we recover that a, as well as
b, are real numbers and, consequently, Gi_, = @, (see Eq.(4.2)), ie.,
we only need half the coefficients to describe the function. Similar re-
ductions are important when the function being approximated possesses
certain symmetries. In case the function is even, i.e., u(z) = u(—z), we
have En = 0 for all values of n. Consequently, one needs only consider
the cosine series. Similarly, if the function is odd, i.e., u(z) = —u(—z),
we obtain a, = 0 for all n, recovering the sine series.

Let us now return to the convergence behavior of the truncated Fourier
series

Pru(z) = Z Un exp(ine) . (4.4)

[n|<N/2

The central issue is how well does this truncated series approximate the
function, u(z) € L?[0,2n], and in what sense can we talk about con-
vergence of the series. Moreover, we need to come to an understanding
of the convergence rate and how this depends on the properties of the
function, u(z), being approximated.

We seek an approximation to u(x) in the finite dimensional subspace,
B N, defined as

By = span{exp(inz)||n| < N/2} , dim(By)=N+1 .

Recall that Pyu is the orthogonal projection of u(x) onto Bn or, equiva-
lently, Pyu is the closest element to u(z) in B with respect to L2[0, 27].
Let us define the notion of periodicity.
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Definition 6 (Periodicity). A function, u(z), x € [0, 2], is periodic
if u(0) and u(2w) exist and w(0) = u(27).

Since Pyu is periodic, a sufficient condition for uniform convergence is
that u(z) € L?[0,27] itself is periodic and possesses a minimum amount
of smoothness as stated in

Theorem 2. Every function, u(x) € C’; [0,27], has a uniformly conver-
gent Fourier series

lu — PnullLepo2- =0 as N — oo .

The condition on smoothness is needed to ensure that

Z |tn| < 00 .

In|<oo

as we shall discuss in relation with a direct proof given in Sec. 4.3.1.
A more general, but weaker, result is related to convergence in the
mean as

Theorem 3. Every piecewise continuous function, u(z) € L?[0,2x], can
be expanded in a Fourier series, which is convergent in the mean

lu — Pnull202-) =0 as N — oo .

This is equivalent to the statement of L?[0,27]-completeness of the
Fourier basis and implies the existence of Parseval’s identity as

||U||2L2[0,27r] =2m Z |iin|? (4.5)

In|<oco

We note in particular that for u(z) € L?[0,2x], the sum on the right
hand side is guaranteed to converge.

Utilizing Eq.(4.5) and orthogonality we find the truncation error in-
troduced by the finite expansion as

lu = Prulfapom =20 Y Jinl® -
[n|>N/2
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Moreover, provided u(z) € C; [0,27], Theorem 2 and the triangle in-
equality implies

lu — Prul|Lo[0,25] < Z ||
Inl>N/2

i.e., the error committed by replacing u(x) with its N’th order Fourier
series depends solely on how fast the expansion coefficients of u(x) de-
cay. This, in turn, depends on the regularity of u(z) in [0,2n] and the
periodicity of the function and its derivatives.

To appreciate this, let us assume that u(x) € C°[0,2x]. Provided
n # 0, integration by parts implies

27
271'1%2/ u(z) exp(—inz) dx
0

—1 o ! —inz) dx
L u(2m) - u(0) + - / u!(2) exp(—ing) de: .

in mn

Clearly, if case u/(z) € L?[0,27], the integral exists and we recover

Up X — .
n

Moreover, if the function, u(z) € C’g [0, 27], we recover

N 1
Up X - >
since 4/, must at least decay as n~! if u/(z) € L?[0,27]. Repeating this
line of argument we have

Theorem 4. If a function, u(x) € Cf’2[0,27r], then then the continu-
ous Fourier expansion coefficients, U, of u(zx) decay as

1
Vn#0: 4y, x — .
nm
A Lemma of this yields

Lemma 2. 1f u(z) € C;°[0,27] then the continuous Fourier expansion
coefficients, 1, of u(x) decay faster than any negative power of N.
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figure 4.1. a) Continuous Fourier series approximation of Example 9 for
increasing resolution. b) Pointwise error of the approximation for increasing
resolution

A few notes are in place here. First of all, one should realize that the
rapid decay of the expansion coefficients, and thus the quickly vanishing
truncation error, requires that both smoothness and periodicity of higher
derivatives of the function. Furthermore, the asymptotic decay rate of
the expansion coefficients is only observed for some n > ng. In case
the expansion is truncated below ng the approximation may be quite
bad. This is true even for a C}°-function. Such behavior is consistent
with the results arrived at in Chapter 2 where we realized that the
Fourier spectral method is useless if a minimum of two grid points per
wavelength is used.

Let us consider a few examples.

Example 9. Consider the function, u(z) € C°[0,27], defined as

(z) ’

ulr) = —
5 — 4 cos(x)

The expansion coefficients can be recovered as

iy, = 27/

As expected, the expansion coefficients decay faster than any algebraic
order of n. In Fig. 4.1 we plot the continuous Fourier series approxima-
tion of u(z) and the pointwise error for increasing N.

This example clearly illustrates the fast convergence of the Fourier series
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figure 4.2. a) Continuous Fourier series approximation of Example 10 for
increasing resolution. b) Pointwise error of approximation for increasing res-
olution

and also that the convergence of the approximation is very close to being
uniform. Note that only for N > Ny ~ 16 do we observe the very fast
convergence.

Example 10. Consider now the function
. (T
u(z) = sin (5)

Note that u(x) € Cp[0,2n] only. The expansion coefficients are given as

2 1

iy = 2
ml—4n2 "’

and we recover quadratic decay in n. In Fig. 4.2 we plot the continuous
Fourier series approximation and the pointwise error for increasing V.
As expected, we find quadratic convergence except near the endpoints
where it is only linear.

Example 10 confirms convergence in the mean. However, we also ob-
serve a non-uniform pointwise convergence rate. This is a signature of
using Fourier series, indeed of using most global expansions, for the ap-
proximation of functions that are not sufficiently smooth. We return to
a discussion of this phenomenon, known as the Gibbs phenomenon, in
Chapter 8.
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4.1.1 Differentiation of the Continuous Expansion.

Representing the unknown function by a series of smooth basis functions
imply that the expansion coefficients, u,, decay rapidly provided only
that the function is sufficiently smooth. However, if the function itself
is smooth, so is its derivatives. Thus, one should expect that also the
expansion coefficients of the derivatives decay fast. This suggests that
we, in contrast to conventional finite difference methods, may evaluate
pointwise values of the derivatives with very high accuracy. This aspect
is one of the main motivations for the use of spectral methods for solving
partial differential equations.
The question is now the following. Given the expansion

u(z) = Z Un exp(ine)

In|<oo

is it possible to obtain the expansion coefficients, aﬁ;”, such that

q
d—u(a:): Z a\? exp(inz) .

dz?
In|<eco

The answer is, however, recovered directly from Eq.(4.3) as

q
u' (z) = Z ﬂn% exp(inz) = Z (in)%y, exp(in)

= E a\? exp(inz) |
[n|<oco

provided u(? (z) € C}[0,27] to allow the interchange of the operators.
As the basis functions are mutually orthogonal we have

a\? = (in)%, . (4.6)

Clearly, if u,, decays exponentially, so does O%Q). Further insight into the
convergence rate may be gained by realizing that if u(z) € C}*[0,2n]

and periodic we have

(4.7)

It is worth while observing that
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Pno—u = ~—Pyu ,
X T

i.e., truncation and differentiation commutes for the continuous Fourier
series. This implies that the truncation error, Eq.(3.13),

PNE (I—PN)U ,

vanishes, explaining that the exact solution of certain types of equations
is possible. Note, however, that this is a special result for £ being the
constant coefficient differential operator and does not carry over to other
problems or methods.

4.2 Discrete Trigonometric Polynomials

The Achilles Heel of the continuous Fourier series method is the need to
compute the continuous expansion coefficients through the inner prod-
uct. In most situations it is indeed neither practical nor possible to
evaluate this integral and it is certainly not practical in regards to com-
putational implementations of the Fourier method.

The answer to this problem lies in the approximation of the Fourier
integrals by using quadrature formulas, yielding the discrete Fourier co-
efficients.

Let us recall the definition of the continuous Fourier series

1 27
Pru(z) = Z Gp exp(inx) , G, = py u(z) exp(—inz) dx (4.8)
In|<N/2 T Jo

In general, the integral can not be computed analytically and we resort
to an approximating formula involving a set of grid points. However,
the exact position of these grid points plays a crucial role and we shall
subsequently split the analysis into a discussion of methods with an
even number of grid points and methods with an odd number of grid
points. As we shall learn shortly, the two schemes are clearly related
but certainly also different in some important ways.
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4.2.1 The Even Expansion.

Let us first consider an equidistant grid, consisting of N grid points,
zj € [0,27], defined as
2mj
zj=—— Jj€0,...,N—-1] .

As always we assume that N is even.

One way to approximate the continuous integral is to apply the trape-
zoidal rule. Thus, we use the values of u(z) at the NV grid points to obtain
an approximation, ., to i, as

N—

—

% . u(x;) exp(—inz;) . (4.9)

Jj=0

Up = Uy =

While the use of this approximation indeed looks innocent, it leads, as
we shall realize shortly, to a different numerical scheme when compared
to the continuous scheme.

Theorem 5. The quadrature formula

N-1
1 2T

2r J
is ezact for any u(x) € Bon_1.

Proof:  Assume that u(z) € C}[0,27]. Then u(z) has a unique repre-
sentation as

u(z) = Z Un exp(ine) .

n=—oo

Let us now first consider the integral in Theorem 5.

1 2m

1 27
— u(x) de = Uy — exp(inz)dr = ug
3 | @ de= Y g [ espling) do = do
In|<oo
due to orthogonality of exp(inz). Since u(x) € C}[0,2x] suffices to guar-
antee that the infinite sum is bounded, this allows for the interchange
between integration and the infinite summation.

Considering the other part of the theorem we have
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| N2 | N2 o
N u(zj) = ¥ Z Z Up €XP {mwj]
7=0 7=0 |n|<oco
(1" 2nj
= — ex e
in | p |in—;
[n|<oco J=0
=i+ »_ dnm =1t ,
[m|<oco
m#0

due to Lemma 1. The last reduction is valid provided only that @y, =0
for m # 0, i.e., u(z) € Byy_1. QED

Consequently, the trapezoidal rule yields a very good approximation
to the inner product. One should note that the quadrature formula
remains valid also for

u(z) =sin(Nz) ,

but not for u(z) = cos(Nz).

In what remains we use a slightly different definition of the discrete
Fourier transform than appearing directly from the trapezoidal rule for
reasons that will become apparent shortly. However, the methods are
equivalent in terms of accuracy.

Let us define the complex discrete Fourier transform in [0, 27] as

N-1
. 1 .
Up = N jEZO u(z;) exp(—inx;) , (4.10)

with the inversion formula
Inu(z) = Z Unexp(ine) (4.11)
In|<N/2

where

. |2 |n]=N/2
1 |n| < N/2

n —

The need to introduce ¢, can be realized by observing that while we have
N independent collocation points, we have N + 1 expansion coefficients.
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To resolve this indeterminacy we adopt the convention

U_N/2 =Uny2 -

Adopting this notion has consequences for the dimension of the finite
dimensional space, By . Indeed, we find that

Bn = span{(cos(nz),0 < n < N/2) U (sin(nz),1 <n < N/2-1)} ,

with the dimension dim(By) = N. We note the difference from the pro-
jection operator, Py, which projects onto By # Bx. The implications
of this is seen by observing that

N N . (N
InN cos (;x) = coS <§m> , Insin <§m> =0,

since sin(Nz/2) is not a member of By.

The particular definition of the discrete expansion coefficients intro-
duced in Eq.(4.10) has the consequence that the trigonometric polyno-
mial, Zyu, interpolates the function, u(z), at the quadrature nodes of
the trapezoidal formula, i.e., Zn is the interpolation operator.

Theorem 6. Let the discrete Fourier transform be defined as in Eqgs.
(4.10)-(4.11). For any periodic function, u(z) € CD[0, 2], we have

Ve = —j @ Inu(zy) =u(z;) .

Proof:  Substituting Eq.(4.10) into Eq.(4.11) we obtain

—

1 . .
Inu(z) = Z Na Z u(z;) exp(—inx;) | exp(inz) .
In|<N/2 " j=0

Exchanging the order of the summations yields

N-1

Inu(z) =Y ulz))g(@)

=0

where
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figure 4.3. The interpolation polynomial, g;(x), for N = 8 for various values
of j.

6@ = Y e explin(e — )

Cn

— —sin [Nw_;”]} cot V_;J] . (4.12)

It is easily verified that g;(x;) = d;; as is also evident from the examples
of g;j(z) for N = 8 shown in Fig. 4.3.

We still need to show that g;(z) € By. Clearly, g;(z) € By as gj(z)
is a polynomial of degree < N/2. However, since

1 N 1 N (—1)7
Eexp —7/5.’1,'] = iexp ’LE.’I}] = 2 y

and, by convention @ _/y = /2, we do not get any contribution from
the term sin(IN/2z), hence g;(z) € By. QED

The discrete Fourier series of a function has convergence properties
very similar to those discussed for the continuous Fourier series approx-
imation. In particular, the discrete approximation is pointwise conver-
gent for C; [0,27] functions and convergent in the mean provided only
that u(z) € L%[0,27]. Moreover, the continuous and discrete approxi-
mations share the same asymptotic behavior, in particular having a con-
vergence rate faster than any algebraic order of N " if u(x) € C°[0, 2n].
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figure 4.4. a) Discrete Fourier series approximation of Ex. 11 for increasing
resolution. b) Pointwise error of approximation for increasing resolution

We shall return to the proof of these results in Sec. 4.3.2.
Let us at this point illustrate the behavior of the discrete Fourier se-
ries by applying it to the examples considered previously.

Example 11. Consider the function, u(x) € C;°[0,27], defined as

3

u(@) = 5 — 4 cos(x)

In Fig. 4.3 we plot the discrete Fourier series approximation of u and
the pointwise error for increasing V.

This example confirms the spectral convergence of the discrete Fourier
series. We note in particular that the approximation error is of the same
order as observed for the continuous Fourier series in Ex. 9. The ’spikes’
in the pointwise error approaching zero in Fig. 4.4 illustrates the inter-
polating nature of Iyu(z), i.e., Inu(z;) = u(z;) as expected.

Example 12. Consider again the function
. (T
u(z) = sin (5) )

and recall that u(z) € C9[0,2x]. In Fig. 4.5 we show the discrete Fourier
series approximation and the pointwise error for increasing N. As for
the continuous Fourier series approximation we recover a quadratic con-
vergence rate away from the boundary points at which it is only linear.
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resolution. b) Pointwise error of approximation for increasing resolution

0.8 10

4.2.2 The Odd Expansion.

Let us now briefly return to the situation where an odd number of grid
points is used. As we saw in the previous section, using an even number
of grid points implies that By # B N, as we only have IV distinct points
to determine the IV + 1 expansion coefficients. To construct a collocation
method for which B N = B N, let us define the grid as

2w

= —J 1 €10,...,N 4.13
217] N_+_1.]7.]€[7 9 ]7 ( )

in which case the interpolation operator becomes
Inu(x) = Z Un exp(inz)
[n|<N/2

and the expansion coefficients are given as

N

Z u(z;) exp(—inz;) . (4.14)

Jj=0

.1
TN
Having N + 1 distinct grid points to determine the N + 1 expansion
coefficients there is no need to impose additional restrictions on 1,

We recognize the definition of the expansion coefficients, Eq.(4.14),
from the analysis of the infinite accuracy finite difference scheme dis-
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figure 4.6. The interpolation polynomial, h;(z), for N = 8 for various values
of j.

cussed in Chapter 2. However, the summation of the series also provides
an approximation to the continuous integral with an accuracy as

Theorem 7. The quadrature formula

1 2T

N
1
2/, u(w)dw-N—H;u(mj) ,

is ezact for any u(x) € BQN_H.

The scheme may also, as we have seen previously in Chapter 2, be
expressed through the use of an Lagrange interpolation polynomial as

N
Inu(z) = ) u(z;)h;(z) ,

§=0
where
1 sin (%(m—w]))
= N+1 Sin (z;m])

hy(@) (4.15)

One easily shows that hj(z;) = 0;; and that hj(z) € Bn. Examples of
hj(x) are shown in Fig. 4.6 for N = 8.
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It may, at first, seem more natural to use this latter method rather
than the previous approach utilizing an even number of points, since
he former is equivalent to the continuous Fourier method. Historically,
however, the even method has received much more interest due to the
early availability of fast summation schemes, known as the Fast Fourier
Transform, for the number of points being a power of two. However, as
we shall discuss in Chapter 9, such fast methods are now available for
an even as well as an odd number of grid points provided only that the
total number of grid points has a prime-factorization using only small
primes.

4.2.3 A First Look at the Aliasing Error.

Let us briefly consider the connection between the continuous Fourier
series and the discrete Fourier series based on an even number of grid
points. The conclusions of the discussion are, however, equally valid for
the case of an odd number of points.

Assuming that the Fourier series converges pointwise, e.g., u(z) €
C; [0,27], a relation between the two sets of expansion coefficients is
given as

Cnlly = tin + > GnaNm (4.16)
Im|<oo
m#0
where the second term is a consequence of the discrete orthogonality of
the Fourier basis, Lemma 1.
We observe that the n’th discrete Fourier mode depends not only
on the n’th continuous mode of u(z) but also on all higher frequencies.
These are indistinguishable at the grid since

exp [i(n + Nm)z;] = exp [inz;] exp [i2mmj] = exp [inz;] .

The phenomenon that the (n + Nm)’th frequency is misinterpreted as
the n’th frequency is termed static aliasing and appears as a result of
the introduction of the grid. Another interpretation is that is introduced
by the inaccuracy of the integration scheme.

In Fig. 4.7 we illustrate this phenomenon for N = 8 and we observe
that the n = —10 wave as well as n = 6 wave can be interpreted as the
n = —2 wave at the grid.

This aliasing introduces an error since high frequency components of
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k=6

k=10

figure 4.7. Illustration of aliasing. The three waves, n =6, n = —2 and n =
—10 are all interpreted as a n = —2 wave on an 8-point grid. Consequently,
the n = —2 appears as more energetic after the discrete Fourier transform
than in the original signal.

u(z) are misinterpreted as an additional and artificial contribution to
the lower frequency components. The crucial question to ask is how
important this effect is, i.e., how does the aliasing error

2

N/2 m=oo

IRNullZ 2000 = || D > dinynm | expline) :
n=—N/2 \ m=—00

m70 L2[0,27]

behave as N approaches infinity. As proven in Sec. 4.3.2, the aliasing
error is of the same order as the truncation error, ||u — Pnul|20,24 in
the limit of large N. Hence, if the function is well approximated the
aliasing error is generally negligible and the continuous Fourier series
and the discrete Fourier series share similar approximation properties.
For poorly resolved or nonsmooth problems, the situation is much more
delicate ad we shall return to this concern later.

4.2.4 Differentiation of the Discrete Expansions.

As for the continuous series expansions, we shall need to address the
question of how to recover derivatives of the approximated functions
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themselves. As we have two computationally different, but mathemati-
cally equivalent, methods for expressing the interpolant we also obtain
two computationally different ways by which to recover the approximate
derivative of the function.

4.2.4.1 Using Expansion Coefficients.

Let us first consider the case where ul? € C1[0,2n] and the interpolant
is given as
d1
In(=—u(z)) = Z al® exp(inz;) .

dx?
[n|<N/2

Following the approach as for the continuous expansion yields

Iyu'?(z) = Z a\? exp(in)

[n|<N/2
_d? . g .
~ Z Un%exp(mm): Z (in)?a, exp(inz)
In|<N/2 In|<N/2
e
@ZNU

Since the discrete exponential functions are mutually orthogonal up to
the aliasing error, we recover

a\? ~ (in)%, . (4.17)

The results related to the continuous Fourier series carry over to the
discrete Fourier series with the exception of the commutation of differ-
entiation and interpolation, since in general

du d
In— #In—1T, 4.1
N A Ty Ty (4.18)

unless u(z) € By. Consider the case where

u(z) = sin (g@

Clearly, Zyu = 0 since u(x) is outside By, i.e., d(Zyu)/dz = 0. On
the other hand, u'(z) = N/2cos(Nz/2), and Zyu'(z) = N/2cos(Nz/2),
illustrating Eq. (4.18). Consequently, differentiation can take a function
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u(z), originally outside of By, into By contrary to the continuous case
for which also u(z) € By

Likewise, if we consider the scheme based on an odd number of modes,
we have

du d
jN@ 75 jN@.fNU s

except if u € Bn. The source of this discrepancy is not the construction
of the finite dimensional space but the aliasing error that appears for u
not being in the space.

4.2.4.2 The Matriz Method.

Let us consider the approach for computing derivatives utilizing the al-
ternative formulation, i.e., through the use of the Lagrange interpolation
polynomials. If we consider the even method we have

N-1

Inu(z) = Y ulz;)g;(e)

where

as shown in Theorem 6. An approximation to the derivative at the col-
location points, z;, is then obtained by differentiating the interpolation
directly

N-1

S ) 205(@)

x j=0

%INU(I’)

@
The entries of the differential operator are given as

)it i—z; | - .
_ | o [x 7 ] iz (4.19)
0 i=j

d

Dij = ~—9i ()

T

Important properties of D are
Lemma 3. The Fourier differentiation matrix, D, is skew-symmetric.

Lemma 4. The differentiation matrix, D, is a circulant matrix.
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The approximation of higher derivatives follows the exact same route
as taken for the first order derivative. The entries of the second order
differentiation matrix, D(®), based on an even number of grid points, are

it -2

d? O™ [ (2o i # ]

7529(2) =D} = N [ ( 2 )] f{ . (4.20)
ZTi __12 Z:.]

There is, however, a small complication to the computation of higher
spatial derivatives in the case of the even approximation. To see this,
consider the second order differentiation operator which allows for two
different implementations. The first way is straightforward as

d2
Ly =Ino5In = D® |

corresponding to the differentiation matrix given in Eq. (4.20). Alter-
natively, we could compute the second order derivative as
d d
NT NG N dg N ’

which corresponds to defining D(®) = DD, where the entries of D are
given in Theorem ?7?.

Let us now consider the action of these two operators on the function
u(z) = cos(N/2z) € By. Using L} we obtain

()] (3

i.e., the operator preserves the order of the polynomial. The action of
L3, however, is

Lhu(z) = In

N N
Liu(x) = IN%IN [—5 sin (5CIZ>:| =0,

since sin(N/2z) is outside of By and we find that £3 reduces the order
of the polynomial. Thus we have that

D® £ DD .

It is natural to ask which of the two approximations one should use
and the general answer is the former, i.e., L}, is the correct choice for
reasons of accuracy. However, as we shall find in Chapter 5, there are
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cases for which only the use of the £ allows one to establish stability
of the approximation. Note that this discrepancy is a property of the
even order differentiations only.

In general, the ¢’th order differentiation matrix is obtained as

d?
DWW =Ty —1In

= (D)? for ¢ odd
dz1

~ (D)? for q even

We note that for ¢ being odd, the matrices are all skew-symmetric, while
for ¢ being even the matrices are symmetric. Independent of ¢ they are
circulant.

Let us, for completeness, also give the differentiation matrix for the
interpolation based on an odd number of collocation points

_ 27
T N+1

T Jj, ]E[O,,N]

We recall that the interpolation operator is expressed in

N
Inu(z) = ) u(y;)h;(z) ,

Jj=0

where the interpolation polynomial, h;(z), is given in Eq. (4.15). From
this we obtain the entries of differentiation matrix, D, as

S

t1=17

which we recognize as the differentiation matrix studied in Chapter 2.
The properties of D are similar to those of D, i.e. it is a skew-symmetric
and circulant. It should be noted that for the method based on an odd
number of points, we have the identity

d?

N — — (D)
D —del_qjN—(D) )

for all values of q.

4.2.4.8 A Comparison.

Let us finally compare the two mathematically equivalent, but compu-
tationally very different methods by which to recover approximations
to the derivatives. The first method involves the computation of the
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expansion coefficients through a summation of the series, obtaining the
approximate expansion coefficients for the derivative and then summing
once again to obtain the value of the derivative at the collocation points,
or any point where the value of the derivative is required. In its most
simple implementation this process required O(N?) operations. How-
ever, the series appearing for some special values of NV can be summed
faster using the Fast Fourier Transforms which requires only O(N log N)
operations, making a significant difference for large values of N.
Let us illustrate this first approach by introducing

T

u = [u(xo),...,ulen—1)]" , @=[0_ns2, .. 0np]" ,

being simply the vectors of the grid points values and the discrete ex-
pansion coefficients with a connection between the two vectors as

u=Fa , a=F lu ,

The entries of the orthogonal, circulant matrices, F and F~!, are ob-
tained directly from Eqs.(4.10)-(4.11) as

N 1 N
Fp = i(1- = Fl=—— —i|k—- =
k= P [Z <l 2 > mk] TR NE_Ny P { ' <k 2 ) xl]

If we now introduce the diagonal matrix
D) = diag[(—iN/2), ..., (=i)?,0,i%, (iN/2)7] ,

corresponding to the continuous differentiation matrix, differentiation at
the grid points using the expansion coefficients amounts to
A = FDOF1y
dz
What makes this approach attractive is the sparsity of D%(9) and the
observation that multiplication with F or its inverse can be accomplished
in less that O(N?) operations.
On the other hand, computing the derivatives at the collocation points
using D(@ involves a matrix-vector product
d

Zu=DDq .
U u

which is an O(N?) operation. One should observe that in this latter
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case will we never actually use the expansion coefficients. It seems that
the first method is the fastest and should always be used. However, the
efficiency of the Fast Fourier Transform is machine dependent and for
small values of N is it may be faster to perform the matrix-vector prod-
uct. Also, since the differentiation matrices are all circulant one need
only store one column of the operator, thereby reducing the memory
usage to that of the Fast Fourier Transform.

While the computational work associated with the two schemes may
be different, the results are equivalent (up to finite precision effects)
since

D@ = pps(@Op-1

4.3 Approximation Theory for Smooth Functions

So far we have focused our attention on the general properties of the
Fourier expansions, be they based on continuous or discrete expansion
coefficients, and paid less attention to a more accurate understanding of
the properties of the approximations. It is the purpose of the present
section to remedy this negligence.

As we discussed in Chapter 3, the actual rate of convergence of a
stable and consistent scheme depends on the truncation error, Eq.(3.13),

PNﬁ (I — PN)U ,

which again depends on the particular projection operator, Py, and
the operator, £, being considered. Hence, to establish consistency we
need to consider not only the difference between v and Pyu, but also
the distance between Lu and Lux where the this is measured in some
appropriate norm.

Suppose that the operator, £, is linear and of the form
d? d1

d
L =ag(x) + ay(z)— +a2(a:)ﬁ +...+aq(a:)ﬁ ,

dx

where a,(z) € CJ[0,27]. Provided u(z) is sufficiently smooth, e.g.,
u(x) € CA~1[0,27], we have

21
£l 0.0y = / St (@)u™ (z)

m=0
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27 4 2
<[ Y lan@P [ @) de
0 m=0

using the triangle inequality. Since ap(z) € CP[0,27] it must be uni-
formly bounded by

A= max ||am(z)||roi02x -
185 lan(@)l=fo20

This implies the bound
2 4 2
1Culrnon <42 [ 30 [um @) do = 2l -
m=0

Hence, if we identify u with v — Pyu, we can get an estimate of the
truncation error by estimating the Sobolev norm on the right hand side
of this last expression.

For a periodic function, u(z) € L]0, 2], we know that the continuous
Fourier expansion

u(z) = Z Un exp(inz)
In|<oo

exists and the expansion coefficients, ,,, are given as

1 27

~

Up = — u(z) exp(—inz)dr .
27 0

This implies

u™ (z) = Z (in)™ i, exp(inz) ,

In|<oo

and enables an alternative expression of the Sobolev ¢g-norm as

2
u(™ (z) ‘ dz

q 27
llfoa = Y [
m=0"0
q q
=2r Y N nPman =21 Y (Z |n|2m> li|?

m=0 |n|<oo0 In|<co \m=0

where the interchange of the summation is allowed provided w(z) has
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sufficient smoothness, e.g., u(z) € C{[0, 27].

It will prove useful to introduce a new norm, || - ||Wz?[07277]’ equivalent
to || - ||m[0,2q]> @8
1/2
lullwggo,2n) = (1+ [n])?ia, | ;
P
In|<oo

with the associated Sobolev space, W0, 27 of functions for which
Wi0,27] = {u(x) € L[0, 27]|[[ullwapo 20) < 00} -

The equivalence is realized since

1 a

L+ < Y 0™ <q(l+[n)
m=0

It is possible to extend the definition of W [0, 27] to include real values

of ¢ as it appears as a power in the norm only.

4.3.1 Results for the Continuous Expansion.

Let us return to the estimation of the approximation error associated
with the continuous Fourier series and seek an understanding of the
accuracy of the truncated expansion.

We wish to estimate the difference between Lu and LPyu in some
appropriate norm, with the projection operator is given as

Pru(x) = Z Un exp(ine) .

In|<N

Note that we, to simplify the notation, have changed the summation
slightly compared to the previously used notation, i.e., we have |n| < N
instead of |n| < N/2.

Let us begin by discussing the approximation in the familiar L?-norm
for which we have the following result

Theorem 8. For any for u(x) € H}[0,27], there exists a positive con-
stant C, independent of N, such that

l[u = Prull 20,00 < CN"ul?]| 1200.07]
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provided 0 < g <.

Proof:  The proof is easily established since

||u_,PN’U‘||%2[0,27r] =2m Z |’[I‘Tl|2 )
In|>N

by Parseval’s identity. Furthermore we have
1
o2 25 |2 —2 2q15 (2
E, |in|” = E, =51 in]” < N7 E, n |,
n24
[n|>N [n|>N [n|>N

and the last bracket can be bounded by ||U,(Q)||L2[0’2,T]. QED

This result substantiates the claim put forward in Theorem 4. More-
over, assuming that u(z) € Cp°[0, 27] is analytic we have
||U’(Q)||L2[O,2ﬂ'] < Cq' ||U’||L2[0,2ﬂ'] ;

such that

- q'
le = Prvullzeoon) < ON[ul | 12p0,20) ~ C 5 llull 220,20
qg\q _ —c
Nc(ﬁ) e Uull p20,.24] ~ CeN[ull£2(0,.24]

assuming that ¢ oc N. This confirms the potential for exponentially
fast convergence and provides a motivation for the title of exponentially
accurate schemes often put on spectral methods.

A more general result is

Theorem 9. For any real r and any real ¢ where 0 < q < r, with
u(z) € W0,2r], there exists a positive constant C, independent of N,
such that

||U||W;[0,27r]

lu = Prnullwapo,2m < C N7

Proof:  Using Parseval’s identity we have

= Prullygoan = 3 (L4 )2 inf® .
In|>N
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Since |n| + 1 > N, we obtain

2r 2r
ag _ _(L+]nl) (1 + [n|)
(1 + |n|) - (1 + |n|)2(riq) S N2(r7q) I

for any ¢ < r. This immediately yields

2

2 W+l o Mullvgoen

”“_PN“”W:[o,mSClZ Va1 S O
n|>

and, thus, the result. QED

A bound on the pointwise error difference between u(z) € CZ[0, 27]
and its projection, Pyu, is given as

Theorem 10. For any q > 0 and u(x) € C[0,27], there exists a posi-
tive constant C, independent of N, such that

1
|lu — Pru| < Ciqul/z Hu(Q)‘

L2[0,27]

Proof:  Provided u(z) € C{[0,27], ¢ > 0, we have for any z € [0, 2]
that

|lu — Pnu| =| Z Gy exp(ing)| < Z |G|

[n|>N [n|>N

by the triangle inequality.
Using the Cauchy-Schwarz inequality, we recover

In|>N In|>N
1/2 1/2
1 .
<| X - > i
[n|>N [n|>N
1
R | PA ()
s Na—1/2 Hu ‘L2[0,27T]
which completes the proof. QED

We observe that the leading error source in Theorem 10 is determined
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solely by the regularity of the function being approximated. As the
upper bound is independent of & we recover that for u(x) being analytic,
i.e., u(z) € C°[0,27], the rate of pointwise convergence is faster than
any algebraic power of 1/N. This result is equivalent to that stated in
Theorem 8, although here obtained in a stronger norm than L?[0,27],
ensuring pointwise convergence.

4.3.2 Results for the Discrete Expansion.

For the discrete Fourier method we seek to estimate the difference be-
tween Lu and LZyu in some norm. Let us begin by considering the
interpolation operator

N
Inu = Z Un exp(ine)
n=—N

associated with an even number of grid points for which the the expan-
sion coefficients given as

1 P& P
Up = SN ; u(z;) exp(—inx;) , x; = mj .

Rather than deriving the estimates of the approximation error directly,
we shall use the results obtained in the previous section and then esti-
mate the difference between the two different expansions, recognized as
the aliasing error.

The two sets of expansion coefficients are connected as

Lemma 5. Consider u(z) € W;[0,27], where r > 1/2. For |[n| < N we
have

Cplp = Up + E Un+2Nm -
|m|<oo

m#0

Proof:  Substituting the continuous Fourier expansion into the discrete
expansion yields

2N -1

o 1 N .
Cnlin = 57 Z Z arexp(i(l — n)z;) .

J=0 |l|<oo
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To interchange the two summations we must ensure that

Z |ﬁl|<oo .

1] <oo

Convergence of this series is established using

~A r |’0’l|
Z || = Z (T +12) a+

[1]<o0 [1|<oc0
1/2 1/2
< | S @+ S+ ,
[1|<oc0 [1]<o0

where the last expression follows from the Cauchy-Schwarz inequality.
As u(z) € W0, 2x] the first part is clearly bounded. Furthermore, pro-
vided r > 1/2 the second term converges, hence ensuring boundedness.

Interchanging the order of summation and using orthogonality of the
exponential function at the grid yields the result. QED

Let us first consider the behavior of the approximation in the familiar
L?[0, 27]-space. We have

Theorem 11. For any u(z) € WJ[0,2r] with ¢ > 1/2, there exists a
positive constant C, independent of N, such that

llu — Inul|z2)0,27) < C']\FqHU(Q)||L2[0,27r] .

Proof:  We begin by expanding the function, u(z), in the continuous
Fourier series and use Parseval’s identity to obtain

||U_INU||%2[O,2T(] = Z | — tin]” + Z |in]® .
In|<N In|>N

Consider first the case where |n| < N such that é, = 1. Theorem 5
implies

Z |ﬁn_an|2: Z Z UpyaNm

In|<N In|<N | |m|<oo
m#0
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For the case of |n| = N, where éy = 2, we have

Z |ﬂn - ﬂn|2 S

In|=N

+ Z % Z ﬂnJrZNm S

In/=N | < Im|<oo
m#0

1 2
> ‘5%

In|=N

~ 12 ~
E |un| + E E Un+2Nm
In|=N [n|=N | |m|<oo
m#0

This yields

~ 12 ~
e = InullF210,20) < Z |@n|” + Z Z Un42Nm

In|>N [n|<N | |m|<oo
m#0
The first term is bounded by the result of Theorem 8, representing the
truncation error, while the second term measures the aliasing error.
To estimate this, we first note that

2 2
A o 1
2 dmeanm| =) D It 2Nml N gy
|m|<oco |m|<oco
m#0 m#0

Using the Cauchy-Schwarz inequality yields

2

S o] € | X 2N il

|m|<oco [m|<oco
m#0 m#0

1
2= v
m¥0
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Since |n| < N, bounding the second term is ensured by

1 2 & 1
—_— < — . ——e A VAl
2 In+2Nm[2s = N2d 2 (2m —1)2¢ " ’
Im|<co m=1
m#0

provided ¢ > 1/2. Here, the constant, C1, is independent of N.
Utilizing that, we have

2

Z Z ﬁ1n+2Nm S

[n|<N | |m|<co
m#0

>GNNS i 2mN P i avm | <
[n|<N |m|<oo
m+#0

CoN 72w (13 210 2m -
The total error is thus bounded as
l|lu— ZNU“%Z[O,%] < CN72q||“(q) ||2L2[0,27r] + C2N72q||U(Q)||%2[0,27r] )

establishing the theorem. QED

Theorem 11 confirms that for u(z) having only half a derivative, e.g.,
u(z) € Cg [0,27], the approximation error of the continuous expansion
and the discrete expansion are of the same order. Furthermore, the rate
of convergence depends, in both cases, only on the smoothness of the
function being approximated.

A similar result can be obtained in the Sobolev spaces as

Theorem 12. Let u(z) € W,0,2n] where r > 1/2. Then for any real
q for which 0 < q < r, there exists a positive constant, C, independent
of N such that

llu — INUHW,?[o,zn] < CN%T?Q)”U”W;[O,%] .

Proof: The proof follows that of Theorem 11. Using Parseval’s theorem
and considering |n| = N and |n| # N separately we recover
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la = Inulysonn = 3o (14 )i — @+ 3 (14 )i
In|<N In|>N
2

< A+ ED @l + D> T+ D] Y dnranm

[n|>N In|<N |m|<oo
m#0

The first term is bounded by Theorem 9.
The effect of the aliasing error can be estimated using

2

- e 1
Z Un+2Nm| = Z (1+ |n+ 2Nm|) " bpronm A5t 2Nm])
m|<oo m|<oo
lm‘;éo lm‘;éo
such that

> dmsenm| < | D (L4 In+2Nm)” finsonml
Im| < oo Im|<co
m#0 m#0
> 1
2r
S (@ in+2Nm))
m+#0

The second factor is again bounded as

3 1 < 2 i 1 S p——
(I+[n+2Nm|)> = N2 &= (2m—1)> ~ " ’

|m|<oco
m+#0

provided r > 1/2 and |n| < N.
Also, since (1 + |n|)?? < C3N? for |n| < N we recover

Z (1 + |n|) Z UntoNm

[n|<N |m|<oo
m+#0
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> C1CNT2=D N (14 i+ 2mN )" i ganml|® <

In|<N |m|<oo
m#0

CBN_2(T_Q)||U||%/I/;[U,27T] .
This yields the bound
lu = Znulfiyaro.an < ON 2 ullysio am + CoN >l 00y -

and, thus, the result. QED

The results on the behavior of the aliasing error carries directly over
to the estimates of errors lost due to lack commutation of interpolation
and differentiation.

Lemma 6. Let u(x) € W;[0,27] where r > 1. Then there exists a
positive constant, C, independent of N such that

lu" = (Znw)'||L200,24) < CN_(T_I)”U”W;[O,%] .

This result confirms that for smooth problems, this error vanishes at
approximately the same rate as the truncation error itself.

The results on the errors associated with the interpolation operator,
Jn, based on the odd number of grid points, are identical to those given
above for Zy and can be obtained in a similar, albeit simpler, way.

The estimate put forward in Theorem 12 measures the truncation er-
ror in terms of the L2-error of the function and its derivatives. However,
the discrete Fourier expansions are constructed by means of interpola-
tion of the function given at the grid points, z;. It is may therefore
seem more natural to measure the truncation error of the function and
its derivatives at the grid points. To this end we introduce the grid based
version of the Sobolev norms as

¢ 4 N1 2'| 1/2
llw = Tovullly = [Z & > [l )~ T |, @2y
m=0 7j=0

for any integer q.
The connection between this norm and the Sobolev g-norm, ||| g{0,277
is given through the trapezoidal rule, Theorem 5, since
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1 2 2N—1
— u(z)de — — u(z;) = — Z UmaN
j=0 |m|<oo
m#0
i.e., the difference is due solely to the aliasing error.
Consequently, we have the relation

llu = Znullly > llu = Inull agoen) = llu — Inullwgo2n

leading to

Theorem 13. Let u(x) € W;[0,2x] where r > 1/2. Then for any real q
where 0 < q < r, there exists a positive constant, C, independent of N
such that

lllu = Znullly < CN~CDlullwypo,2n] -
Proof:  The proof follows that of Theorem 12 for estimating the alias-

ing error and using Theorem 5 to establish the connection between the
norm introduced in Eq.(4.21) and the W?[0, 27]-norm. QED

Hence, the properties of the approximation carries over to the norms
based on the discrete measures. A similar result can be derived for the
interpolation operator, Jn.
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Exercises

1. Assume that u(z) € L?[0,2n], and that

2m
N : . 1 )
Pru(z) = E Uy exp(ing) , tn = o § u(x) exp(—inz) dz .
[n|<N/2

Prove that convergence in the mean, Theorem 3, implies that Parseval’s
identity

lullzogoon =27 D linl®

[n|<oo
is true.

2. (Continued) Prove the reverse, i.e., that Parseval’s identity implies conver-
gence in the mean.

3. Consider the sequence of functions

u‘”l(z):/:w w'(z)dz |

for ¢ = 0,1,2... and u°(z) = . Note that while v°(x) € L]0, 27], one has
u? € C¢ 10, 2x] for ¢ > 0.

According to Theorem 4, this means that the continuous expansion coeffi-
cients

1

~q
g ~ ——
n na+1

)

for large values of n.
Confirm that result by computing the expressions for 4 for a few values
of q.

4. (Continued) Evaluate (using a computer) the L*> and L™ error of the ex-
pansions, P, and use that to confirm Theorems 2 and 3.

5. Assume that u(z) € L?[0, 27], and that

N-1
- . - 1 .
Inu(z) Zl ;/ Uy exp(ing) , Un = o zgu(xj)exp(—mxj)da: .
n|<N/2 Jj=

Here

o
- N

z;j J > cn=1+0n/2n| -

Compute the L? and L™ errors of the expansion, Zy, of u? (see Problem 3)
and compared with the behavior of the continuous expansion (by solving



10.

11.

12.

13.

14.

15.

16.

17.
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Problems 3/4 or referring to Theorems 2 and 3).

(Continued) Compute the continuous expansion coefficients also and use
those to evaluate the aliasing error directly. Can you confirm that

IZvull = IPrull + [Ryull

(Continued) Repeat the comparison, using the expansion based on an odd
number of points. Does using Jnyu make any significant difference ?

Prove that

2
L

Inu(z)

u(z;)g;(x)

~
I
<)

where

gj(z) = %sin [Nx;zj] cot [x;zj]

Prove also that g;j(z;) = di;.

(Continued) Plot g;(z) for N = 6 to confirm the Lagrange property.
Prove Theorem 7.

Show that the entries of differentiation matrix, D, are given as in Eq. 4.19.

(Continued) Show that the entries of differentiation matrix, D, can likewise
be derived by directly summing the series

1 &L 2
in . 2w, .

Dj = N Z z exp [mﬁ(] - l)]
n=—N/2

Show that D is skew-symmetric, i.e., D = —D7”.

Show that D is circulant, i.e., that it is a Toeplitz matrix (D;; = Dit1,j41)
and that it rows/columns wraps around (D; n—1 = Dit1,0).

Show that the entries of D are as given in Eq.(4.20).
Show directly that DD # D® as discussed in the text.

Prove that the differentiation matrix, f), associated with the odd expansion
has the entries
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18.

19.

20.

21.

22.
23.

24.
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itj 2 \17!
Dy = { S [sin(“z )] i

0 =7
(Continued) Derive the entries for D® and show that DD = D®,

Consider the 4 functions defined on z € [0, 27].

Compute the derivative of the u(z) using the even method and evaluate
the L? and the L™ error for increasing values of N. Explain the differences
in the convergence behavior.

(Continued). Plot the distribution of the pointwise error and relate that to
the features of the functions. Do you see uniform convergence ? — if not,
why not ?.

Prove that

q

1

e (L+ D™ < 0™ <q(t+[n)*
m=0

to establish that W}![0, 27] and H{[0, 2] are equivalent spaces.
Prove the equivalent of Theorem 5 for the odd expansion, Jnu.
Prove the equivalent of Theorem 11 for the odd expansion, Jnu.

Prove the equivalent of Theorem 12 for the odd expansion, Jnu.
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Fourier Spectral Methods

Understanding the properties of the Fourier series, we are now equipped
to consider the formulation of Fourier spectral methods for the solution
of partial differential equations. As in the previous chapter we restrict
ourselves to problems stated on [0,27] and assume that the solutions,
u(zx), can be periodically extended. The assumption of periodicity sug-
gests that we may disregard the 7-method introduced in Chap. 3.4 and
focus the attention on Galerkin and Collocation methods. While these
methods are equivalent for problems involving only linear, constant co-
efficient operators and bandlimited initial conditions, the discrepancy
is significant in more general cases of variable coefficients or nonlinear
problems. As we shall see, these differences are not restricted to issues of
implementation only but appear already at the level of the formulation
of the schemes.

The second part of this chapter is devoted to an analysis of the sta-
bility of some of the semi-discrete schemes discussed in the first part.
While the stability of the Galerkin methods is closely related to proper-
ties of the partial differential equation itself, the analysis of stability for
the collocation method turns out to be considerably more involved.

5.1 The Construction of Fourier Spectral Methods

As the construction of the Galerkin and Collocation schemes is based
on fundamentally different principles of satisfying the partial differential
equation we discuss the two approaches separately. However, much of
the following is centered around examples and we shall strive to directly
compare the two approaches.

95
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5.1.1 Fourier-Galerkin Methods

Let us assume that the solution, u(x,t) € L?[0,2x], is periodic and that
we have

u(z,t) = Z Un(t) exp(ine) .

In|<oo

In the Fourier-Galerkin method, we seek solutions, un(z,t) € By with
By € span{exp(inz)}, < n/» to the partial differential equation of the
form B

un(z,t) = Z Un(t) exp(inz) .
In|<N/2
We recall that the continuous expansion coefficients, ., (t), are given as
1 21

0

u(z,t) exp(—inz) dx .

Consider the problem

8uéﬂ;,t) = Lu(z,t) , z€[0,2n] ,t>0,
u(z,0) = g(z) , zel0,2n] ,t=0,

and let us seek solutions, un(x,t), such that the residual

0 t
Rty = 290D ey
ot
is orthogonal to BN, ie.,
N 1 .
Vin| < 5 9 (R, exp(in®)) 210 0, =0 -

The initial conditions are

R R 1 .
un(z,0) = Z In » Gn = by (ganP(mf))m[o,mr]
[n|<N/2

In other words, if we express the residual as

Ry (z,t) = Z R (t) exp(inz) |

In|<oo
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we recover N + 1 equations to determine the N + 1 unknowns, ,,,
representing the solution, u,(x,t), by requiring that

1

T o

N R 2T

Vin| < 5 R, (1) /0 Ry (z,t) exp(—inz)dr =0 .

The crucial point here is the projection of the residual onto B N, & process

that can be very difficult and even impossible depending on the equation.
Let us discuss a number of examples of increasing complexity to come

to an understanding of the strength and the limitations of the Fourier-

Galerkin method. As we shall see, there are indeed classes of problems

where the Fourier-Galerkin approach is superior and solves the problem

exactly as there are cases where it escapes formulation entirely.

Example 13. Consider the linear constant coefficient problem

Ou(zx,t) 0?
—— =a—u(x,t) ,
ot Ox (%)
with the assumption that u(x,t) € C;°[0,27], a is a constant, and ¢ > 0
signifies the order of differentiation.
To recover the approximate solution we seek a trigonometric polyno-
mial,

un(z,t) = Z Un(t) exp(inz)

[n|<N/2
such that the residual
_ Oun(x,t) 01!
RN(I’,t) = T —G@UN(I',t) y

is orthogonal to By.
From Chap. 4.1.1 we recall
o4 g
— t) = in) i, (t inz)
(e, ) = Y2 ()i (1) exp(ing)

In|<N/2
and recover the residual directly
diiy, (t
Ry (:L’, t) = Z <A

—a(in)?,(t) ) exp(inx) .
In|<N/2 dt )
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We observe that Ry (z,t) € B, i.e., the first N/2 terms of the equations
can be solved exactly as discussed in Chapter 2.

The N +1 ordinary differential equations (ODE) describing the evolu-
tion of the continuous expansion coefficients, @, (t), are obtained directly
by requiring that

it ()
dt

cR,(H)=0 =>

N
< —
Vinl < 3

= a(in)?,(t) .

In this particular case we recover that Pyu(z,t) = un(z,t) as the trun-
cation error, Eq.(3.13), vanishes identically.

The vanishing truncation error is, as we have discussed earlier, a par-
ticular result that does not extend beyond the case of linear, constant
coefficient periodic problems.

Example 14. Consider the linear, variable coefficient problem

Ou(z,t) . ou(z,t)
T G el

where the initial conditions are given through g(z) and the solution,
u(z,t) € C°[0, 27].
We seek solutions in the form of a trigonometric polynomial

un(x,t) = Z Un(t) exp(ine) | (5.1)

[n|<N/2

and require that the residual

Oun(z,1t)
ot

— sin(x) 2uN(:L“, t) ,

RN(I‘,t) = o7

is orthogonal to Bn.
The residual is given as

Rn(at) = 5 (% - 5 explin) — expl—ia)) ()i (9)) exp(ing)

In|<N/2

If we assume that 4_(n/241)(t) = @n/241(t) = 0 in accordance with the
basis assumption on un(z,t), Eq.(5.1), the residual becomes
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Ry(m,t)= ¥ da;t(t) exp(ina:)—% S nexpli(n + 1alin(t)

In|<N/2 In|<N/2
+1 > nexpli(n — 1)a]in(t)
In|<N/2
i 1
= Z dudt(t) exp(inzx) — 3 Z (n — 1) exp(ine)ly,_1(t)
In|<N/2 In|<N/2
1 NN
+§ Z (n + 1) exp(inz)ty4+1(t)
In|<N/2

+2

—% <exp [z’N 2 m] ﬁ—N/2(t)>

= Z < @ 2 Up—1(t) + 5 Un+1(t)> exp(inx)
[n|<N/2

N N+2 | N+2 |
—5 \exp ji——2 nyo(t) +exp | —i 5% U2 (t)

We note that, contrary to the situation in the previous example, Ry (z, t)
is not solely in the space of By due to the two extra terms, i.e., Ry(x,t) €
B ~N+1- Hence, requiring that the residual is orthogonal to By results in
N + 1 coupled ODE’s

N N
x} g2 (t) + exp [—z

dig(t) n—1_ n+1.
CTlLt —Tun_l(t)—l- 2 un+1(t):0,

with @_(n/241)(t) = @n)241(t) = 0 and introduces a truncation error.

In the above variable coefficient problem we find that the projection of
the residual vanishes rather than the residual itself as it not contained
entirely within Bn. However, one should note that since u(zx,t) is as-
sumed smooth we know that for large values of IV, the expansion coeffi-
cients, 4, (t), decay exponentially fast in N, and the part of the residual
being outside Bn can thus be assumed to be very small provided N is
sufficiently large.

As always, the formulation of the Fourier-Galerkin method involves
the derivation of the equations for the expansion coefficients of the un-
known solution. While this was relatively easy for the particular variable
coefficient case considered in the previous example this is not always the
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case. Moreover, the resulting equations may be somewhat complicated
as we shall find in the next example.

Example 15. Consider the nonlinear problem

Ou(z,t) Ou(z,t)
ot or

= u(x,t)

where the initial conditions are given through g(z) and the solution,
u(z,t) € Cp°[0,27], local in time.
We seek a solution on the form of a trigonometric polynomial

un(z,t) = Z Un(t) exp(inz)

In|<N/2
and require that the residual

Oun(z,t)

RN(I‘,t) = BN

0
—uN(a:,t)%uN(:r,t) ,
be orthogonal to By.

Consider first the quadratic nonlinearity

un(eun(e )= YYD (t) k)i (1) expliCi+ )
v I[<N/2 |kI<N/2
N/2+k

= > > (ik)iin k()i (t) exp(inz) .

[k|[<N/2n=—=N/2+k

This shows that the residual, Ry (z,t) € |§2N, as a consequence of the
quadratic nonlinearity and the associated three-wave mixing. Hence, we
have 2N + 1 equations but can recover N + 1 conditions by requiring
that Py Ry = 0. Satisfying the first NV + 1 conditions, which results in
a set of ODE’s of the form

Wnl®) — S ()i (t) |

|k|<N/2

representing the first V 4+ 1 Fourier coefficients of the solution.

Although we could only derive an approximate scheme for the quadratic
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non-linearity, it was nevertheless possible to arrive at the Fourier-Galerkin
scheme suitable for solving the problem. This is, in fact, a strike of good

fortune caused by the special nonlinearity we considered. If the nonlin-

earity is stronger, we may well be unable to derive the Fourier-Galerkin

equations as illustrated in the last example.

Example 16. Consider the strongly nonlinear problem

ou(x,t) Ou(z,t)

pramie exp [u(x, t)] e

where the initial conditions are given through g(x) and the solution,
u(z,t) is assumed to be smooth and periodic, at least local in time.
As usual, we seek a trigonometric polynomial

un(z,t) = Z Un(t) exp(inz)

In|<N/2
and require that the residual
oun(z,t 0
R, 1) = 22000 o 0] 1)

is orthogonal to Bn.
This results in the constraints

din(t) QL > ki (t) *

at ki<
exp Z G (t) exp(ilz) | ,expli(n — k)z] =0 .
[1[<N/2 L2[0,27]

However, we are unable to evaluate the inner product and, hence, unable
to even formulate the Fourier-Galerkin scheme.

To summarize, the grid free Fourier-Galerkin method is very efficient
for linear, constant coefficient problems, but tends to become complex
even for simple variable coefficient problems and nonlinear problem. The
main drawback of the method is the need to derive the system of govern-
ing ordinary differential equations, which results from requesting that
the residual be orthogonal to Bn. Every partial differential equation
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will result in a different set of ordinary differential equations and, as
experienced through the examples, the evaluation of the inner products
is by no means a straightforward task.

5.1.2 Fourier-Collocation Methods

Even if one can derive the Fourier-Galerkin scheme for a particular prob-
lem, one often needs to approximate the inner products by sums to
evaluate the initial conditions. This will generally introduce an aliasing
error which would otherwise be absent from the Galerkin formulation.
Given that some aliasing error will be present even in a Fourier-Galerkin
scheme, one may as well utilize the introduction of grids to ones advan-
tage. This is exactly what is happening in the collocation methods.

To define a Fourier-Collocation method we must introduce a grid, y;,
at which to require that the residual vanishes identically. It is important
to appreciate that this grid need not be the same as the grid, termed
xj, on which the interpolation itself is based.

For the latter we restrict the attention to approximations based on
the grid

;= %rj , J€0,...,N-1] ,
where IV is assumed even. Keep in mind, however, that everything said
about this specific choice holds for schemes based on the odd method
also.
We assume that the solution, u(z,t) € L%[0,2x], is periodic and con-
sider again the general problem

%:Eu(m,t) , x€l[0,2n] ,t>0,
u(z,0) = g(x) , z€1[0,27] ,t=0 .

In the Fourier-Collocation method we seek solutions, uy € I§N, of the
form

un(z,t) = Z Un(t) exp(inz)

In|<N/2

with the discrete expansion coefficients, @, (t), being
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1 N-1
in(t) = = 3 ulj,t) exp(—ina) |
n =0

and we recall that ¢_y/» = Cn/2 = 2 and ¢, = 1 otherwise.
As discussed in Sec. 4.2 the discrete polynomial has a dual expression
on the form

N —

U’N(xvt) = Z u(xjat)gj(x) )

=0

[u

where g;(z) represents the Lagrange interpolation polynomial, Eq.(4.12).
We require the residual

o} t
Bv(a,t) = 20D puyiayy
ot
to vanish at the grid points, y;, i.e.,
Yy; + Rn(y;,t) =0, j€[0,...,N—1] . (5.2)

Note in particular that we do not require the residual to be orthogonal
to the subspace, By, as was the case in the Fourier-Galerkin method.
The requirement, Eq.(5.2), yields N equations to determine the N point
values, un(z;,t), of the solution.

Let us now, as we did for the Fourier-Galerkin method, consider a
number of examples of increasing complexity. For the purpose of com-
parison, we will discuss the same problems as for the Fourier-Galerkin
methods with the exception of the Ex. 14 which we considered already
in Chapter 3. Moreover, except stated explicitly, we shall restrict the
discussion to the situation where y; = z;, i.e., the equations are required
to be satisfied at the same set of nodes as those on which the approxi-
mation is based.

Example 17. Consider first the linear constant coefficient problem

Ou(x,t) a7
ot g
assuming that u(z,t) € C;°[0,27], a is a constant and ¢ > 0 signifies

the order of differentiation.
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We seek solutions on the form

N-1
un(z,t) = Z U (t) exp(inz) ZUN (xj,t)g(x) , (5.3)
7j=0

In|<N/2

such that the residual

vanishes at a specified set of grid points, y;.

Let us first assume that y; = x;, i.e., the residual is required to vanish
at the same grid points as the ones on which the approximation is based.
Hence, we seek an N’th order polynomial, upy, such that

0 )t 01
INRN|zJ- =1IN [% — U,%UN(ZE,t)]
0 )t 09
= [% — aIN%ZNuN(x,t)} =0.

This results in N ordinary differential equations, describing the evolution
of un(z;,t), to be solved at the grid points, z;, on the form

dun(zj,t) 01
T = GIN%INUN(ﬂ?],t)
=a Z (in)?t, (t) exp(inz;)
|n\<N/2

—aE D uNm“ )

where D@ represents the differentiation matrix discussed in Sec. 4.2.
Consequently, the scheme consists of solving the ODE’s at the grid points
only. Note that two different formulations of the ODE’s have been given,
emphasizing the two computational different, but mathematically equiv-
alent, methods of approximating the derivatives at the grid points.

Let us briefly also consider the case where we require that the residual
vanishes at a set of grid points, y;, which is different from z;. In this
case we recover N equations on the form
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N—-1
dun(y;,t) _ d?g;
T =a ; U,N(.Tl,t) dl‘q y ,

describing the evolution of the unknowns ux(y;,t) from which the un-
knowns, un(x;,t), in the original assumption ,Eq.(5.3), can be obtained
by interpolation as

N-1

un(zj,t) = Z un(yi, t)gi(z;) -

=0

Here §;(z) represents the Lagrange interpolation polynomial based on
the grid points y;.

While the formulation of the collocation method for linear problems is
straightforward, it is by turning our attention to nonlinear problems that
their advantages shine more brightly.

Example 18. Consider the nonlinear problem

Ou(x,t) Ou(x,t)
ot or

= u(z,1t)

where the initial conditions are given through g(z) and the solution is
smooth and periodic in all derivatives, local in time.
Again, we seek a solution on the form

N-1
un(z,t) = Z Uiy, (t) exp(inz) = un (xja t)gj () »
In|<N/2 j=0
with the condition that the residual
_ Oun(w,t) Oun (z,t)
Ru(e,t) = “E0 (e, 0D
vanishes at the grid points, z;, as
Oun(z,t) Oun(z,t)
T =7 _ = t)y————~
~NRN|,, N e un(z,t) o7

Zj
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o 6UN(I') t)
N ot

I
o

- (2250

Tj

From this we recover N coupled ODE’s

dUNC(lfj’t) = un(zj,t) Z inty (t) exp(ine;)
In|<N/2
N-1
= un(z;,t) Y Djsun(zit)
i=0

which express the global solution to the Burgers equation through the
grid point values, un(x;,t).

If we return to Ex. 15 for comparison, it is clear that whereas the Fourier-
Galerkin method required the derivation of the complicated equations,
there is little difference between formulating a Fourier-Collocation method
for the solution of a linear problem or a scheme for a non-linear problem.

Let us finally consider a problem with a nonlinearity so strong that
we found ourselves unable to formulate a Fourier-Galerkin method.

Example 19. Consider the strongly nonlinear problem

Ou(z,t) Ou(x,t)
ot ox '

= explu(z,1)]

where the initial conditions are given through g(z) and the solution,
u(z,t), is assumed periodic and smooth, local in time.
We seek solutions on the form

N-1
un(z,t) = Z Uiy, (t) exp(inz) = Z UN(mj)t)gj(x) )
In|<N/2 j=0

and require that the residual

Oun(z,1t)
ot

Oun(z,t)

RN (.’If, t) = aw Y

—exp [un(z, t)]

vanishes at the grid points, x;, on which the approximation is based.
Thus, we constrain the solution such that
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INRN|,, = In [MNT(:’” —exp [un(z,1)] aul\éﬁf’t)} N
_ [&‘NT(;’” _In <exp lux (2, 1)] a“Naif’t)ﬂ =0,

Zj

yielding N coupled ODE’s to describe the evolution of the approximate
solution as

dun(z;,t) = exp [un(zj,t)] Z indy, (t) exp(inz;)
dat [n|<N/2
N-1
= exp [un(z;,0)] Y Djiun(i,1)
i=0

to be solved at the grid points, x;.

Again, we find that the application of the Fourier-Collocation method
is easy even for problems where the Fourier-Galerkin method fails. This
is due to the fact that we can easily interpolate the nonlinear function,
F(u), in terms of the point values of u(z), while it may be very hard,
and in some cases impossible, to express the Fourier coefficients of F'(u)
in terms of the expansion coefficients of u(z).

One should keep in mind, however, that the ease of the formulation of
the collocation method is obtained at the expense of the introduction of
additional sources of error through aliasing and the approximation of the
spatial derivatives. While the results of Sec. 4.3.2 suggests that this may
be less of a concern in terms of the accuracy of the computed solution,
these effects turn out to have a dramatic impact on the stability of the
semi-discrete approximation and ultimately the fully discrete scheme
when solving the partial differential equation.

5.2 Stability of Fourier Spectral Methods

Understanding the construction of Fourier spectral methods for various
partial differential equations we are now ready to undertake the final
part of the analysis of the schemes. We have previously convinced our-
selves of the superior properties of the Fourier approximations, leaving
us confident about the consistency of the schemes. However, the ques-
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tion of stability of the schemes formulated in the last sections remains
open.

To address this we shall split the analysis into two stages. On one
hand, we shall discuss the stability of the semi-discrete approximation
in which time, ¢, is kept as a continuous variable. This analysis relates
directly to the stability discussed in the Equivalence Theorem in Sec. 3.2
and is based solely on an understanding of the properties of the spatial
approximation of the operators. It is this analysis we shall undertake in
this chapter.

The analysis of the fully discrete approximation, including also partic-
ular choices for the approximation of the temporal integration, is more
involved and we postpone this discussion to Chapter 10.

5.2.1 Stability of the Fourier-Galerkin Method

The stability of the Fourier-Galerkin method is closely related to the
wellposedness of the partial differential equation. Let us therefore first
discuss some conditions ensuring wellposedness in the spirit of Sec. 3.1,
i.e., in an energy sense.

We consider the one-dimensional initial boundary value problem

ou
— =Lu 5.4
at ) ( )
where u(z,t) € H is assumed periodic at all times and proper initial data
is supplied. We recall that H is a Hilbert space endowed with the inner
product (-,-)r2[0,2+ and the associated norm, || - ||£2(0,2x]-
A condition on wellposedness in the spirit of Def. 2 in Chap. ?7 is

Theorem 14. If the operator L is semi-bounded then the initial bound-
ary value problem, Eq.(5.4), is wellposed in an energy sense as

d

a“““%ﬂo,%] < a||U||2L2[0,2n] :

Proof: ~ Multiply Eq.(5.4) with @ to obtain
_Ou

ua =ulu .
Likewise, consider the complex conjugate of Eq.(5.4) and multiply with

u to obtain
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u— =ulu .

ot
Adding the two expressions and integrating over [0, 27] yields
d, o
%HUHLz[O,m = (Lu,u) (0,27 + (U, LU)2[0,27)
= (u, L) 12[0,25] + (1, LU) 120 24]
< a”““%ﬂo,zﬁ] ;

where the last results follows from semi-boundedness. QED

Example 20. Consider the operator

0
L= G(Q?)% ’

where a(x) € C}[0,2n] is real. In this case we derive the condition for
semi-boundedness directly by computing the adjoint operator

27 8U_
(L, ) 12(0,20] :/0 a(x)%vda:

A R D

by periodicity and integration by parts. Thus,

. 0 da(x

The condition on semi-boundedness is

£+£*:_da_(a:)<a =
dx

da(z)
dz

<A.

This result establishes wellposedness of the problems considered in Ex.
13 for ¢ = 1 and Ex. 14.

The direct computation of the adjoint operator is in general quite
complicated. However, it is often possible to establish conditions for en-
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ergy boundedness directly and hence wellposedness in the sense of Def.
2 as illustrated in the following.

Example 21. Consider the operator

0 0

where b(z) € C;[0, 27].
Proceeding as in the proof of Theorem 14, we recover

d ou - Ou
LTV (—,<b+b>—)
dg ! L2[0,27] oz 0 ) 1210 9n]

If we require that

ou - O0u ou
hutind hutind > hutind
<8m’ b+9) 8CU>L2[0,27r] =7 H O

with o > 0, then the problem is clearly wellposed in an energy sense.

2

)
L2[0,27]

A problem obeying such a condition is termed strongly parabolic and,
by inspection, we see that a necessary condition for strong parabolicity
and, hence, wellposedness is that the real part of b(z) is strictly positive.

Returning to the relation between wellposedness of the partial differ-
ential equation and the stability of the Fourier-Galerkin method, we can
now state the result.

Theorem 15. If the operator is semi-bounded, the Fourier-Galerkin
scheme is stable.

Proof:  In the Fourier-Galerkin method we employ the expansion

un(z,t) = Z Un(t) exp(inz)

In|<N/2

such that uy(z,t) € By and we define the residual, Ry (z,t), as
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In general, we recall that

Z R, exp(inz) ,

In|<oo

and Ry(z,t) is generally not contained completely in By, i.e., R, # 0
for |n| > N/2.
The Fourier-Galerkin scheme is obtained by requiring

N .
PnRy(z,t) =0 = V|n|< 5 R,(t)=0 ,
which yields

27

PnRy(z,t)un(z,t) de

2w
/ Z t) exp(inz) Z iy (t) exp(—ilz)dz =0 .
 Inl>Ny2 <N/

Thus, we have the identity

27
/0 Pn <_8gzv - /JuN> undr =0 ,

since Py Ry (z,t) is orthogonal to un(x,t). Following the proof of The-
orem 14 we recover

£||UN||%2[0,2W] = (un, PNLuN)L2[0,2x] + (PNLUN, UN) L2]0,27]
= (un,Pn [£ + L] UN)L2[0,27|-]

< allunlZ2p2x

provided the operator is semi-bounded.
Stability follows immediately as

| exp (Lnt) || 120,27) < exp (Fat)

where EN - PNEPN. QED

A necessary and sufficient condition, providing a generalization of
Theorem 14, for wellposedness can be stated on the following form [?]
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Theorem 16. Assume that there exists a self-adjoint operator, H, and
a constant, K > 0, such that

K_1||U||2L2[0,27r] < (U)HU)L2[0,2W] < KHUH%Z[O,ZW] .

Then the initial value problem, Eq.(5.4), is wellposed if and only if there
exists a constant, o, such that

(u, [HL + L*H] u)LQ[O’%] < a(u, ’Hu)Lz[O’%]
This allows for a generalization of the Theorem 15 as

Theorem 17. If the operator is wellposed in the generalized sense of
Theorem 16, then the Fourier-Galerkin scheme is stable.

In the case of the Fourier-Galerkin methods it thus suffices to consider
the issue of wellposedness as stability follows directly.

5.2.2 Stability of the Fourier-Collocation Method

While the issue of stability for the Fourier-Galerkin is determined en-
tirely by the wellposedness of the partial differential equation this does
not carry over to the Fourier-Collocation method.

For the stability theory, a key difference between the two methods is
the requirement in the Galerkin method that the residual be orthogonal
to the basis in which the approximate solution, un(z,t) itself is ex-
pressed, while it is only required to vanish pointwise in the collocation
scheme. This difference implies that wellposedness is reduced from be-
ing a sufficient to being a necessary condition for stability as there is no
direct connection between the residual and space in which the solution
lives.

Establishing stability of the pseudospectral basically proceeds along
two different avenues, both centered around the use of energy meth-
ods. Thus, one strives to recover results on energy boundedness of the
semi-discrete approximation, much as when wellposedness is considered.
However, as we can not rely on the properties of the projection, we shall
need to consider different techniques.

Let us begin by briefly discussing the discrete inner products and
norms needed in the following as well as their relationship to the contin-
uous inner products and norms. Consider first the discrete inner product
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and the associated energy norm
[fnsgn]n = N 1 ZfN (z)gn(x5) I fnllx = [fn, Fnln

where fn,gn € By and x; represents the odd grid points. As a conse-
quence of the accuracy of the quadrature, Theorem 7, we have

(fN:gN)L2[0,27r] =[fN, 9NN ||fN||L2[0,27r] = |If~nlIn -

Hence, when basing the approximation on the odd number of grid points,
the continuous and the discrete inner products and norms can be inter-
changed.

Returning to the case where the discrete inner product and the asso-
ciated energy norm is

N—
[fnsgnly = § Z N (@) NIy = v, fnn
7=0

where fn,gn € By and x; signifies the even grid points the situation
is a bit more complex. This is a consequence of the quadrature rule,
Theorem 5, being unable to exactly integrate polynomials of degree 2/V.
Nevertheless, using the fact that fx € L%[0,27] one easily proves that
there exists a K > 0 such that

KNI 20,20 S NN < KNI 20,20) - (5.5)

Hence, the continuous and discrete norms are uniformly equivalent. To
prove L2-stability is it therefore suffices to prove stability in the discrete
norms.

With this in mind, let us now attempt to derive bounds on the energy.
As a first approach, we shall use the properties of the differentiation oper-
ators, i.e., they are all symmetric or skew-symmetric as discussed in Sec.
4.2.4. Alternatively, the quadrature rules introduced in Sec. 4.2 may,
under certain circumstances, allow us to pass from the semi-discrete case
with summations to the continuous case with integrals and, thus, sim-
plify the subsequent analysis. Which one of these two techniques is most
appropriate is problem dependent as we shall see in the following dis-
cussion. Unless otherwise stated we focus the attention on the Fourier-
Collocation methods based on an even number of grid points, discussed
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in detail in Sec. 4.2. For the collocation formulation we also generally
take the grid points on which collocation scheme is based to similar to
those on which the interpolating approximate solution is sought, i.e.,
y; = x; in the context of Sec. 5.1.2.

5.2.2.1 Stability for Hyperbolic Problems

Let of consider the stability of the pseudospectral Fourier approximation
to the hyperbolic problem

ou ou
N + a(m)% =0, (5.6)
u(z,0) = g(z) ,

where u(z) € L?[0,27] and g(z) € L?*0,2n] are assumed periodic.
The coefficient, a, is assumed real for hyperbolicity while |a,| must be
bounded to ensure wellposedness. For the purpose of illustration let us
discuss the question of stability using two different versions of the energy
method.

Theorem 18 (Method 1). The pseudospectral Fourier approzimation
to the wellposed variable coefficient hyperbolic problem, Eq.(5.6), is sta-
ble as

max, \/|a(z)|
oxp [AD|| 219 57 € —— ===
llexp [AD]|| 210 2. < min, /|a(z)]

provided a(z) is strictly bounded away from zero, i.e., 0 < |a(z)| < oo.

Proof: ~ The Fourier-Collocation approximation to the variable coeffi-
cient hyperbolic problem, Eq.(5.6), is given as
du_(t) + ADu(t) =0 , (5.7)
dt
provided we require that the equation is satisfied exactly at the grid
points, ;. Here x; signifies the even grid points, w the associated grid
vector, and A a diagonal matrix with entries, Aj; = a(z;). Also, D
represents the differentiation matrix, Eq.(4.19), and we recall that D7 =
—D.
The direct solution to Eq. (5.7) is given as
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u(t) = exp [-ADt u(0) ,
and stability is guaranteed provided
|lexp [_ADt]||L2[O,27T] <K(t),
which equals
exp [~AD#] exp [(-AD)Tt] < K*(t) .
Consider first the case where a(z;) = a for which we obtain
exp [—aDt] exp [(—aD)Tt] =exp[-a(D+D")t] =1,

since D is skew-symmetric and commutes with itself.

Consider now the case of a(z) > 0 in which case AD no longer com-
mutes with —DA, causing the above procedure to fail. However, as
a(z) > 0 we have

A= AL/2A1/2
Using the Taylor expansion of the matrix exponential one realizes that
A Y2 exp[~ADH] A2 = exp [—Al/QDAWt
The key observation to make now is that

(A1/2DA1/2)T — A2DT A2 — _AV2DAL/?

i.e., the new operator A'/2DA'/? ig skew-symmetric. This implies

exp [~ADH]||; » = |[AY? exp [—A'/?DA'/2¢| AT1/2
L2]0,27]

L2[0,27]

<[a

exp [—A1/2DA1/27§] ‘

L2[0,27] L2[0,27]

IN

27

A71/2‘

L2[0,27] L2[0,27]

max, \/a(x)

)

~ min, \/a(z)

A71/2‘

L2[0,27]
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hence establishing stability provided 0 < a(z) < oo.
The proof for a(z) < 0 is equivalent with the exception that we split
A as

Since the differentiation matrix, D, discussed in Sec. 4.2.4, for the odd
method maintains the skew-symmetry, stability of this method follows
from the above. QED

An alternative technique to establish stability may be understood by
realizing that if a(z) is uniformly bounded away from zero, A is non-
singular and A~! exists. Therefore, by multiplying from the left with
uTA~! we recover

du 1d
T pA—1 T -1 T
ATtV —=-—u"A =u Du=0
u pri e u=u" Du ,
as D is skew-symmetric and A is diagonal. This establishes stability in
the weighted norm, u” A~'u, known as the elliptic norm. However, this

norm is clearly uniformly equivalent to the discrete energy norm since

;UTU <ulAlu< ;UTU ,
max, v/|a(x) min, /|a(z)]
hence completing the proof of stability.
Using the quadrature rules discussed in Sec. 4.2 to relate summa-
tions with integrations we can establish results equivalent to the above
through a different route.

Theorem 19 (Method 2). The pseudospectral Fourier approzimation
to the wellposed variable coefficient hyperbolic problem, Eq.(5.6), is sta-
ble as

1d

TA—1
——u'A =0 .
2dtu u=0

provided a(z) is strictly bounded away from zero, i.e., 0 < |a(z)| < oo.

Proof:  Seek a polynomial, ux € By, that satisfy the equation

ou

Zj

8uN

Tj
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where z; represents the even grid points and we require that the equation
be satisfied on these points also.

Assuming that a(z) is uniformly bounded away from from zero en-
sures that a(z)~! exists. If we multiply Eq.(5.8) with a(z;) " un(z;)
and sum over all collocation points we obtain

2

N-1

1d 1 2 o a’LLN
2 dt = a(mj)uN(mJ) - ]2:; ’U'N(m]) O .
N 2 6UN
=5 ; uN(a:)—ax dr =0 |

where we have used the quadrature rule given in Theorem 5 to establish
stability along with the fact that uy is periodic. The proof for an odd
number of points can be completed in a similar fashion. QED

For the general case where a(z) changes sign somewhere inside the
computational domain, the situation is more complex than reflected in
the above. The straightforward way to derive a stable pseudospectral
Fourier approximation to Eq.(5.6) is to consider the equation on the
skew-symmetric form

ou

— +

1 du  1da(z)u 1
ot 2

a(m)% 5 om Eam(m)u(x,t) =0,

and seek an approximation to this equation, the stability of which is
stated in the following

Theorem 20. The pseudospectral Fourier approrimation to the well-
posed variable coefficient hyperbolic equation, Eq.(5.6), expressed on skew-
symmetric form is stable as

1d
5 S llunBe < b maxlag (o)l lun i
with |a,(z)| being bounded due to wellposedness.

Proof:  To solve Eq.(5.6) on skew-symmetric form we seek a polyno-
mial, un(z,t) € By, satisfying the equation

dun| 1 oww| | 10Taelhu 1
ot m]-+ 2(1(1']) O x]-+ 5 B 2az(1'])uN(mJ)_0 ,

Tj
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at all grid points, x;. Multiply with un(z;) and sum over all the collo-
cation points to obtain

N— N-1
1d 2 1 6UN
Sdi z:; ~(z5) D) par a(%)“N(%)W .
N-1
1 IIn|a(z)un]
_5 ]z::o ’U,N(.T]) o .,
1 N-1
+§ az(zj)un ()
=0

Considering the second term we observe that uy € By and Zy0Zn[a(z)un (z)]/dx €
Bn—_1, i.e., the quadrature rule in Theorem 5 is exact and we have

33 unay) PN N g Pl ],
_ _% 0 " Inla(@)un (2)]Tn 6“1;(”3) dz
1= Oun ()
= -5 ) alzjun(z)—F—|
2 = N ox o

assuming only that a(z) and upn(z,t) are periodic.
Hence, we recover

N-—

,_.

Qg mJ uN x])t)

DN | =

[ 2 —
5 7 llunly
Jj=0

N—
< %m3x|am z)] u (zj,t)
7=0

,_.

)

which guarantees stability provided Eq.(5.6) is wellposed. QED

While we may establish stability for the skew-symmetric formulation
it is less interesting from a practical point of view as it is twice as ex-
pensive as solving the original problem
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8U,N 8U,N _
TS 5 +a(x;) | = 0.

Tj

The question of stability of the pseudospectral Fourier approximation
to this problem, however, is shrouded in a number of subtleties and
a complete answer has only recently been given [?], although partial
results for special a(z) has been known for some time [?, ?].
To come to a better understanding of what causes these difficulties,
let us consider Eq.(5.6) on the following form
8uN

W +N1UN +N2UN +N3’LLN =0,

where

_ 1 8U,N 1 6JNG($)UN
Niaw = g (a0 ) + g5

is the skew-symmetric form of the operator introduced above,

and

(a(z)uy) 10Ina(z)uy
ox 2 ox

1 0
Nauy = §jN

We note that we are considering the scheme based on the odd number
of points. This is done for simplicity only as it allows us to pass to
the integrals without complications. However, the conclusions we reach
remains valid also for the even case.

Let us now consider

1d
5 g lunllizoen = —[uns Niun]y = [un, Noun]n = [un; Nyun]n

As we have shown in Theorem 20, the contribution from the skew-
symmetric form, ANjuy, vanishes identically. Furthermore, we easily
establish that

[un, Noun]n < %mjx|az($)|||UN||2Lz[o,2n] ;

by differentiation once. Inspecting the last term
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1, Oa(x)un) 10Ina(x)un
N = EJN oz 2 oz ’

we see that this measures the error associated with the loss of commu-
tation between differentiation and interpolation. Indeed, if the interpo-
lation, Jn, and differentiation would commute, as for the continuous
expansion in the Fourier-Galerkin scheme, this last term would vanish
identically.

In Sec. 4.2 we discussed how the loss of commutation is a conse-
quence of the aliasing error, i.e., N3uy is a direct measure of the effect
of aliasing. To understand the impact of this term on the stability of
the approximation, we use the bound

[un, Nsun]n < C (||UN||%2[0,27T] + |W3UN||2L2[0,2W])
As [[N3un||12[0,2+] can be bounded as

INsun]| 210,24 < CN17P||UE\I;)||L2[O,27F] )

by Theorem ??, with C' depending on a(z) and its derivatives, we recover

%%Ilwllizm,m < C (lunlzpo om + N2~ 2202
indicating that as long as the solution, uy, is sufficiently smooth one
can expect the approximation to be stable. However, for poorly re-
solved problems one may experience a weakly unstable solution with
the instability caused solely by aliasing.

These arguments are qualitative in nature and a detailed understand-
ing of the stability has only been obtained recently [?]. The main result
is stated as

Theorem 21. The pseudospectral Fourier approximation to the well-
posed variable coefficient hyperbolic problem, Eq.(5.6), is weakly unstable
as

lun(®)llx < CEN|lunO)llx

where C(t) depends on t but not on N.
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This more rigorous analysis confirms that one can only hope for algebraic
stability and that the source of this growth is aliasing. Hence, if the
solution is well resolved at all relevant times, the errors incurred by
aliasing are very small and linear amplification is insufficient to excite
the weak instability and, thus, impact the solution.

For poorly resolved phenomena, however, the situation is different as
the small scale information, which no longer is insignificant, is destroyed
by aliasing and experiences an O(N) amplification. This spreads to the
full spectrum and eventually destroys the accuracy of the solution. The
growth is, however, only algebraic.

The difficulty with solving problems in which a(x) changes sign is that
such problems often develop very steep gradients in finite time. Take as
an example Eq.(5.6) with

a(z) = —sin(z) ,
the solution of which is
u(z,t) =g [2tan" (e’ tan Z)]

This develops a very steep gradient around z = 0 as ¢t grows. Hence,
even if the initial conditions, g(z), is well resolved the solution will, if a
fixed grid is used, appear as poorly resolved at a later time, aliasing will
become significant and the weak instability be excited.

5.2.2.2 Entr’acte on a Nonlinear Problem.

The equivalence theorem discussed in Sec. 3.2 supplies the motivate for
splitting the discussion of convergence of the semi-discrete approxima-
tions to linear problems into that of consistency and stability. However,
for nonlinear problems this ceases to be meaningful and one must gen-
erally attempt to prove convergence directly.

Nevertheless, a few results in the spirit of the previous discussion can
be established for certain nonlinear problems. As an example of this
consider the problem

ou Ou

u(z,0) = g(z) ,

where we assume that u(z,t) and g(z) are periodic and smooth, local in
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time. By expressing it on skew-symmetric form as

Ou 1 ou?

1 Ou” 50U

1
E+3 o7 +§u%—0, (5.10)

one easily proves

1d, ., T ou L™ ( ,0u ou?
5%““||L2[0,2ﬂ] :/0 u %dﬂ?: 5/0 v +u—— 9 dz
1 [ ou?
3 0 Ox v ’

where the last equality follows directly from periodicity. Assuming that
that a unique solution exists, this establishes wellposedness.

For the Fourier-Collocation approximation of Eq.(5.10) we have the
following result

Theorem 22. The pseudospectral Fourier approzimation of the well-
posed nonlinear problem, Eq.(5.9), is stable as

TN
2NN =

if expressed on skew-symmetric form, Eq.(5.10).

Proof:  Look for a polynomial, Zyu(z,t) = un(z,t) € By, that satisfy
Eq.(5.10), in the following way

ou (N2 1 N-1
N
= N E Djux () + 3uN zj) E Djiun(z;) =0,

i=0 i=0

i.e., we require that the equation be satisfied exactly at the even number
of grid points, x;, on which also the approximation is based. Multiply
with un(z;,t) and sum over the grid points to obtain

&|g‘

N-1
Z lunlliy
j=0
N-1 -
un(z;) Z D],uN x;)

j=0 i=0

1
2

o.'all—‘
c.ol»—n

N-1 N-1
> uk(@)) D Djiun()
j=0 =0
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1 N—-1N-1
=3 > [un(@;)Djiun (z:) + un (z;)Djiun (2;)]

7=0 =0

1 N—-1N-1
=3 [un () Djiuy (2:) — ui(2:)Dijun (z;)]

7=0 =0

where the last reduction appears by using the skew-symmetry of the
differentiation matrix. QED

This establishes stability of the Fourier-Collocation method and also
shows that the semi-discrete approximation of the skew-symmetric form
maintains the energy conserving property.

However, the resulting scheme is twice as computationally expensive
as the simple approximation. While this may be unacceptable for the
linear problem, the fact that the semi-discrete approximation, as the
original partial differential equations, conserves energy may be crucial.

The nonlinear energy conserving operator considered in the above
represents a simple example of a much larger class of problems known
as conservation laws. We shall return to such problems and their ap-
proximation in more detail in Chapter 8.

5.2.2.8 Stability of Parabolic Equations.

Let us now consider the question of stability for strongly parabolic prob-
lems as

ou 8%u
LCERC (5.1)
u(z,0) =g(z) ,

where b(z) > 0 for wellposedness and u(z,t) as well as g(z) are assumed
to be periodic and smooth.

As for the discussion of stability for hyperbolic problems we shall
approach the question of stability for Eq.(5.11) in two different ways,
yielding the same result.

Theorem 23 (Method 1). The Fourier-Collocation method approxi-
mation to the strongly parabolic problem, Eq.(5.11), is stable as
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1d 9
s <0
5 pllunlly <0,
provided b(x) is strictly positive.

Proof: ~ We require the equation to be satisfied on z;, yielding the the
Fourier-Collocation approximation to the parabolic problem as
d’;—f) =BDPu(t) .

Here x; represents the grid points, u the associated grid vector and B
the diagonal positive matrix with entries B;; = b(z;). Furthermore,
D® represents the differentiation matrix of 2nd order as discussed in
Sec. 4.2.4. We need to be careful, however, when defining this operator.

As discussed in Sec. 4.2.4, a consequence of using the even method
is that D) # D . D where both D and D® are obtained directly by
differentiation of the Lagrange interpolation polynomial, Eq.(4.12). The
key difference between the two formulations is that D@ wu € By while
(D-D)u € BN_l, i.e., the latter reduces the order of the polynomial. As
we shall see shortly, we must choose the latter definition, i.e.,

D®=D.D ,

to ensure stability of the Fourier-Collocation scheme. We note that
the discrepancy between the two formulations is a consequence of the
restricted space, L5>N, associated with the even number of collocation
points. The problem does not arise when using a method based on an
odd number of grid points.

Following the resolution of this, we continue by multiplying with
uTB~! from the left to recover

d
uTBflau =u'D®y = u'DDu
= (D"u)" (Du) = — (Du)” (Du) <0 ,

where we use that D is skew-symmetric. Since

1

1
2 Th-1 2
—||u <u'B T u< —||lu

the result follows. QED
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Let us also recover the same result using the quadrature rules.

Theorem 24 (Method 2). The Fourier-Collocation method approzima-
tion to the strongly parabolic problem, Eq.(5.11), is stable as

1d,
il <
sl <0
provided b(x) is strictly positive.

Proof: ~ We seek solutions on the form
N—1
un(@,t) = Y un(z;,t)g;(z)
7=0

and require the equation to be satisfied at z; as

Oun(z,t)
ot

Pun(z,t)

=blzj) —5 3

Tj

z;
Multiply with b(z;)~'un(z;,t) and sum over the collocation points to
obtain

N-—-1

N-1
Loy  Pun(z,t)
n ]2:; b(:nj)uN(xJ’t) - Z UN(I‘],t) o2

Jj=

| =

DN | =
QU

Zj

We realize that the summation on the right hand side is a polynomial
of order 2N which is beyond the accuracy of the quadrature rule for the
even number of points, Theorem 5, and we cannot immediately pass to
the integral.
To circumvent this problem we define the second order derivative as
d d

IN—IN—T
NdCUNd.’L'N,

similar to the approach taken in Theorem 23. This ensures that

Pupn(z,t d d .
% :IN%INEUN(.T,t) € Bny_1 R

since the quadrature rule is exact and we have
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N-1 N-1
1d 1 2 8 8U,N
—— un(z;,t) = un(z;,t) IN—‘
2dt = b(z;) I = I 0 Ox
N 2 8 8U,N
= HIn [ Iy 2N
27r/0 un(@,?) N(a N ax>dm
N 2 8U,N 8uN
= —— INn—d
or Jo N oz Nox
N-1 2
- _ Z (6(;_]\’ ) <0,
j=0 T a;
where we use partial integration, periodicity of un(x,t), and
I Oun(z,t)|  Oun(w,t)
N or . - Oz o

as a property of the interpolation operator. Utilizing the uniform equiv-
alence between the elliptic norm and the usual energy norm as discussed
in the proof of Theorem 23 yields the result.

The situation for the odd number of points is simpler as the associated
quadrature, Theorem 7, integrates polynomials of order 2NV exactly and
no special definition of D(®) needs to be considered. QED
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Exercises

. Consider the problem
ou 0%u

= a(z)%

= = 2
- L welo2n

where u(z,t) € C;°[0,2n]. Both u(z,t) and a(x) are general complex
numbers.

Assuming that a unique u(z,t) exixts, show what conditions one must
place on a(x) to ensure wellposedness. Note that the answer depends on
q.

. Consider the biharmonic problem

ou o'
Bt opt z € [0,2n] ,

where u(z,t) € C;°[0, 27].
Assuming that u(z,t) exists, show that the problem is wellposed.

. (Continued) Derive a Fourier-Galerkin scheme and discuss its stability.
. (Continued) Derive a Fourier-Collocation scheme and discuss its stability.

. Consider the system of equations

ou Ov
E—% ’ $6[0,27T],
o0 _u
ot oz’

where u(z,t) € C;°[0,2n] and v(z,t) € C3°[0, 27].
Derive a Fourier-Galerkin scheme and prove its stability.

. (Continued) Derive a Fourier-Collocation scheme and show its stability.

. Consider the variable coefficient problem

ou ou

— =T 0,2

= —as weo,2n]
where we assume that u(z,t) € Cp° and smooth initial conditions are
given.
Assuming that a unique solution exists, prove that the problem is well-
posed.

. (Continued) Derive a Fourier-Galerkin scheme and discuss its accuracy
and stability.

. (Continued) Consider the problem on skew-symmetric form



128

10.

11.

12.

13.

14.
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Ou 1 ou  O(zu)
E—E —ﬂ?a—z—w-*—’u ,$€[0,27T],

and derive a stable Fourier-Collocation scheme.

Consider the nonlinear Schrédinger equation

i@—f-&—f-uhd2 =0
ot  Ox? 7

where u(z,t) : [0,27] x Rt — C. Furthermore, assume that u(z,t) €
C:° [0, 2x].

This equation arises in the modeling of pulse propagation in optical fibers
and studies of deep water waves among other things.

Assuming that a unique solution exists, prove that the problem is well-
posed.

(Continued) Propose a Fourier-Collocation scheme and prove that it is
stable in an energy sense.

Consider the Korteweg-de Vries equation

ou  0%u
+(Co+01u)%+% =0,

ou

ot

where u(z,t) : [0,27] x R* — R. Furthermore, assume that u(z,t) €
Cp°10,27]. Also, co and c; are real constants.

This equation arises in the modeling shallow water waves.

Assuming that a unique solution exists, prove that the problem is well-
posed.

(Continued) Derive a Fourier-Galekin method for the Korteweg-de Vries
equation.

(Continued) Derive a Fourier-Collocation scheme for the Korteweg-de
Vries equation and prove its stability.
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Orthogonal Polynomials

The last few chapters have focused on a detailed development and anal-
ysis of spectral and pseudospectral methods using trigonometric polyno-
mials. While we found such schemes to perform well and deliver highly
accurate results for certain special classes of problems, the analysis also
revealed that the exponential accuracy of the scheme is achieved only
when the solution is periodic. Moreover, the periodicity is required of
the solution as well as of all its derivatives. As illustrated in Chapter 4,
lacking such higher order periodicity globally impacts the convergence
rate of the Fourier series, often reducing the spatial accuracy of the
spectral scheme to that of a finite difference scheme.

This need for periodicity naturally limits the application of Fourier
methods and inhibits the accurate study of more general non-periodic
problems, e.g., boundary layer phenomena in fluid dynamics, scattering
and penetration problems in acoustics and electromagnetics, and elastic
waves in materials.

We recall from the previous chapters that the requirement of peri-
odicity is a consequence of the choice of basis functions, ¢, (z). This
suggests that to overcome this restriction we should attempt to identify
a different basis better suited for the approximation of solutions on fi-
nite domains. The central question, the answer of which we shall devote
a considerable part of this Chapter, is whether it is indeed possible to
identify such a basis, resulting in rapidly converging spectral expansions,
independent of the boundary conditions.

Guided by past experiences, we focus the attention on polynomial
expansions of the form

129
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oo
u(z) = Zﬁnx” ,
n=0

which, as we shall see, turns out to be exactly what we seek, albeit often
expressed in a different form. The underlying assumption is that u(z)
can be well approximated in the finite dimensional subspace of

By = span {x”}gzo ,

that satisfy the boundary conditions.

Prior to discussing the properties of the expansion itself, however, we
shall need to look a bit deeper into the properties of the basis, including
attention to completeness and orthogonality. Following this, we subse-
quently limit the attention to a very special class of polynomial, appear-
ing as eigensolutions to Sturm-Liouville problems. The emphasis shall be
on polynomial approximations of continuous functions, u(x) € C[a, b],
where the interval [a, b] can be bounded as well as unbounded. However,
to simplify the exposure we focus on problems defined on a bounded in-
terval, keeping in mind that similar results can be established also for
problems defined on the semi-infinite interval, [0, co[, as well as the in-
finite interval, | — 0o, 00[. Where special results are required we shall
provide these but we shall generally omit the proofs.

6.1 Polynomial Approximation and Completeness

As remarked in Chapter 4, establishing completeness of a particular basis
family is an issue of significant complexity. However, for the polynomial
basis it turns out that completeness can be established assuming only
that the trigonometric basis is L2-complete. We have used this classic
result in previous chapters also and a proof can be found in [?7].

The first step towards a completeness proof for the polynomial basis
involves a fundamental existence theorem for the polynomial approxi-
mation of a continuous functions on the interval

Theorem 25 (Weierstrass). For any continuous function, u(z) €
C°[0,1] and an arbitrary € > 0, there exists an N and a polynomial,

pn(z) € By, such that

[u(2) = pn (@)L= <€ -
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In other words, any continuous bounded function, u(z), defined on [0, 1]
can be uniformly approximated by an N’th order polynomial.

Proof: ~ The Weierstrass approximation theorem is a theorem of exis-
tence. Consequently, we can prove it directly by constructing a pointwise
convergent approximating polynomial.

Let us extend the function, u(z) € C°[0,1], evenly to the interval
[—1,1] such that u(z) € C°[—1,1] and u(x) = u(—x). Let us also express
x = cosf and introduce the function v(8) = wu(cos@), where v(f) €
CO[—m,n] and v(#) = v(—0). As the periodic extension of v(f) itself
is even, continuous and uniformly bounded, it can be expanded in a
pointwise convergent cosine series as (cf. Theorem 2)

-0 as N — o0 ,

N
v(f) — Z Op, cosnl
n=0

L [—m,m]

where 0, represents the cosine expansion coefficients, see Sec. 4.1. In-
troducing the substitution § = arccosz yields

N
u(z) — Z Up, COS (n arccos x)

n=0

—0 as N — oo .
Loo[_171]

We complete the proof by showing that the basis function
¢n(z) = cos (narccosz)
is a polynomial of order n. From the definition of ¢, (z), we have
¢o(z) =1 and ¢i(z) =z .
Using the identity
cos(n + 1)0 + cos(n — 1)8 = 2 cosf cosnb ,
we have a recurrence relation for ¢, (z) as
Pnt1 () = 226n(z) — dn-1(z) -

Since @9 and ¢, are polynomials, clearly ¢, (z) is a polynomial of order
n. These polynomials, ¢, (z), are known as Chebyshev polynomials and
play a central role in the context of spectral methods as we shall discuss



132 6. Orthogonal Polynomials

thoroughly later.

Establishing the existence of a pointwise convergent polynomial for
the interval of [—1, 1] naturally covers the interval of [0, 1] also.

An alternative, and perhaps more classical, proof of the Weierstrass
approximation theorem involves proving that the Bernstein polynomials

Bt = 0 () (1) o

n=0

converges uniformly to u(z) € C°[0,1]. The proof follows from the
properties of the polynomials and the continuity of u(z). A complete
proof can be found in [?7]. QED

Existence of the pointwise convergent polynomial sequence for any
bounded continuous function on [0, 1] immediately yields convergence in
any equivalent norm, including L?[0,1]. Based on this, completeness of
the polynomial basis in L2 [0, 1] can be established as

Theorem 26 (Completeness). Any piecewise continuous function,
u(z) € L2]0,1], can be expanded in a polynomial series that is con-
vergent in the mean

||U(.’I}) _pN(‘T)”L%U[O,l] —0 as N — 00 .
Hence, the polynomial basis in complete in L2 [0,1].

Proof:  We have already established L?[0, 1]-convergence provided only
u(r) € C°[0,1] using the unweighted inner product. However, since
w(z) € L'Y0,1], and nonnegative, convergence in the weighted inner
product follows directly from L2[0, 1] convergence since

lullF2 017 < NlullZ oo llwllFop,y -

It thus suffices to discuss convergence for piecewise continuous functions
in L2[0,1].

Let us introduce a function, v(z) € C°[0,1], that is a continuous
approximation to u(x). We can always find a v(z) such that

lu(z) = v(@)[|L2p0,0) <€,

for any € > 0. Indeed, assume that u(z) has a point of discontinuity at
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xo. We may construct v(z) such that it equals u(z) outside the interval
of [xg —0, xo+4]. Inside this interval, we construct v(z) by a line segment
connecting the point of (zg — 8, u(zg — 0)) with (z¢ + 9, u(zo +9)). From
this it easily follows that

tim [u(z) = 0(@) 1210, =0 (6.1)

provided only that u(z) € L?[0,1]. Recall also that v(z) € C°[0,1],
implying that there exists a pointwise convergent approximating poly-
nomial, py € By, to v(z).

Consider now the error

lu(@) = pn (@) [7210,1) = [I(u(2) = v(2)) + (v(2) = pr(@))l[Z200,1)
= llu(@) = v(@)lL210,1) + lv(@) = pn (@)I[7200, 1y

2 / (u(z) - v(2)) (0(z) — pi (2)) de

< lu(@) = v(@)lIZ20,1) + 0(=@) = P @)z,
+2[ju(z) — v(@)l|L2p0,1llv(z) — pn (@)l L2101 -
Each term of this expression can be made arbitrarily small using Eq.(6.1)

and Theorem 25, hence establishing convergence in the mean of the

approximation to any piecewise continuous function, u(z) € L20,1].
QED

The result in the general bounded interval [a, b] follows directly

Lemma 7. Any piecewise continuous function, u(x) € L? [a,b], can be
expanded in a polynomial series that is convergent in the mean

||u(z) —pN(w)Ingv[a,b] —0 as N — o0 .

The combination of Theorem 26 and Lemma 7 supplies the proof of
completeness for the polynomial basis on any finite interval.

Let us also consider the question of orthogonality of the polynomial
basis

Yn(x) = 2™ .
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For simplicity and without loss of generality, we take the interval to be
[-1,1].

The monomial basis is clearly not orthogonal with respect to the
unweighted inner product, (-,)z2[—1,1], since

1
(1/}0:1/}2)L2[71,1] = / o? dr = ; .
-1
However, as all element, v, (z), of the basis clearly are independent
we may use a Gram-Schmidt orthogonalization to construct polynomi-
als, ¢, (z), that are mutually orthogonal with respect to some specific
weighted inner product. Indeed, choosing as an example the unweighted
inner product we obtain the first basis element as

Yo(z) 1
)= —""— = — .
PO = Tl ~ V2
Likewise, the second basis element becomes
- b (x 3
B1(2) = U (2) ~ (o, ¥ pdole) L (@)= D=\ [3,
oIl z2p—11]

while the next is

$2(w) = 2 () — (Mo, V2)L2(-1,1)00(%) — (H1,%2)L2[—1,1)01 ()

_ &2(55) _ \/E 322 1
%2(7) 1 @2llp2i—1,11 e

and so on. It is always possible to construct orthogonal polynomial
basis families with respect to the general weighted inner product using
the Gram-Schmidt orthogonalization.

In the above developments of the completeness result, Weierstrass ap-
proximation theorem plays a crucial role. However, as given in Theorem
25, it does not include polynomial approximation on the semi-infinite
or infinite interval. It is, nevertheless, possible to state Weierstrass-like
theorems also for these intervals provided certain bounds are put on the
growth of the function, u(x), being approximated as = approaches infin-
ity. We shall only give the relevant theorems for reference as the proofs
are rather involved and beyond the scope of the present text. [26]
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Theorem 27. Consider any continuous function, u(z) € C°[0, 00|, for
which there exists a constant, &, such that

lim u(z)exp(—dx) =0 .

Tr—>00
Then for any € > 0, there exists an N and a polynomial, pn(z) € By,
such that

st HU(w)—-pN(wHexp(—5w)S§6-
z€[0,00

Theorem 28. Consider any continuous function, u(z) € C°] — oo, 00|,
for which there exists a constant, §, such that

. 2
zgriloou(:r) exp(—dz°) -0 ,

Then for any € > 0, there exists an N and a polynomial, py(z) € By,

such that

sup  |u(z) — pn(z)| exp(—dz?) < e .

z€]—00,00]

6.2 Classical Orthogonal Polynomials

In the last section we established L2 [a,b] completeness of the polyno-
mial basis and realized that they can be expressed on orthogonal form.
These two properties are important for analysis as well as for compu-
tational efficiency but they alone are not enough to establish that the
polynomial basis is suitable for the construction of spectral methods.
For this purpose we need to understand the rate of convergence of the
polynomial approximation to functions defined on a finite interval and
understand how the properties of the function impacts the convergence
rate.

To address these central issues we shall find it convenient to recover
the orthogonal polynomials through a different route. Indeed, we shall
take a detour and consider the Sturm-Liouville problem and the eigen-
solutions to such problems.

6.2.1 Sturm-Liouville Eigensolutions.

Let us consider the general Sturm-Liouville problem



136 6. Orthogonal Polynomials

Lo(x) =

& (0 Z2) + awot) = @@ . 62)

subject to the boundary conditions

a (1) +B.¢'(-1)=0, o> +5> #0 , (6.3)
ayd(1) +614'(1) =0, o} +55 #0 .

Here and in the following we restrict the attention to the interval [—1, 1]
for simplicity. In Eq. (6.2) we have the real functions, p(z) € C*[-1,1]
and strictly positive in | — 1,1[, g(x) € C°[-1,1] and non-negative
and bounded, and the non-negative continuous weightfunction, w(z) €
Co[-1,1].

Assuming that a_f_ < 0 and ay (4 > 0 one can show [?] that the
solutions to the Sturm-Liouville eigenvalue problem are unique sets of
eigenfunctions, ¢, (z), and eigenvalues, \,. The eigenfunctions, ¢, (z),
form an L?[—1, 1] complete basis while the nonnegative and unique eigen-
values form an unbounded sequence, A\g < A\; < Az .... Based on this, it
is customary to order the eigensolutions in unique pairs as (A, ¢n,).

This leads to the first important observation

Theorem 29. The eigensolutions to the Sturm-Liouville problem are
mutually orthogonal in the || - ||r2 [—1 1)-norm

1
(anyqsm)Lﬁ)[—l,l] = /71 ¢n(m)¢m(m)w(a:) dr = ’Yn&nm )

where yn, = (¢n; an)Lﬁ,[—l,l]-
Proof:  Recall that the Sturm-Liouville operator, Eq.(6.2),
Lon(z) = Myw(z)dn(x)

is self-adjoint for solutions, ¢, (z), obeying the boundary conditions,
Eq.(6.3). Multiplying with ¢, (z) and integrating over [—1, 1] yields

(¢ma E(bn)[ﬁ[fl,l] = (¢ma ¢n)L%}[71,1] . (6-4)

Interchanging indices we obtain an equivalent expression

(¢n>£¢m)L2{_171] - Am (Qsm, QS”)L?U[—I,I] . (65)
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However, as £ is self-adjoint one recovers, by subtracting Eq.(6.5) from
Eq.(6.4), that

(An - Am) (¢m: ¢n)L%U[,L1] =0 .

Since the eigenvalues, A;,, are unique this implies
1
[ u @@ de = b
-1
where v,, = (¢n, ¢n)L2w[—1,1]- QED

Note that we have not yet identified the eigenfunctions as polynomi-
als. Indeed, this may only be done for specific choices of the functions,
q(z), p(x) and w(z), as we shall discuss shortly. However, for the eigen-
functions to be useful for the expansion of general functions, they, i.e.,
¢n(2), must form a complete family. The completeness of the basis set
formed from the eigensolutions is a consequence of the corresponding
eigenvalues, \,, being an unbounded sequence for n approaching infin-
ity. The connection between completeness and the unbounded growth of
A may be understood heuristically by considering the Sturm-Liouville
problem with p(x) = ¢(x) = w(x) = 1 subject to homogeneous boundary
conditions as

d2
dr?

¢n(m) + An(z)n(m) =0.

The solution is given as
¢n(x) = Ap sin (\/ )\nﬂ'm)

Hence, 1/y/A, takes the role of a typical spatial scale. Completeness

requires that arbitrary functions be expandable in ¢,(z). Thus, A,

must be an unbounded sequence in n to be able to catch arbitrarily small

scales. Conversely, the fact that A, is unbounded for the eigenfunctions

of the Sturm-Liouville problems also indicates that these eigenfunctions

form a complete family. A rigorous proof of this can be found in [?].
Assuming that u(z) € L2 [—1, 1], consider the expansion

u(@) = dndn(x) |
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with the truncated approximation

PNU Z un¢n
The continuous expansion coefficients are obtained from orthogonality
as
N 1 2
Un = ’y_ (U;¢n)L2w[—1,1] y In = ||¢n||Lgv[—1,1] .
n

As discussed previously, convergence in the mean and orthogonality
yields implies Parseval identity

1 00
/ u? (z)w(z) de = (u,u)p2(—11] = Z%ﬂlfl .
n=0

-1

Hence, measured in [ - ||z2 [—1,1) the truncation error is given as
N 2 (o]
. _ -2
- E lngn () = E Tnly
n=0 L2[-1,1] n=N+1

Since 7, are constants independent of u(x) and bounded as n approaches
infinity since ¢, (z) € L2][a,b], convergence will depend solely on the
decay of the expansion coefficients, @,. This is a situation much as we
found for expansions based on the trigonometric polynomials discussed
previously.

The decay of the expansion coefficients, ., can be estimated as

= (U ¢n)L2[ 1,1] = —/ Yw(x) dx

’Y )\ £¢n ’Y )\ +q¢n] dx
_ _ 1l
1

— e, —ud )L, + A/ ()] () da

1

- 7n}\n[ p(u'gy —ugl)], + An( 0 0n) 2 1) (6.6)
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where we have introduced the symbol

1
U(m) (:L‘) = mcu(m—l) (1.) )
and () (z) = u(x). This derivation is valid provided u(y)(x) € L2 [-1,1],
ie., u?(zx) € L2[-1,1] and w(z)~* € L*[-1,1].
The estimate of the expansion coefficients, #,, contains two terms.
From the Cauchy-Schwarz inequality, the second term in Eq. (6.6) is

bounded as

1 1 1
YnAn (1) @n) a1y < . ‘ [ 1) (@)9n (@) (@) de

IN

1 1
= Anm||u(1)||La[—1,1] ~ 0 (x) )

since 7, is bounded and strictly positive and uy(z) € L3, [—1,1].

To proceed beyond this point it is convenient to split the treatment
into two separate cases that leads to distinctly different results for the
convergence rate.

6.2.1.1 The Regular Sturm-Liouville Problem.

Let us first consider the case where p(z) and the weightfunction, w(z),
both are strictly positive, known as the regular Sturm-Liouville problem.
Considering the result in Eq. (6.6) we realize that if u(x) satisfies

u' (£1) g (£1)— u(£l)g) (£1) =0 = (6.7)
atu(£l) + Bru'(£1) =0
by using Eq.(6.3) then the expansion coefficients decay as
. 1
|tp| ~ CE”“(l)”Lﬁ,[fl,l] .

Indeed, if the whole sequence of u;), [ = 0, ..,m satisfies the boundary
conditions, Eq.(6.7) we obtain the spectral like decay as

—(/ 11 (o) do - (f 11 erery

1/2
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. 1
|U’n| = C()\ )m ||u(m)||L,2”[71,1] .
n

This situation is very similar to the case for Fourier series where we had
to assume that u(z) and its derivatives, u(" (z), were periodic to ensure
spectral decay of the expansion coefficients. Here the constraints are
even harder to fulfill.

The eigensolutions to the regular Sturm-Liouville problem with ho-
mogeneous boundary conditions have the asymptotic behavior [?]

NP O e I R
An = ( )</_1 p(w)d> s
¢n(z) ~ A, sin [\/E/lz”;}((;) dm] as n — oo .

Hence, if u(z) does not satisfy the boundary conditions, Eq.(6.7), the
convergence rate is dominated by the boundary term in Eq.(6.6) as

and

1
VAn

If, on the other hand, u(z) satisfies Eq.(6.7) we obtain

|G|

i 1
Up| >~ ol
as u(l)(w) € L%U[—l, 1].

This analysis allows us to conclude that we can only expect algebraic
decay of the expansion coefficients the general function, u(z), except in
very special cases where the sequence u;, [ = 0, .., m and therefore u(z),
satisfies a very special set of boundary conditions, Eq.(6.7). For general
problems this is clearly the case.

6.2.1.2 The Singular Sturm-Liouville Problem.

Let us now consider the singular Sturm-Liouville problem by requiring
that p(£1) = 0, i.e., p(x) vanishes at the boundary points but remains
positive and continuous. This has the consequence that the boundary
term in Eq.(6.6) vanishes provided only that p(£1)u'(£1) = 0. In this
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case we immediately have

il = O g 25,

for u(m)(z) € L2[a,b], implying that u(>™)(z) € L% [a,b]. Consequently,
in case the function u(z) € C*a,b] we recover spectral decay of the
expansion coefficients, i.e., |i,| decays faster than any algebraic order
of A\,. This result is valid independent of specific boundary conditions
on u(x) at the boundaries.

This suggests that the eigensolutions of the singular Sturm-Liouville
problem are well suited for expanding arbitrary functions defined in
the finite interval as the eigenfunctions form a complete, orthogonal
basis family. Moreover, the convergence rate of the expansions depends
solely on the regularity of the function being expanded and not on the
boundary conditions of the basis or the behavior of the function at the
boundary of the finite interval beyond the weak regularity constraint on
p(£1)u'(£1) mentioned above.

6.2.2 Jacobi Polynomaials.

While the above discussion of the properties of the eigensolutions to the
singular Sturm-Liouville problem strongly supports using these solutions
to approximate arbitrary functions on the interval, we still need to ac-
tually identify these solutions as being polynomials of order n. This, on
the other hand, depends on proper choices of the two functions, p(z),
¢(z) and the weightfunction, w(x).

Let us first attend to the case where the interval is finite and seek
polynomial solutions to the singular Sturm-Liouville problem defined on
the interval [—1, 1]. The definition of p(z), ¢(z), and the weightfunction,
w(z), leading to eigensolutions of polynomial form are

Theorem 30. The eigensolutions, ¢,(z) € L%[—1,1], to the singular
Sturm-Liouville problem are polynomials of order n if and only if the
functions, p(x), q(z), and the weightfunction, w(zx), are given as

pla) = (1-2) ! (1+2)™* , w(z) = (1-2)*(1+2)” , q(z) = cw(z) ,
provided that o, f > —1 and

An=nn+a+pB+1)—c.
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Proof: ~ We begin by assuming that the polynomial, ¢, (x) € By, is a
solution to Eq. (6.2)

1

bn(x) = Wﬁ%(w) .

Expanding the Sturm-Liouville operator, we obtain

bule) = L (—p @) 41 (@) — 22 gy 4 Mm(w)) ,

An w(z) w(z) w(z)

which must hold for any n. By equating the orders of the polynomials
on the two sides for n = 0, 1,2, we recover that

p(z) p() alz)
w@ € w@) € w@ P

as the eigenvalue, )\, is a constant for fixed n. Thus, ¢(z) = cw(z),
while the only solution to the two remaining equations are

pe) = (1 —2)* T (1 +2)"
and
w(z) = ex(1—2)°(L+2)°

as p(z) is required to vanish at the endpoints of the interval. Since the
two constants, ¢; and cs, act as normalization constants only we take
them to be unity. However, we must ensure that w(z) € L'[—1,1] as it
is used to define a norm. This is ensured provided

/1 D(a+ 1)D(8 + 1)

1—2)%(1 B8 — ga+p+1
71( z)*(1+ x)” dz Tatdt2)

is bounded, e.g., a, 8 > —1.

To complete the proof we need to show that the particular choice
of p(x), q(z), and w(z) yields polynomial eigensolutions of the Sturm-
Liouville problem with the eigenvalue

An=nn+a+pf+1)—c. (6.8)

To see this, introduce p(z) and w(z) into the Sturm-Liouville equation,
Eq.(6.2), to obtain
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(1= 2*)pp(2) + ((a + B+ 2)z +a+ )¢, (2) = Andn(z) . (6.9)

We take ¢ = 0 without loss of generality as it just reflects a shift of the
eigenvalue. Assuming that

(bn(x) - Zalxl )
=0

inserting this into Eq. (6.9) and equating the leading coefficient of the
polynomial yields the unique result. QED

This result completes our search for orthogonal polynomials suitable
for approximating piecewise continuous functions on the finite interval.
Since the eigensolutions are polynomials we have all ready established
completeness. Orthogonality follows from the association with eigenso-
lutions to a Sturm-Liouville problem. This connection also ensures rapid
convergence of the approximation to smooth solutions as the convergence
rate depends solely on the regularity of the function being approximated.

The polynomial solutions to the singular Sturm-Liouville problem
on the finite interval are known as Jacobi polynomials, P}f"ﬁ )(:r), and
appear as solutions to Eq.(6.9). We note the unbounded growth of A,
for increasing n as evidence of the completeness of the basis as discussed
previously.

The Rodrigues’ formula for the Jacobi polynomial is given as

(=p" a"

(1-2)*(1+2)°Pl>H(z) = ST e [(1—z)*T™(1+2)%""] (6.10)

for integer n. An explicit formula is given as

PLB) () = 2%; (”Z“) <Zt§> (z—1)"*@+1)*  (6.11)
I'2n+a+p8+1) [m" (a—B)n xn—1+...},

:2”n!F(n—|—a+B+1) 2n+a+p

from which we can also directly recover the identity

1
%P}ﬁﬁ) ()= 5 (n+a+p+1) plettAt gy (6.12)

The Jacobi polynomial are normalized such that
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+a Fn+a+1)
ey = (" =127 1
w7 (1) ( n n!l(a+ 1) (6.13)

An important consequence of the symmetry of the weight function, w(z),
and the orthogonality of the Jacobi polynomials is the symmetry relation

P9 (z) = (=1)" PP (~a) (6.14)

i.e., the Jacobi polynomials are even and odd depending on the order of
the polynomial.

The expansion of functions, u(x) € L2[—1,1], using the Jacobi poly-
nomial, P (z), takes the form

u(@) = @ P (x)
n=0

where the continuous expansion coefficients, #,, are found through the
weighted inner product as

1
i)y = — pla.B) 1
e (u’ " )Li[fl,ll (6.15)
1 1

= [ u@PPI @0 ) (1 ) dr

with the normalizing constant, v,, being

2

P(F) (6.16)

L ‘ L2[-1,1]

205+l Cn+a+1)T(n+p8+1)
2n+a+ 8+ 1n! 'n+a+p+1)

A central issue to address is how to actually evaluate the Jacobi polyno-
mials at a given abcisse. Using Eq. (6.10) or Eq. (6.11) we obtain the
two first members of the family as

P @)y =1, P ()= %(a +B+2)z+ %(a - B) .

It is, however, cumbersome to derive the polynomials this way. The next
result suggests an easier way.
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Theorem 31. All Jacobi polynomials, Prga’ﬁ)(m), satisfy a three-term
recurrence relation of the form

e (@) = i, P2 @) + ol P (@) + a3, P (@)

n—1,n" n—1 n,n n

where a'®P) depends only on «, B and n.

Proof:  Let us first consider the case of n = 1 for which the recurrence
relation reduces to

2P (@) = a6 B (@) + iV P (@) + a7 P ()

Since P (x) is a polynomial, this amounts to finding three constants
in order to match the coefficients of a second order polynomial. This
can clearly always be done.

Consider now the case of n > 1. Clearly, we may always choose a;'j_/f)n
such that

po(@) = i1, P () — 2P0 () € By

i.e., pp(x) is a polynomial of at most order n. Using the orthogonality
of the Jacobi polynomials, we obtain, by multiplying with P\*" )(a:) for
all m < n — 2 and integrating over [—1, 1], the result

(pn, pla,B) -

m

)La[fl,u

(a,8) (P(a,B) pla.f) _ (wPr(Laﬁ):Pr(na’B)) _

)L?D[—l,l]

Aptin n+l >4m L2[—1,1] -
(a76) (a76) (Q,B) _ (01,6) (01,6) —
anJrl,n (PnJrl >Pm )Lfv[fl,l] (Pn ’me )Lfv[fl,l] 0 ’

where the last reduction follows from the observation that zPL>" (x)

is a polynomial of order n — 1 at most and can always be normalized
appropriately to become a Jacobi polynomial. Thus, since p,(z) € B,
but has no components from n — 2 to 0 it must be expressible as a linear
combination on the form

pul@) = —al™0 PP (2) — P PO (@)

and the result follows. QED
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The derivation of the actual constants that enter into the three-term
recurrence relation is straightforward, however lengthy, and is done by
matching the leading coefficients of the polynomials on each side of The-
orem 31, using the expression of the polynomial in Eq.(6.11). Following
this procedure, we obtain for n > 0

(@) _ 2(n + a)(n + B)
Un-1mn = Cn+a+B+D)2n+a+p3) "’ (6.17)
4@ = _ o - §*
mn Cn+a+B+2)2n+a+08) "’
@d _ 2+ ln+a+B+])

LT Qnt+a+B+2)2n+a+B+1)
with the special case for n = 0 that a&aff)) = 0. Using the recurrence
relation, all Jacobi polynomials can be evaluated at any x € [—1, 1] and
for any order of the polynomial.

Recurrence formulas relating Jacobi polynomials of different order
can be established in several ways. Indeed, we shall find the following
result very useful.

Theorem 32. All Jacobi polynomials, pLd) (), satisfy a three-term
recurrence relation of the form

(Dé,ﬁ) a,B (Dé,ﬁ)
pla.B) (z) = pleh) dpP, "y (z) + plaB) P7(t )(93) ACH) Py (x)
n n—1,n dx n,n dz n+1,n dr ’

where b depends only on «, B and n.

Proof: ~ We begin by taking a derivative of the three-term recurrence
relation given in Theorem 31 to obtain

d d
P (@) + 2= P (@) = o), P (@) +
d

[e% d « ’ 2
a0 PP @) + D P @)

Equation Eq.(6.12) guarantees that also the derivative of ple? )(a:) is
a Jacobi polynomial. Hence, recalling Theorem 31, the derivative also
satisfies a recurrence relation on the form
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d a ~\a, d «,
v P (@) = ay), P (@) + (6.18)

(05 4 pa w5 e
al) PO (@) + ), P (@)

Combining these two recurrence relations yields

P8 () = (a(aﬁ) ) ) 4 pled) ) 4

n—1,n n—1,n dx n—1
_ d
(ale? —ale?) 2P @)+

a,B ~(a,B d a,B
(a’gt—i-l,)n gz—i—l?n) de7(L+1 )(33)

hence establishing the existence of the new recurrence. QED

Combining Eq.(6.12) and Eq.(6.18) with the recurrence from Theorem
31 allows for expressing the coefficients in Theorem 32 as

1
b(a’ﬁ) - _ (a,8) 6.19
n—1,n TL+O{+Ban71’n ’ ( )
« 2 o
bgt,rylﬁ) = _Oé + Ban,;tﬁ) )
ped) — 1

= a
n+1,n ’I'L+1 n+l,n

An important property of the Jacobi polynomials is stated as

Theorem 33 (Christoffel-Darbouz). For any Jacobi polynomial, Pé”’ﬁ)(m),
we have

1 (67 (67
> Lpea@ee
n=0 Tn
_aniin P @PY Y () - PP @) P )
N -y ’
where
ayt) 2-(@+8)  D(N+2)[(N +a+8+2)

W  2N+a+B+2T(N+a+1D(N+4+1) "’
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using Eq.(6.16) and Eq.(6.17).

Proof:  Let us first, for convenience, orthonormalize the Jacobi poly-
nomials and consider

1
v In

P8 () = ——=P{*(z) .

The recurrence relation in Theorem 31 takes the form

zB0 (z) = al™D PP (2) + al@D PP (2) + @l P ()

n—1l,n" n— n+1l,nt ntl
with the recurrence coefficients
alad) Yn-1 aleB) n(n + 2a)
n—1,n Y n—1,n (2” + 20 + 1)(2n +2a — 1) )

ayy) = aiy?

)

~(a,8) Tl (a,B) _ (n+1)(n+2a+1)
Aptin — Opyin = .
Tn (2n + 20+ 3)(2n + 2o + 1)

A key observation to make is that aﬁfﬁf}n = &;Cf;f_) I

A direct application of this recurrence relation yields

s P @PY ) - PR @) PR )
N+1,N

. . PLeB) () plesB) () _ plesb) () pless)
PPy + ) D D =P ()

- . la [:’(0‘76) (l‘)P(D:’B) (y) — 15(0:,6) (m)ﬁ’(“’ﬁ) )
PN(m)PN(y)+as\,ﬁll N N-—1 :L’—yN 1 N

where the last result follows from the symmetry of the recurrence coef-
ficients. Clearly we can repeat the reduction to finally recover the sum
of the N orthonormal Jacobi polynomials. The result is obtained by
expressing the sum using the standard Jacobi polynomials. QED

A consequence of this result is the following

Theorem 34. All Jacobi polynomials, Péa’ﬁ) (z), satisfy a three-term
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recurrence relation of the form

((X’B)
(1—g) 3 @) _ (@) plas) 18 PO (1) 464D PO () |

dr - *n—-1,n" n— n n+1,n" n+1

where ¢(*P) depends only on «, B and n.

Proof: ~ We shall just sketch the proof. Using the result of Theorem 33
for x = 1 we recover

Moo
Yo PR @) (1) =

Tn
n=0
Ny PR (P (@) = PP ()P (o)
YN 11—z )

This N’th order polynomial must be orthogonal to a constant under the
weight w(z) = (1 — )1 (1 + z)? and must therefore be proportional
to P](\,D‘H’B)(a:). Working out the constants yields

Plati ) (g) = 2 (nt+a+ DA™ (@) — (n+ DAY (@)
" 2n+a+ 5 +2 1—=z

Equivalently, by taking « = —1 in Theorem 33, we recover

plast(g) - 2 (n+ B+ VPP (@) + (n + )P () ‘
" 2n+a+ 5+ 2 1+z

The result follows by combining Eq.(6.12), the recurrence in Theorem
31 and the two above results. The details can be found in [?].  QED

Working out the details yields the coefficients for the recurrence of
Theorem 34 as

a, 2n+a)int+pB)n+a+pf+1)

et = Cn+a+pB)2n+a+p+1) (6.20)
sy (e A tat B
mn Cn+a+p)2n+a+8+2)
(,B) _ nn+1(n+a+5+1)

rtln T T ontatf+r)@ntatf+2)

)
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Having discussed the general Jacobi polynomials it seems only natural
to raise the question as to which specific polynomial family, among all
the Jacobi polynomials, is best suited for the approximation of functions
defined on the finite interval. As can only be expected, the answer to
this question depends on how the error is measured.

6.2.2.1 Legendre Polynomials

Among the many possible measures, the most natural is perhaps the
unweighted L?[—1,1]. Let us therefore first identify of the particular
expansion coefficients, @,, associated with the Jacobi polynomials that
minimize the approximation error in L?[—1,1]. Thus, we seek among
all the Jacobi polynomials, P(®?)(z), that particular choice of a and j
that satisfies

L2[—1,1]
The answer to this question is an immediate consequence of the proper-

ties of expansions of functions in Hilbert spaces.

Theorem 35. Assume that po(z),p1(z),...,pn(z) represents a sequence
of polynomials which are mutually orthogonal with respect the weighted
inner product as

(P> Pr) L2 [~1,1] = Tnlnk
where [|py||7 . (1,1] = Yn- For any u(r) € L2[—1,1] we have
N

U(.T) - Z i(U,pn)wpn(w)

n

<
L3 [-1.1]

N
u(@) = 3 bpa(@)

n=0 L3 [-1,1]
for any choice of Uy,.

Proof:  The proof follows directly by expressing the right hand side as

N N 1 2
(“>“)L2w[—1,1]_2 _(“,pn)%g[q@]*‘z Tn (ﬁn - _(u;pn)Lﬁ)[—l,l]>
o In 0 Tn

Clearly, the two first terms have nothing to do with how the expansion
coefficients, 0,,, are computed. Hence, to minimize the last term the
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best choice is

o= (,p0)
Un u?pn —
. L3 [-1.1

QED

Theorem 35 shows that the best approximating polynomial in L?[—1, 1]
is that particular Jacobi polynomial that is orthogonal in L*[—1,1], i.e.,
with the weightfunction w(z) = 1 as is recovered for « = 8 = 0. These
polynomials are known as Legendre polynomials, P,(z), and appear di-
rectly as eigensolutions to the Sturm-Liouville problem

%(1 - w%@@ +n(n+1)Po(a) =0 |

obtained from Eq.(6.2) with A\, = n(n+ 1) and p(z) = 1 — 22, ¢(z) = 0,
and w(z) = 1.

The Legendre polynomials are related to the Jacobi polynomials,
pieo (z), as

Py(z) = P"(2)

and the Rodrigues formula for the Legendre polynomials is derived from
Eq.(6.10) as

()" &

Pole) = 0T dom

(1—a2*)"} . (6.21)

An explicit formula can be recovered from Eq.(6.11) on the form

ner= g S (1) (0 E) e e

k=0
where [n/2] refers to the integer part of the fraction.
The Legendre polynomials are bounded as [?]

1
Pa(@) <1, |Ph(a)] < gnln+1)

with the boundary values being

(il)n+1

Po(£1) = (£1)" , Pl(x1) = n(n+1) . (6.23)
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figure 6.1. Plot of the first 5 Legendre polynomials

Next we need to address the actual computation of the Legendre poly-
nomials. Using Eqgs. (6.21)-(6.22) we recover the first few Legendre
polynomials as

Po(2)=1, Pi(z) =2, Pg(m):%(3m2—l), Pg(x):%(5x3—3x) ,

and so on. The first 5 Legendre polynomials are shown in Fig. 6.1.
Note that the Legendre polynomials are identical up to a constant
to the polynomials obtained by orthogonalization in L?[—1,1] of the
monomial basis discussed in Section 6.1.
The three-term recurrence relation, Theorem 31, for the Legendre
polynomials is

n n+1
-_" p_
g1t @+ g o

x Py () Pyyi(x) (6.24)
using Eq.(6.17), yields a direct way of evaluate the polynomials to arbi-
trary order.

From Theorem 32 we recover the recurrence relation

1

Y IPA,l(m) + Qn—HPrILH(l‘) ; (6.25)
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while Theorem 34 yields a recurrence relation on the form

n(n+ 1)
2n+1

_n(n+1)

(1—a?)P)(2) = o

Pn_l(ilﬁ) Pn+1(.’17) . (626)

These and other properties of the Legendre polynomials are summarized
in Appendix C.

6.2.2.2 Chebyshev Polynomials

Rather than considering the Legendre polynomial, we could seek to iden-
tify the polynomial family which minimizes the approximation error in
L*>°[—1,1]. This requires us to work a little harder but, as we shall soon
see, the result is well worth the extra effort.

Let us first define the polynomial of best approximation

Definition 7. Consider a function, u(xr) € C°[—1,1], and an approz-
imating N ’th order polynomial pi(z) € By. The polynomial which
minimizes the uniform approzimation error

max u(z) - piv(z)]

is termed the polynomial of best approzimation.
While an explicit form of the polynomial of best approximation for an

arbitrary smooth functions remains unknown, we can say something
quite general about this special polynomial.

Theorem 36. The polynomial of best approzimation exists and is unique
for any u(z) € C°[—1,1].

This is a classic result in approximation theory, guaranteeing existence
and uniqueness of the polynomial of best approximation for C°-functions

on the finite interval. A proof can be found in, e.g., [?, ?].

Theorem 37. Assume that u(z) € C°[—1,1] and that py(z) € By is
an N ’th order polynomial. Introduce the error function

en(r) = u(z) —pn(z)
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and let

Exy = max |en(z
N ze[—fu' N ()]
If and only if pn(z) is the polynomial of best approximation are there
N +2 points, —1 < xg < ... < axny1 <1, where en(z) attains the value
of En and with alternating signs, i.e. en(x;) = —en(xiv1)-

This latter theorem is known as the Chebyshev Equioscillation Theorem
and plays a key role in the theory of best approximation as it completely
specifies the best approximating polynomial. The proof of this classic
result can be found in, e.g. [?, ?].

Assume now that we have an interpolating polynomial, py(z) € By,
specified at N + 1 points, z;. Such a polynomial is clearly unique.
Considering the error induced by using this polynomial for the approx-
imation of a smooth function, u(x) € CN*1[—1,1], then the Cauchy
remainder is given as [?]

N
[1j=o(x — ;) u(NHD)

Ry(z) =u(z) —pn(z) = (N +1)!

©

where & represents a value in the interior of the domain, [—1,1]. We can
not in general estimate the value of u(N+1) (&) except in the special case
where u(z) = N1 in which case u(N 1 (€) is constant. In this special
case, we have

N

Ry(x) = [J(= - z;) € Bny1
=0

and we can attempt to specify z; in order to minimize the remainder. In
other words, we seek the polynomial, Ry(x) € Byy1, which is the poly-
nomial of best approximation to zero or, alternatively, the polynomial,
pn(z) € By, that uniformly minimizes the remainder

Ry(z) = 2Nt — pn(z) .

From Theorem 36 we know that such a polynomial of best approximation
exists and is unique. Thus, following Theorem 37, we need only construct
a polynomial of order N+1, i.e., the polynomial remainder, which attains
its absolute maximum at N + 2 points and with alternating sign.
Introducing the transformation z = cos#@, valid for 6 € [0,n], and
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consider the function v(z) = cos(N +1)8, it is clear that v(z) attains its
maximum absolute value of unity at exactly N + 2 points given as

T .
mj:cos<N—+1]> , 7=0,...,N+1 .

The polynomial of best approximation is specified by the N + 1 points
at which the reminder vanishes, i.e., the roots of

v(x) = cos ((N + 1) arccosz)

given as

m25+1 .
mj:cos<§N+1> , 7=0,...,N .

This is exactly the set, z;, that minimizes the Cauchy remainder. Fur-
thermore, if these grid points are used to construct py(z) as an approx-
imation to u(z) it will have the least possible maximum error. In other
words, v(z), is the polynomial of best approximation to zero.

We proved in Theorem 25 that v(z) € By in fact is a polynomial.
Let us now introduce the definition

T,.(z) = cos (narccosz)

called the Chebyshev polynomials.

We still need, however, to study the general convergence and ap-
proximation properties of the Chebyshev polynomials. Fortunately, the
following result comes to our rescue

Theorem 38. The Chebyshev polynomial, T, (x), is a solution to the
singular Sturm-Liouville problem with p(z) = V1 —22, ¢(z) = 0 and
the weightfunction, w(z) = (V1 —22)71, as

% <ﬂdng§x)> + \/lAi‘_ﬁTn(m) _o,

with A\, = n? and is related to the Jacobi polynomials with a = 3 = —
as

1
2

(o) = SR D = () %)]135%’%)(9:) .
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Proof: We first note that the singular Sturm-Liouville problem is
equivalent to Eq.(6.2) with the parameters

1
CMZB:—§ .

Since we established in Theorem 30 that the only polynomial solutions
to the singular Sturm-Liouville problem are the Jacobi polynomials, it
suffices to prove that T}, (x) satisfies the differential equation in the in-
terior of [—1,1] as we have all ready established that T),(z) € B,,. That
T, (z) satisfies the differential equation is derived trivially by introducing
the substitution z = cos#.

The normalization constant follows from the normalization chosen for
the Jacobi polynomials as given in Eq.(6.13) by requiring that

Ty (1) = (£1)" .

This concludes the proof. QED

Since the Chebyshev polynomials are nothing but a special member
of the family of Jacobi polynomials we can immediately apply the theory
for Jacobi polynomials, thereby assuring completeness and exponential
convergence for the approximation of smooth functions on the interval.

The Rodrigues’ formula for Chebyshev polynomials is obtained di-
rectly from Eq.(6.10) by normalizing appropriately as

T,(z) = %\/1 - mQCZE—nn {(1 - x2)"—%} , (6.27)

while the explicit equivalent of Eq.(6.11) becomes

[n/2] o
Tn(z) = g Z (—1)k %(21‘)"2’c = cos (narccosz) . (6.28)
k=0

The definition of the Chebyshev polynomials yields the bounds
Ta(@)| <1, |Th(@)| <n?
with the boundary values
To(£1) = (£1)™ |, T)(£1) = (£1)"n? | (6.29)

due to the normalization employed.
Using Eqgs. (6.27)-(6.28) we recover the first few Chebyshev polyno-
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figure 6.2. Plot of the first 5 Chebyshev polynomials

mials on the form
To(z) =1, Ti(z) =z, Ta(x) = 22> — 1, Ty(x) = 42> — 3z .

The first 5 Chebyshev polynomials are illustrated in Fig. 6.2.
For the Chebyshev polynomials, the three-term recurrence relation
derived in Theorem 31 yields

1 1
2T, (x) = 3 n—1(z) + ETnH(l‘) ) (6.30)
using the normalized recurrence coefficients in Eq.(6.17).
Likewise, we obtain the recurrence relation from Theorem 32 as
1 1 ,

T(w) = ~ g =gy T () + 57

20n —1) " anﬂ(ﬂ:) : (6.31)

while the recurrence of Theorem 34 yields a relation on the form

(1= 2")T; () = 5Tnmi () = 5Ts (2) - (6.32)

In Appendix C, we summarize the properties of Chebyshev polynomials
in general, including several results not given here.
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6.2.2.3 Ultraspherical Polynomials.

A special subclass of the Jacobi polynomials are known as the Ultras-
pherical polynomials, P,(La) (z), and are related to the Jacobi polynomials
as

Llat DO + 20 +1) piaa (6.33)

P(e) = TCa+O)l(n+a+l) "

n

i.e., they represent the symmetric Jacobi polynomials normalized in a
slightly different way. As realized in the two preceding sections, the sym-
metric Jacobi polynomials are particularly well suited for the approxi-
mation of functions on the interval and most of the remaining discussion
of polynomial approximation of nonperiodic functions will be restricted
to methods based on ultraspherical polynomials. Since the majority of
spectral methods are based on either Chebyshev or Legendre polyno-
mials, the development of the appropriate theory for the ultraspherical
polynomials includes both cases. The relation between Legendre and
Chebyshev polynomials and the ultraspherical polynomials are

Py(x) = PV(z) , Ty(x) =n lim TRa+1)P{(x) ,  (6.34)
a——3
where the limit is taken as I'(2a + 1) has a pole for a = —1/2. A

similar limit has to be taken in all subsequent formulas to recover the
results for the Chebyshev polynomials. The ultraspherical polynomials,
P (z), are also known as the Gegenbauer polynomials, cM (z), on the
form

CV (@) = P (@) .
The ultraspherical polynomials, Pé“) (z), appear as the solution to the
Sturm-Liouville problem

d

d dP\® (x)
dx

1— 2ya+1
(1—=2%) T

+n(n+2a+1)(1 —22)°*P¥ () =0 , (6.35)
obtained directly from Eq.(6.2), with A, = n(n + 2a + 1) and p(z) =
(1 — 2?2t g(z) = 0 and w(z) = (1 — z?)°.
The Rodrigues formula for the ultraspherical polynomials is obtained
from Eq.(6.10) and Eq.(6.33) as
Ma+1)T'(n+2a+1) (-1)™ d"

(1= a")P () = T@a+ DTt atl) 2ol don 10~ )"} (6:36)
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while an explicit formula is recovered from Eq.(6.11) on the form

[n/2]

PO = it Y G e e (o
p G 2h)

_ Tle+1)I'2n+2a+1)
- 2T (2a + DT (n 4+ a + 1)

[x”_|_] ,

where [n/2] refers to the integer part of the fraction.
The relation between different ultraspherical polynomials, Eq.(6.12),
takes the form

d @
P (@) = 2o+ 1) PV () (6.38)

while the value of P\ (z) at the boundary is

(6.39)

P = e (M)

n

from Eq.(6.13) and Eq.(6.33).

Using Eq.(6.36) or Eq.(6.37) we recover the first two polynomials as
Po(a) () =1 and Pl(a) (z) = (2a+ 1)z while the subsequent polynomials
can be computed through the recurrence relation in Theorem 31 of the
form

2P (@) = a2, P (@) + i), P (@) (6.40)

n—1,n" n—1

where the recurrence coefficients, obtained by normalizing Eq.(6.17) ap-
propriately, becomes
(a) n+ 2a (a) n+1

SR e . S (6.41)

Un—1n = 5 o0 +1 * e T 9 o0+ 1

The symmetry of the ultraspherical polynomials is emphasized by the
relation

P\ (z) = (-1)"P{ (~z) . (6.42)
The recurrence relation of the form given in Theorem 32 becomes

P(D‘)(a}) :b(a)l dPr(LO:)l(m) i (a) dprgi)l(x)

s dz n+l,n dx ’ (643)
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where the recurrence coefficients are obtained directly from Eq.(6.19) as
1 1

Py - - - 6.44

bR dp 4 2a4+1 7 MR T 2n 420+ 1 (6.44)

Let us finally also given the result of Theorem 34 for the ultraspherical
polynomials as
dP{ (z)

(=)= = P2 (@) + e P (@) . (64)

with the coefficients being
O (n+2a+1)(n + 2a) do n(n + 1)
nebne 2n+ 20+ 1 P T+ 20+ 1

from Eq.(6.20).
In Chapter 2 we introduced the concept of points-per-wavelength
required to accurately represent a wave, e.g., for the Fourier spectral

(6.46)

method we found that we needed the minimum value of only two points
to represent the wave exactly.

It is illustrative to consider this question also for polynomial expan-
sions as it provides guidelines of how fine a grid, or how many modes,
one needs to accurately represent a wave.

Example 22. Consider the plane wave
u(z) = exp(ikz) ,

and assume that approximate it using
N
un (@) =Y i, P (x) .
n=0

One can show [?] that

. 1 2n+2a+1)I2a+1) V2 .,
Un = Sar g Jn+1/2+a(
2(a+1) Ta+1) VEkke

k)

where J,, (k) is the Bessel function of the first kind.
A reasonable of equivalent of points-per-wavelength is degrees-of-
freedom per wavelength defined as



6.2 Classical Orthogonal Polynomials 161

Assuming that n is large and using the asymptotic representation

em
n+1/2+ a)

> n+1/2+a

1
Jnv1/24a(k) = 21(n +1/2 + a) <2(

< 1 (eW)nH/?Jra
T V2mn \2n

one obtains
. 1 T2a+1) seyatl/2 1 [fer\" 1 [fem\"
finl = et (Y ()~ ) (2
20 T(a+1) \2 n® \ 2p n® \ 2p

Assuming that « is held constant, a sufficient condition for exponential
decay is

p> > ~4 .
Thus, about 4 degrees-of-freedom, e.g., modes or grid points, per wave-
length are required to experience the exponential convergence. While
this is twice the number required for the Fourier case, we can now effi-
ciently represent also nonperiodic functions with as little as 4 points/modes-
per-wavelength which is still dramatically less than needed for the low
order finite difference schemes discussed in Chapter 2.

6.2.3 Laguerre Polynomaials.

In previous sections we have focused on the development of polynomi-
als suitable for representing functions defined on a finite interval. An
equivalent development can be undertaken for problems defined on the
semi-infinite domain x € [0, oo].

Rather than engaging in a thorough analysis, very similar in spirit to
the one in the previous sections, we focus the attention on polynomial
eigensolutions to the singular Sturm-Liouville problem defined on [0, co[
with p(z) = zexp(—z), ¢(z) =0 and w(z) = exp(—z) as
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dLy ()

. +nexp(—x)L,(z) =0 ,

e exp(—x)
where Ly (z), known as the Laguerre Polynomial, is defined on [0, ool.
As p(z) is singular at # = 0 we can expect exponential decay of the
expansion in L,(z) independent of the boundary conditions of the ap-
proximated function. Note that the eigenvalue problem has polynomial
solutions only for A, = n as can be shown in a way similar to that in
the proof of Theorem 30. The linear growth of \,, is to be contrasted to
the result for the Jacobi polynomials where A\, ~ O(n?), i.e., one could
expect a significantly slower rate of convergence for expansions based on
Laguerre polynomials.

The Rodrigues formula for the Laguerre polynomials is given as

1 d»

exp(—z)Ln(z) = ol den

{rexp(-2)} , (6.47)

with an explicit expression of the form

T (—1)k n .
L () :Z( kl!) (n_k> a* (6.48)
k=

0

The polynomial expansion, based on the use of Laguerre polynomials,
of u(z) € L2 [0, 0o] becomes

u(x) =Y dnLn(x) ,
n=0

where the expansion coefficients are recovered through the inner product
as

1 o0
= L)z = [ W@ La@esp(-0)ds (049
Tn v 0
where v, = 1.
The Laguerre polynomials are normalized such that
dL,(0
L,(0)=1, % =-n, (6.50)

and, using Eq.(6.47) or Eq.(6.48), the first few polynomials can be com-
puted as
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figure 6.3. Plot of the first 5 Laguerre polynomials

1
Lo(z) =1, Li(z) =1—1=z, Lg(:r):§:r2—2:r+1 ,

and so on. For illustration, we plot in Fig. 6.3 the first few Laguerre
polynomials.

The higher order Laguerre polynomials can be found using a recur-
rence like the one stated in Theorem 31 as

zLp(z) = —nLlp_1(z) + 2n+ 1)Ly(x) — (n + 1)Ly (z) . (6.51)
Also, one may obtain a relation of the form
Ln(z) = Ly, (z) = Ly 4y (z) (6.52)

similar to the expression in Theorem 32.

Example 23. Consider the plane wave

u(z) = exp(ikz) exp(—dz) , 6 >0,
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i.e., d > 0 implies a decay as x approaches infinity, for which we seek an
approximation as

One can show [?] that

[~

_ §—ik \"
" \1+6—ik

Let us define degrees-of-freedom per wavelength as

_ A
p_a:/n '

Again assuming that n is large, we have the asymptotic representation

L,(z) ~ %exp(a:ﬂ){l/% cos (2\/n_— %) )

leading to
] < 1 5% + k2 n/2 oxn [T orn2\ /4
= a @ +0)2 + k2 PA\pE ) ok
The requirement for exponential convergence clearly is
14+60)2 4+ k2\"? [2mn2\ '/* ™m
>e —
0+ k2 k P\ ok

Taking, as a first example, a non-decaying plane wave, i.e., § = 0, with
1

the aim of resolving one wavelength, i.e., & = np~" = 1, one recovers
that n = p > 6.4, slightly higher than for the ultraspherical polynomials.
Increasing the domain of interest, i.e., increasing np~—!, yields an increase
in n also. However, the increase is linear, e.g., taking np~! = 2 yields a
requirement of n = 2p > 14.4, reflecting an almost constant value of p.
Inspecting the above condition for spectral convergence suggests that
taking § > 0 would lower the requirement on p. The optimal value ¢ is

seen to be

5= (Vi aR -1)

2

Using this value, again with k = np™! = 1, yields n = p > 4.8 which
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is very close to the value for the ultraspherical polynomial. This result
requires the function being approximation to decay approximately as
exp(—x/2) which is reasonable considering the behavior of the polyno-
mials.

In Appendix C, we summarize the properties of Laguerre polynomials
in general, including several results not given here. We should also
mention that an even more general family of Laguerre polynomials can
derived from p(z) = 2>t exp(—z), ¢(z) = 0 and w(z) = z% exp(—=z) in
the Sturm-Liouville problem while the eigenvalue remains A, =n. The
polynomials are known as generalized Laguerre polynomials, L;”‘) (z),
and have properties very similar to the special case of a = 0 discussed
above. However, as these generalized Laguerre polynomials are used
even less for the construction of spectral methods for solving partial
differential equations than the classical Laguerre polynomials we shall
not discuss them further. A general introduction can be found in [26].

6.2./ Hermite Polynomaials.

Similar to the introduction of Laguerre polynomials for the polynomial
approximations of functions defined on the semi-infinite interval, we may
likewise seek polynomials suited for the approximation of functions de-
fined on the infinite domain, z €] — 0o, 00[.

If we seek polynomial solutions to the non-singular Sturm-Liouville
problem defined on the infinite domain, we recover these solutions for
p(x) = exp(—2?), q(z) = 0, and w(z) = exp(—z?) as

d

dr exp(—z”)

dH, (x)
dx

+ 2nexp(—z®)H,(z) =0 ,

where the Hermite polynomial, H,(z), is defined for x €] — 00, oo[. Note
that even though the Hermite polynomials appears as solutions to a reg-
ular Sturm-Liouville problem, spectral convergence can be maintained
as no boundary conditions need to be enforced or, rather, the function
being approximated is assumed to vanish as x approaches infinity. As
for the Laguerre polynomials we recover a linear growth in n of the
associated eigenvalue since A, = 2n.
The Hermite polynomial has a Rodrigues formula of the form
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exp(—2?)H,(z) = (—1)"ddm—nn {exp(—2%)} , (6.53)
with an explicit expression as
H,(z) = n! [nz/%]i@x)”% : (6.54)
" ' P kl(n — 2k)!

Polynomial approximation, using the Hermite polynomials, of functions
u(r) € L2 [—00,q] is given as

u(z) = Zﬂan(a:) ,

where the expansion coefficients are given through the inner product as

= - (u, H,) L[ u@H@ e ©65)

Tn Lii[=o0,00] ™ Tn J—oo

where
Yn = (HnaHn)sz[,oo’oo] =/m2"n! .

The Hermite polynomials are normalized such that

!
H,0) = (-1 nj2_"M ,
0= (D"
for n being even and H,(0) = 0 for n odd.
Using Eq.(6.53) or Eq.(6.54), the first few polynomials can be ex-
pressed as

Ho(z) =1, Hy(z) =2z, Ho(x) = 42> — 2, H3(x) = 8% — 12z ,

and in Fig. 6.4 we show the first few Hermite polynomials.
The higher order Hermite polynomials are most easily obtained using
the recurrence relation

xH,(x) =nH, 1(z) + %Hnﬂ(a:) . (6.56)

Also, one may obtain a relation of the form

(@) = e @) (6.57)
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figure 6.4. Plot of the first 5 Hermite polynomials

similar to the expression appearing from Theorem 32. Further proper-
ties of the Hermite polynomials are summarized in Appendix C.

Example 24. Consider the plane wave
u(z) = exp(ikz)

and seek an approximation as

One can show [?] that

g k2
in = g (=)

Let us again define degrees-of-freedom per wavelength as

A

- 2z/n

p
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For n being large, we have the asymptotic representation [?]

H,(z) ~ % exp (w_j) cos (\/ZQn + )z — ng) ,

leading to

|A|<k7nex —k—2 ex 1 H2
Ul = onTm/2+1) TP\ ) TP\ 2 (kp

One easily finds the requirement for exponential convergence as

() o3 ()
km 4 2 \ kp
Consider, as a first example, that one aims at resolving one wave, i.e.,
k =np~! =1, one finds the requirement to to be n = p > 6, suggesting
a behavior very similar to that of the previously considered polynomials.

One problem, however, with the Hermite expansion is exposed by
considering the case where one wishes to consider a bigger domain, i.e.,
increasing np~'. Taking np~! = 2 yields n = 2p > 15 while np~' = 4
results in n = 4p > 44. Thus, p is a function of the size of the domain.
This makes the Hermite expansion less attractive as p becomes very
large for large domains.

As for the Laguerre expansion, the situation improves when consid-
ering decaying waves. However, the improvement is only quantitative
in lowering p for specific choices of k£ while it maintains the nonlinear
growth of p with the size of the domain.

6.3 Approximation by Ultraspherical Polynomials

In previous sections we identified orthogonal and complete polynomial
families suitable for the approximation of functions defined on finite and
infinite domains. This sets the stage for the continued development of
spectral methods based on these orthogonal polynomials.

In this section we focus on the approximation of functions defined on
a bounded interval and we will, without loss of generality, restrict the
attention to the interval [—1,1]. Other intervals can be handled by a
linear variable transformation as discussed in Lemma 7. Additionally,
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we restrict the attention to series expansions based on the ultraspherical
polynomials of which the Legendre and Chebyshev polynomials both ap-
pear as special cases. Only in very rare cases are spectral methods based
on expansions of polynomials that are not ultraspherical. Hence, it is
with little loss of generality that we restrict the attention to this spe-
cific class of polynomials rather than dealing. One should keep in mind,
however, that spectrally accurate approximations to smooth problems
can be formulated using the general Jacobi polynomials if a particular
application suggest advantages of doing so.

The subsequent discussion includes the definition of continuous and
discrete expansion coefficients, emphasizing the key issues related to the
evaluation of derivatives of functions expressed in terms of the ultras-
pherical polynomials. Due to the importance of expansions in Legendre
and Chebyshev polynomials, these cases will be given special attention
during the development. A thorough discussion of the approximation
theory for truncated expansions using ultraspherical polynomials is post-
poned to Sec. 6.6.1.

6.3.1 The Continuous Expansion.

Consider the continuous expansion of functions, u(z) € L2[—1,1], in
ultraspherical polynomials on the form

= i U, P\ () . (6.58)
n=0

The expansion coefficients are found as

1
noo— () — = () _ 2\«
iin %( , P )Lz[ o / 2)PL (2)(1 — 22)*dz , (6.59)
where
2
= ‘ (@) 2 _ g2 MPla+1HC(n+2a+1) . (6.60)
L2[-1,1] n!(2n +2a + 1)I'?(2a + 1)

If we assume that u(z) € L2 [—1,1] is expressed as in Eq.(6.58), we need

to consider whether it is possible to recover the expansion coefficients,

u%q), for

d?u(z =
q) (a)
da:q z_% P
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i.e., given the expansion for u(z) how does one recover the expansion for
u(? . Solving partial differential equations, this is a key operation and it
needs to be performed accurately and efficiently.

The following result establishes the required connection between the
expansion coefficients.

Theorem 39. Assume that the q’th derivative, u'? (z) € L2[-1,1], is
expanded in ultraspherical polynomials as

oo

=3 il P @)
n=0

Then the approzimation of w41 (z),

wli=V (z Z“q VpleB(g) |

can be recovered up to a constant through the relation (n > 0)

~(q)

aglq_l) = bglc,lr)z 1 A( + bn n+1u’n+1 ’

where b( nn—1 ond b a ny1 are defined in Eq.(6.44).

Proof: ~ We establish the result by recovering the expansion coefficients,
Uy, of a function from the expansion coefficients, ﬂ% ), of the derivative
of the function up to a constant. Generalization to the general case
follows directly.

Recall the recurrence relation, Eq.(6.43), and continue as

d .- ~(1 [e%
%U(l‘) = 7;“%)3& )(x)
0 dp(a) P(a)
_ Z ,a(l) b(a) 1 () n b(a) n+1(55)
— n—1,n dr n+1,n d—a:
2w o dP2) X 4 1y dP(2)
= mzzl bgn,)m+1u£n)+1 —a T mz::l bgn,)mqum)qT

© ) 1dP (z)
=> I:bgn)m Jal) +b5n)m+1 fnll] I —
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> 4P (z)

= Unp dr ,

n=0

where we have used that Po(a) (z) is constant and defined that the poly-
nomial Pg) (x) to be zero.

The equality clearly has to be valid for each polynomial as they are
independent and the theorem follows.

Note that g remains undetermined as the operation essentially is an
integration, hence leaving a constant undetermined. QED

Inverting the tridiagonal integration operator derived in Theorem 39
one obtains an operator to recover u(q) from ﬁ%q_l), i.e., it expresses
the expansion coefficients for the differentiated function in terms of the

expansion of the original function. The operator is given as (a # —1/2)

Wl = @2n+20+1) Y alit (6.61)
W odd

and forms an upper triangular matrix with zeros along the diagonal and
in the first column. In the case of a finite expansion, it also has zeros in
the last row. Note that in contrast to the Fourier series, where differenti-
ation corresponds to a local operation in spectral space, computing the
polynomial expansion coefficients for the derivative generally involves
all the expansion coefficients, 4,. Hence, the computation of u(q)
alg=y using Eq.(6.61) is in general an (’)(Nz) operation.

Fortunately, Theorem 39 suggests a more efficient way to compute
derivatives of functions expanded in ultraspherical polynomials if a finite
expansion is used. Assume we have the expansion

from

(a—1) (a)
PN d (q 1) Zuq P ) ’

and we seek an approximation of the derivative as

d(q
Z

Considering a finite expansion only, we realize that u(q) = ug\q,)ﬂ = 0.

Theorem 39 then suggests the backward recursion formula for n € [1, N]
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as

. 1 . (=
al, = (2n+2a — 1) mugﬁ +aleml] (6.62)

Applying the backward recursion, Eq.(6.62), for the computation of 115{1),
the computational workload is reduced to O(N).

Contrary to the case of a continuous Fourier series, truncation and
differentiation does not in general commute, i.e.,

du d
’PN71% 7'5 %’PNU .

This is a natural consequence of the global nature of the differentiation
process in spectral space, Eq.(6.61). Hence, the exact way in which the
infinite dimensional operator is terminated does make a difference and
inhibits the commutation.

6.3.1.1 The Continuous Legendre Ezpansion.

The Legendre expansion of a function, u(z) € L?[—1,1], is given as

u(@) = inPu(z) (6.63)
n=0

with the expansion coeflicients being

7 1 2n+1 (!
= (0 Pz = g [ u@Pule)ds |
Tn 2 1

since v, = 2/(2n + 1) using Eq.(6.16).
Connecting Eq. (6.25) to Theorem 39 provides a relation between the

. . ~(g—1 . . . ~
expansion coefficients, u%q ), and those of its derivative, U%Q), as

N 1 1
ale=t) = 5 luffll - 2n+3u£fll : (6.64)

The inversion of this tridiagonal integration operator yields a differenti-
ation operator on the form

Voo al =(@n+1) > alh . (6.65)

p=n+1
p+n odd
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As discussed in relation to Eq. (6.62), we may also compute, ﬂ%q) through
a backward recurrence for the truncated expansion by using
q 2n—1 ()

Vne[l,N]: a2, = o g1 (20 Dale=b (6.66)

provided only that we are dealing with a finite approximation to Eq.(6.63)
such that ﬁg\'}) = ﬂg\%rl =0.

6.3.1.2 The Continuous Chebyshev Expansion.

The continuous Chebyshev expansion of a function, u(x) € L2[-1,1],
becomes

with the expansion coefficients being

R 1

U = —(u, To)rz [-1,1] >
with

/1 T (2) T (%) e dt = €y
Yn = . n n 1—5[72 —n2;
and
2n=0
Cn_{1n>0 . (6.67)

This additional constant is a consequence of the particular normalization
we have chosen, i.e., T,,(£1) = (£1)". Thus, we obtain that

iy = —(u, T,) 2 [ uo) () ey d

Uy = —(u = — u(x r)——dz .

n ,Yn y -+ n L?U[ 1,1] CnT 1 n m

Through Eq.(6.31), we obtain, using Theorem 39, a connection between
the expansion coefficients, @'? %) and those of its derivative, @\?, on the
form (n > 0)

,a(qfl) — Cn—1 ﬂ(‘l) _ iﬁ(Q)

n 2” n—1 2” n+1l (668)

where ¢,_1 enters due to the normalization. Inverting this tridiagonal
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u(x)
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figure 6.5. a) Chebyshev series approximation of Example 25 for increasing
resolution. b) Pointwise error of approximation for increasing resolution

integration operator yields a differentiation operator as

2 oo
Vnooal® == > palrh . (6.69)
Cn p=n+1
p+n odd

To arrive at an O(N) method to compute the expansion coefficients for
the approximate derivative we employ the backward recurrence provided
by Eq. (6.68) as

Vn € [1,N]: cn_lﬁ;qll = ﬁ(q_‘)_l + 2nalgY) (6.70)

n

where ¢, =l = 0.

Prior to continuing the development of the discrete expansions let us
consider an example to illustrate the resolution power of the Chebyshev
expansion.

Example 25. Consider u(z) € C*[-1,1], as

1
u(z) = , a>1,
r+a

for which the continuous expansion coefficients are given as

2 1
n= (Va2 —1-a)" .

Cn (7,2—1
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As the function is smooth we find, as expected, that the expansion
coefficients decay exponentially fast in n. Note that when a approaches 1
the function develops a strong gradient at x = —1 and becomes singular
in the limit. In this example we used a = 1.1.

In Fig. 6.5 we plot the Chebyshev series approximation of u(z) and
the pointwise error for increasing N. We clearly observe the expected
spectral convergence of the Chebyshev series and also that the conver-
gence is uniform. Note that there is nothing special about the behavior
of u(z) at the boundaries, illustrating the resolution power of orthogonal
polynomials for general functions defined on the bounded interval.

6.3.2 Gauss Quadrature for Ultraspherical
Polynomzials.

While the ultraspherical polynomials seem ideally suited for the approx-
imation of functions defined on finite intervals we are facing a familiar
problem when trying to use them. As for the continuous Fourier series
expansion, using the ultraspherical polynomials requires the evaluation
of an integral to recover the expansion coefficients, u,. For practical
problems this is clearly not feasible.

Guided by the successful use of discrete approximations to the Fourier
integral, leading to the discrete Fourier series and its dual formulation,
we shall seek to identify similar discrete approximation to the integrals
associated with the ultraspherical polynomials. As we shall learn shortly,
classical Gauss quadratures provides the key step that enables the prac-
tical use of polynomial methods for the approximation of general func-
tions.

Let us first recall the general polynomial expansion to approximate
u(z) € L3[-1,1], as

N 1
1
Pru(e) = 3 inP(2) , itn = 7—/ w(@)P@ (2)(1 - 22)* dz |
n=0 nJ—1

where the normalizing factor, +,, is given in Eq.(6.6).
As for the Fourier series, Chap. 4, we seek to approximate the inte-
grals as
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as well as possible. Here &; represents M preassigned grid points. To
minimize the error associated with using the discrete sum rather than
the integral we must determine the 2(N + 1) — M unknowns, @;,w;
and z;, that maximizes the order of the polynomial, p(z), for which the
summation is exact. The vector of (Z;,x;) then takes the role of the
grid points on which p(z) is to be evaluated, and (@;,w;) the associated
nodal weights.

One should note that provided only that the grid points, (Z;, z;), are
distinct, one can always find a set of weights that integrate any poly-
nomial, p(z) € By, exactly. The remarkable thing is that by carefully
choosing the weights and the grid points, one can do much better than
that.

Theorem 40. Assume that a distinct set of N + 1 collocation points,
x;, is given and construct the polynomial, q¢(x) € Byy1, as

M

N—M
) = [ (= - 2)) H (z —z;) ,

j=1

where &; refers to M specific collocation points.
The quadrature rule

—1

1 M
/ p(z)w(zr)dr = Zﬁ)jp(i“j) +

<
Il
=}

is exact for p(x) € Bant1—nm if and only if

a) It is exact for all p(x) € By.
b) For all p(x) € Byn_nr, p(x) is orthogonal to q(x) in the weighted
inner product as

(P rz—1,1 :/ p(z)q(z)w(z)dx =0 .

—1

Proof:  Let us first assume that the summation is exact for all p(z) €
Bonii—a- The validity of assumption a) is thus trivial. Furthermore
assume that p(z) € By_pr. Then clearly g(z)p(x) € Bany1—a for which
the summation is exact. This results in

N-M

1 M -
| d@pleue)de = 3 dia@n@) + 3 wiala)pe) =0 .

-1 =0
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due to the construction of ¢(x). This implies orthogonality of p and ¢
as in assumption b).

Suppose conversely that a) and b) hold and that p(z) € Bont1-— -
Then, by matching the coefficients, we can always find two polynomials,
r(z) € By_ar and s(z) € By such that

p(x) = q(z)r(z) + s(z)

Recalling condition b) implies
[ row@ds = [ @r +s@lul) ds
= / s(z)w(z) dx

-1
as r(z) € By_py. However, the remaining term can be integrated ex-
actly under assumption a), hence completing the proof that the two
assumptions are both necessary and sufficient to guarantee the accuracy
of the summation. QED

Theorem 40 is a remarkable result. It establishes the existence of
summation rules, known as Gauss quadrature rules, that are exact for
the integration of polynomials up to order 2N + 1 — M using only N +1
integration points. Note that increasing the number of specified colloca-
tion points results in a decreased maximum accuracy of the summation
as it essentially removes degrees of freedom available to construct the
summation rule.

We are still faced with the open problem of computing the quadrature
points, z;, and the weights required to form the quadrature rule. Let
us, for a minute, assume that the collocation points are given. Then
the NV + 1 weights, w; and ;, are recovered by using condition a) in
Theorem 40 on the form

1

Vkelo,...,N]: /

M N-—M
drw()de = (@) + D wila;)* . (6.71)
-1 j=1 7j=0
As the summation is required to be exact for any p(z) € By we can
express this using the monomial basis to obtain N + 1 equations for the
N + 1 unknown weights.
Computing the quadrature points, x;, is a bit more involved and
requires that assumption b) in Theorem 40 be used. An immediate
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consequence of the required orthogonality between ¢(z) € Byyi and
any w-orthogonal p(r) € By_js is that we can express ¢(x) as

q(z) = pn+1(z) + anpn(2) + ... +an-ppN-ma(z) - (6.72)

The M constants, an, ..., an—a+1, must be found such that ¢(Z;) = 0,
consistent with predefined grid points and the definition of ¢(z) given
in Theorem 40. The remaining quadrature points, z;, can be found as
the N + 1 — M roots of the orthogonal polynomial, ¢(z), in Eq.(6.72),
provided only that the following holds

Theorem 41. Consider the orthogonal polynomial, py(z) € By with
N > 1. Then the N roots of the polynomial are real, distinct, and located
in the interior of [—1,1].

Proof:  The theorem follows from the orthogonality. Indeed, we have

1p]\f(a:)w(a:) de =0 ,

(p07pN)L,20[71,1] Z/
for N > 1. Since w(z) > 0 we know that py(z) must change sign at
least once in the interior of [—1,1]. Assume that zo,...,z  represent
the L + 1 interior points at which py(z) changes sign and construct the
polynomial

L

pr(@) = [J(=— ;) -

Jj=0

As pr(z) changes sign at the same 2; as does py(z), it is clear that
the product py(z)pr(z) does not change sign. Thus, we recover that
have |(p~, PL)w| > 0, which is a contradiction of orthogonality except if
L = N, ie., pn(z) has exactly N real distinct roots in the interior of
the domain. QED

This completes the required development of the quadrature rules for
which we have identified the IV + 1 distinct quadrature points, z;, as
the roots of an orthogonal polynomial, g(z) € By11, in Eq.(6.72), while
the associated weights, w; can be found by solving the linear system
appearing from Eq.(6.71). To proceed beyond this point it is illustra-
tive to restrict the attention to three special cases, distinguished by the
number, M, of specified grid points in the quadrature rule.
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figure 6.6. The Ultraspherical Gauss-Lobatto collocation points, z;, for N =
12 for the polynomial, Pl(;‘)(x), as a function of a.

6.3.2.1 Gauss-Lobatto Quadrature.

The Gauss-Lobatto quadrature for the ultraspherical polynomial, Pj(va) (z),
is defined for M = 2, i.e., we define two collocation points, in this case
the edge points, #; = —1 and #» = 1 while, following the result of Eq.
(6.72), the remaining grid points are found as the roots of the polynomial

g(z) = P (2) + an P () + an1 P, (2) (6.73)

where ay and an—_; are chosen such that ¢(+1) = 0 and the weights,
wy, are found using Eq.(6.71). Hence, assume that the N + 1 collocation
points, z;, are given as —1 = xg,x1,...,xN-1, TNy = 1 and the N + 1
weights, w;, ordered as w; = wg, w1, ..., WN—1,WN = W2 are found as
solutions to Eq.(6.71) it follows directly from Theorem 40 that

N

1
| peie de =3 plapu |
-1 =0
is exact for all p(z) € Ban_1.

The weights, w;, can be given explicitly as [7]
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. (a+ DIy j=0,N 6.74)
T oy jel,N-1] ’
where
I'2(a+1)T(N +2a+ 1) -2
H(a) — 22a+1 [ (a)( ):|

N J

N NNI!(N +2a + 1)I2(2a + 1)
The quadrature nodes, z;, on the other hand, can not in general be
given in explicit form and must be obtained by numerical means. In
Fig. 6.6 we plot the position of the ultraspherical Gauss-Lobatto nodes
for o €] — 1,1[. One observation well worth making is that the nodes
cluster close to the boundaries with the amount of clustering decreasing
as « increases.
For the ultraspherical polynomials, there is a more convenient repre-
sentation of ¢(x), Eq.(6.73), as

o) = (1 =) L P (a) (6.75)

This follows directly from Theorem 34 for Jacobi polynomials (Eq.(6.45)
for ultraspherical polynomials) since

ez = [ 91 =) P @) da

1
/ p() (CN—I,NP](VQ_)l(ZU) + CN+1,NP1(\ra+)1($)) w(z)de =0,
-1

which we recognize as the condition from Theorem 40 specifying q(z).
The last reduction follows since p(z) € By_».

6.3.2.2 Gauss-Radau Quadrature.

Rather than specifying two collocation points, one choose to include
only one of the endpoints of the interval, [—1,1], in the summation.
Such rules are known as Gauss-Radau quadrature methods.

If we chose to include the point §; = —1, the remaining quadrature
points are found as the roots of the polynomial
aw) = PL () + an PR ) (6.76)

with an being chosen such that ¢(—1) = 0 and the weights, v;, are given
as [?]
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figure 6.7. The Gauss-Radau collocation points, y;, for N = 12 for the
ultraspherical, Pl(;‘)(az‘)7 as a function of a with the node yo = —1 being fixed.

1 H(O‘) i=0
o= Gy Do , (6.77)
where
I'2(a+1)T(N +2a+ 1) -2
H(a) — 22a 1_ ) P(a) )
Ni = NN fa+ DN+ 20 + D220 £ 1) i) [P 0)]

Following Theorem 40 we recover that

1 N
/ pWw(y)dy = > ply;)v;
1 =
is exact for all p(y) € Ban.

The quadrature nodes, y;, must be obtained by numerical means. In
Fig. 6.7 we plot the position of the ultraspherical Gauss-Radau quadra-
ture nodes for N = 12 and a €] — 1,1[. As in the case of the Gauss-
Lobatto quadrature the nodes cluster close to the boundaries with the
amount of clustering decreasing as «a increasing and only the left bound-
ary is included in the nodal set.

The formulation of a Gauss-Radau quadrature that includes the right
endpoint follows directly from the above by mirroring the weights, v;,
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as well as the quadrature nodes, y;, around the center of the interval.

6.3.2.3 Gauss Quadrature

Let us finally consider the case where no quadrature points are specified
a priori, i.e. M = 0, in which case all quadrature points are in the
interior of the domain [—1,1] following Theorem 41. The quadrature
points, z;, appear as the roots of the polynomial,

a(z) = P (2) (6.78)

while the weights, u;, are obtained from Eq.(6.71) on the form [?]

. = grat1 L@+ DIR2a + N +2) {1
=

@ ]
T(N +2)L2(2a + 1)(1 - 22) deNH(ZJ)] » (679)

for all j € [0, N]. We obtain directly from Theorem 40 that

1 N
[ powrdz =Y e,
-1 =0
is exact for all p(x) € Ban41. This is recognized as the classic Gauss
quadrature, providing the rule of exact integration of a polynomial of
maximum order.

The quadrature points, z;, are generally not given on analytic form
and in Fig. 6.8 we plot for illustration the position of the nodes in the
case of the ultraspherical polynomials for N = 12 and « €] — 1,1[. We
emphasize, as is also evident from Fig. 6.8, that the nodal set associated
with the Gauss quadrature does not include any of the endpoints of the
interval.

6.3.2.4 Quadrature for Legendre Polynomials

The quadrature formulas for the integration of polynomials specified
at the Legendre quadrature points can be obtained directly from the
formulas derived above by setting o = 0. Due to the extensive use of
the Legendre polynomials we summarize the expressions in the following.

Legendre Gauss-Lobatto Quadrature. The Legendre Gauss-Lobatto
quadrature points, z;, appear as the roots of the polynomial
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figure 6.8. The Gauss collocation points, z;, for N = 12 for the ultraspherical
polynomial, Pl(g‘)(x), as a function of a.

d
=(1-2")—P, 6.80
o) = (1= 2) - Px () (6.80)
following Eq.(6.75). Unfortunately, no explicit formula is known for
these. The weights, w;, can be recovered directly from Eq.(6.74) on the
form

[PN(I‘]')]_2 . (681)

Legendre Gauss-Radau Quadrature. The Legendre Gauss-Radau
quadrature points, y;, appear as the roots of the polynomial

q(y) = Pn+1(y) + Pn(y) (6.82)

by using Eq.(6.76) assuming that y = —1 is included in the set of quadra-
ture points for which no explicit formula is known. The weights, v;, are
given as

1 L—y;

U N PP (0.5

Legendre Gauss Quadrature. From Eq.(6.78) we recover the Legen-
dre Gauss quadrature points, z;, as the IV 4 1 roots of the polynomial
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q(z) = Pnya(2) . (6.84)

The weights, u;, are obtained directly from Eq.(6.79) for « = 0 on the
form

2
[1 = (2))?][Py1(25)]?
6.3.2.5 Quadrature for Chebyshev Polynomials

The quadrature formulas, i.e., the quadrature points and the correspond-
ing weights, for the Chebyshev polynomials can likewise be obtained
from the general results for the ultraspherical polynomials, albeit some
care is needed due to the required normalization, Eq.(6.34).

The Chebyshev quadrature distinguishes itself from the previous cases
by allowing for explicit and simple expressions for the quadrature points
as well as the corresponding weights. This supplies a compelling moti-
vation for the use of these polynomials, apart from the fact that they
are well suited for the approximation of general functions as discussed
in Sec. 6.2.2.2.

Vjieo,N]: u; =

(6.85)

Chebyshev Gauss-Lobatto Quadrature. The Chebyshev Gauss-Lobatto
quadrature points, z;, are given explicitly as

@:—m%(%ﬁ , jelo,....N] . (6.86)
as the roots of
d
=(1-23—T .
a(e) = (1= =Ty(@) . (6.87)

from Eq.(6.75). The corresponding weights, w;, appear directly from
Eq.(6.74)

7 (2j=0,N
wj = GN cj = { (6.88)

1je[l,N—1]

Note the reduction in the expressions of the weights as a consequence of
the equioscillatory property of the Chebyshev polynomials

Tn(zj) = (=)

Chebyshev Gauss-Radau Quadrature. The Chebyshev Gauss-Radau
quadrature points, y;, appear as the roots of the polynomial
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qy) =Tns1(y) + Tn(y) (6.89)

from Eq.(6.76) with the explicit expression

2r )
yj:—cos<2N+1]> , J€[0,...,N] , (6.90)
assuming only that the left endpoint is included in the set of quadrature
points. The weights, v;, are given as

i 1

= 6.91
YT AN ¥ (6.91)

directly from Eq.(6.77). Here ¢, takes the usual meaning, Eq.(6.67).

Chebyshev Gauss Quadrature. Equation (6.78) defines the Cheby-
shev Gauss quadrature points, z;, as the IV + 1 roots of the polynomial

4(z) = Tny1(z) (6.92)

i.e., the quadrature points are

(2j+ m .
P=— —_— ...,N] . .
Zj cos( ON T2 , J€0,...,N] (6.93)

We recognize this set of grid points as those derived in Sec. 6.2.2.2 which
specifies the best approximating polynomial to zero, i.e., these points
are particularly well suited for polynomial interpolation and, through
an entirely different procedure, appear also as the Chebyshev Gauss
quadrature points.

The weights, u;, are obtained directly from Eq.(6.79) as

™

(6.94)
i.e., they are constant for all the quadrature points. The Chebyshev
Gauss quadrature is the only case among the quadrature for the Jacobi
polynomials for which this is the case.

6.3.3 Discrete Inner Products and Norms.

The identification of the quadrature formulas enables the introduction of
discrete versions of the inner product and the corresponding L2 -norm.
We recall the continuous case which take the form
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1
(Frin = [ S@o@u@ds . 1l =K -

for f,g € L2[—1,1]. Using the quadrature formulas it seems natural to
define the corresponding discrete inner product

N
[f)g]w - Zf(x.])g(x])w] ; ||f||N71U = [f) f]'llu/2 )
7j=0

where z; = (z;,y;,2;) can be any of the Gauss quadrature points with
the corresponding weights, w; = (w;,v;,u;), and f,g € By. We note
that in the event that f,g € By the discrete inner product and norm
based on the Gauss-Radau and Gauss quadratures are identical to the
continuous ones due to the accuracy of the quadratures. This, however,
ceases to be true for the Gauss-Lobatto quadrature as f(z)g(z) € Ban
and the quadrature is no longer exact.

Let us first compute the norm, 7, of P (z) using the three types
of quadrature. Clearly, using Gauss or Gauss-Radau quadrature, we
immediately recover

2
= (p(a) <a>) _pratt 2@+ DP(n+2a+ 1)

= 6.95
LV £ Y Y n!(2n + 2a + 1) (2a + 1) » (6.95)

using Eq.(6.59).

For the Gauss-Lobatto quadrature, one obtains a slightly different
conclusion as the quadrature is inexact for n = N. However, the follow-
ing result allows us to evaluate the inner product.

Lemma 8. The ultraspherical polynomials, Pj(va) (z), satisfy

a

Vjiel[l,N—-1]: I

PR, () = —NP{ (@)
provided z; represents the interior Gauss-Lobatto quadrature points.

Using this result, the proof of which is left as an exercise, the weights
together with Eq.(6.90) yields the norm for PJ(VD‘) (x) using the Gauss-
Lobatto quadrature

_ g2a+l M(a+ 1)I(N +2a + 1)
NNIT2(2a + 1)

v = IPS 3 (6.96)
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While the discrete Gauss-Lobatto norm is slightly different from the
continuous norm, it follows immediately from the above that they are
equivalent for any polynomial, uy € Py, since

20+ 1
lunllzz—1,1) < llunllnvw <42+ N lunllzz(-1,1] >

as Yy > yn for all values of V and a > —1.

Legendre Polynomials To summarize the results for Legendre poly-
nomials, P,(z), we recover the discrete norms, ¥,, obtained for a = 0
from Eqs.(6.95)-(6.96) as

2
Tf1 n<N

An = 2N+1 n = N for Gauss and Gauss-Radau quadrature . (6.97)
% n = N for Gauss-Lobatto quadrature

Chebyshev Polynomials The results for the Chebyshev polynomials,
T, (z), can likewise be summarized as

chy n <N
Yn =14 %5 n =N for Gauss and Gauss-Radau quadrature , (6.98)
m n = N for Gauss-Lobatto quadrature

where ¢, takes the usual meaning defined in Eq.(6.67).

6.3.4 The Discrete Expansion

With the development of the quadrature rules, we have the tools in place
to formulate accurate methods to commutate the expansion coefficients
based on summations rather than integrations. As we identified several
different ways of accurately approximating the integrals of polynomials
using Gauss quadratures, it comes as no surprise that we can also define
several discrete expansions with slightly different properties.

Let us first recall the definition of the continuous expansion as

Prnu(z Zu P (x) , :—/ )P (z)(1 — 2*)*dz |

where the normalizing factor, v,, is given in Eq.(6.60).
Using the Gauss-Lobatto quadrature it is natural to define a discrete
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approximation to the expansion on the form
N 1 X
Iyu(z) =Y 6P\ (z) i, = - > u(a)PY (zj)w; ,  (6.99)
n=0 no=

where the collocation points, z;, are found as the roots of the polynomial,
Eq.(6.75), while the corresponding weights, w;, are given in Eq.(6.74)
and the normalizing factor, 4., in Eqs.(6.95)-(6.96).

Likewise, we can base the definition of the discrete expansion coeffi-
cients on the use of the Gauss quadrature as

N N
Tnu(z) = 3 G P(2) sin = — 3 ulz) P (z)u; , (6.100)
n=0 Tn j=0
with the collocation points, z;, obtained as the roots of the polynomial,
Eq.(6.78), and the corresponding weights, u;, from Eq.(6.79) with the
normalization, 7, given in Eq.(6.95).

We could naturally also define discrete expansion coefficients based
on the Gauss-Radau quadrature points. However, due to their little use
we shall not pursue this approach in detail but simply state the central
results.

The approximation of the discrete expansion coefficients using the
Gauss quadratures has a striking consequence.

Theorem 42. Let the discrete expansion coefficients, Uy, be an approz-
imation to the continuous expansion coefficients, U,, obtained by using
a Gauss quadrature.

For any function, u(z) € L2[—-1,1], we then have

Ve o Inu(zj) = u(zy) ,
where z; are the quadrature points associated with the Gauss quadrature.

Proof:  Let us first demonstrate the result in case a Gauss quadrature,
Eq.(6.100), is used to approximate the inner product. Introducing the
discrete expansion coefficients into the polynomial approximation we
recover
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N
INU(Z) = Z anprga) (Z)

o

=2 | 5 Sl P e | PEVG2)
n=0 ™ i=0
N N o

= ZU(ZJ) (UJ' Z _PT(La) (Z)P(a) (Z])>
j=0 n=0 '"
N ~

= ZU(ZJ)ZJ(Z) )

where we have defined the polynomial

N
]' [e]3 (e
() = w3 Y =PIV )P z) - (6.101)
n=0 '™

We note that [;(z) € By as expected. To establish the theorem we need
to show that [;(z) is the Lagrange interpolation polynomial based on
the Gauss quadrature nodes, i.e., [;(z;) = d;;.

This follows by realizing that the sum in Eq.(6.101) can be evaluated
explicitly by the Christoffel-Darboux, Theorem 33. Recalling that ¥,, =
n in the Gauss quadrature, Eq.(6.95), we recover

, T(N +2)T%(20 + 1) PYL ()P (2))

L: — _27(2a+1
i(2) = ug (N +2a+ D)2(a+1)  z-z ’

(a)

since Py (2j) = 0 defines the Gauss points. Clearly [;(z;) = 0 for
i # j. Using "Hospital rule we obtain for i = j that

F(N + 2)F2(2a + 1) (@) d ()
N p A
TN 120+ D2at 1) N i) g v (@)

() = u27 et

Introducing the Gauss weights, Eq.(6.79), yields
—1

[e3 d «
() = (N + 20+ D () | (1= ) =Py ()| =1,

where the last reduction follows by combining Eq.(6.40) and Eq.(6.45)
and using the definition of the Gauss quadrature points.
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While the proof of the interpolation property of the discrete expansion
based on the Gauss-Radau quadrature follows the above exactly, the
case for the Gauss-Lobatto quadrature is more involved since 4n # Y,
Eqgs.(6.95)-(6.96).

However, since the polynomial is given as

N
1 « (0%
i) = w; Y P (@)P (z))

n=0 '"

the result can be recovered by separating out the last term, utilizing
the Christoffel-Darboux identity and the Gauss-Lobatto weights, given
in Eq.(6.74), together with Lemma 8 for the interior nodes. The result
follows by considering the internal and edge nodes separately. QED

Similar to the case of the Fourier expansion, Chap. 4, we have thus
established that there are two mathematically equivalent but computa-
tionally different ways of dealing with the discrete expansion. Indeed, we
can use the discrete expansion coefficients, Eqs.(6.99)-(6.100), directly
or we can make use of the Lagrange interpolation polynomial, [;(z),
identified in Theorem 42.

To proceed along this latter line of thinking, we need to look further
into the expressions for the Lagrange polynomials.

For interpolating at the Gauss-Lobatto nodes we have

Theorem 43. The Lagrange interpolation polynomial, 1;(z), based on
the ultraspherical Gauss-Lobatto quadrature points, x;, is given as

() -

DI, =0,N

li(z) = ;IO‘J My @ =08 (6.102)
N (T) else

where

B =) (PY) @)
(@) = NN +2a+1) (z — ;) PO (x;)

ng;g.

Proof:  Using the Christoffel-Darboux identity the Lagrange interpo-
lation polynomial can be expressed directly by following the proof of
Theorem 42. However, as l;(z) € By and [;(x;) = J;; it suffices to
construct a polynomial in By with this property to recover the unique
Lagrange polynomial.
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If we first look at the case of 7 = 0 it is clear that the polynomial

d
9(r) = c(z — )PV (@) |
vanishes at all quadrature points with the exception of x = —1. Utilizing

Eq.(6.38) and Eq.(6.39) one can straightforwardly obtain the missing
constant ¢ such that g(—1) = 1. The same approach can be used to
recover the expression for j = N.

For the interior nodes, we realize that

1 d
1—2%)—
w—mj( x)dm

glx) =c P (@)

vanishes at all Gauss-Lobatto quadrature points and ¢ is to be deter-
mined such that g(x;) = 1. This is readily achieved by combining
Eq.(6.40) and Eq.(6.45) to express the denominator of g(x) in terms of
Pj(va) and P](\,ajl, and apply I’Hospitals rule in combination with Lemma
8 and the definition of the Gauss-Lobatto quadrature points. Alterna-
tively, one can first utilize 'Hospitals rule on g(x) and then exploit that
P](Va) satisfies a Sturm-Liouville equation, Eq.(6.35), to recover the same
result. QED

Theorem 44. The Lagrange interpolation polynomial, 1;(y), based on
the ultraspherical Gauss-Radau quadrature points, y;, is given as

@)\ i —
li(y) = { (at Dy ;) §=0N , (6.103)

HE\?)g(y) else
where
X 1 (1—y;)
'@ () = ’
NJ(:U) 2(N+a+1)(N +2a+1) Pj(va)(yj)

(N +1)PE), (1) + (N +2a + 1) P
Yy—Uyj;

Theorem 45. The Lagrange interpolation polynomial, 1;(z), based on
the ultraspherical Gauss quadrature points, zj, is given as
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PI(\fa-|)-1 (2)
(=) (P (2)

i(2) = (6.104)

Both results follow directly from the application of Theorem 33, the
properties of the ultraspherical polynomials, Eqs.(6.40)-(6.45), the as-
sociated Sturm-Liouville equation, Eq.(6.35), and the definition of the
quadrature.

Before we continue with the development of the methods based on
discrete expansion coefficients and the equivalent formulation using the
Lagrange interpolation polynomials, let us briefly touch on the issue
of the aliasing errors associated with the use of the discrete expansion
coefficients.

To obtain an estimate for the aliasing error, we consider the continu-
ous function, u(x), and relate the discrete expansion coefficients to the
continuous expansion coefficients to recover

1
Yn

N
Z u(z;) P\ (x;)w;

Jj=0

Il
™
S>

|

M=

S

2
0D
3
=
g

= a, + i a [le),Pga)]w :
I>N

where the last term, representing the aliasing error, remains since the
Gauss quadrature ceases to be exact for [ > N. Here [ is strictly larger
than N for Gauss and Gauss-Radau integration only. Hence, the aliasing
error takes the form

N

IRnully, = Z Z Uy [Pl(a),Pr(La)] pr(La) (z)

n=0I[>N e
= w

Contrary to the situation for the trigonometric polynomials, we have no
simple expression for this since [Pl(”‘),R&“)] # 0 for any [ > N with a
few notable exceptions for special choices of av.

As we shall discuss further in Sec. 6.6.1, only crude bounds on the
aliasing error is known although sharper results are available for the im-
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portant cases of Legendre and Chebyshev methods based on the Gauss
and Gauss-Lobatto nodes. Nevertheless, it is safe to state that if the
function, u(x), is sufficiently smooth the global convergence rate remains
spectral, i.e., while the aliasing error may have a quantitative impact it
does not change the qualitative behavior of the approximation as com-
pared to the continuous expansion. We shall return to these questions
in more detail in Sec. 6.6.1.

Let us now return to the issue of how to obtain an approximation to
the derivative of a function once the discrete approximation, expressed
by using the discrete expansion coefficients or the Lagrange polynomials,
is known.

We first focus on the use of the discrete expansion coefficients in which
case the approximations to derivatives is obtained in a similar way as
if the continuous expansion coefficients were being used. If we consider
the Gauss-Lobatto approximation

N
Zu ) (z;)w;

j=0

1
Inu(z Zu P (x) iy, =5

we obtain an approximation to the derivative of u(z) as
Ty-Lu(a Z () pl)

where the new expansion coefficients, aS), are obtained by using the
backward recursion

1
i) = (2n+92 = 7
Un (2n+20+1) 2n+2a+5 Unpp +nti|

from Eq.(6.62) and initialized by uSV)H = ug\l,) =0as Iyu(z) € By. We

note that

L Inule) # T 1sou(a)

as is expected since even the continuous expansion lacks this property.
Furthermore, in the discrete case we have additional errors caused by
aliasing. Although the computation of the derivative here is exempli-
fied using the Gauss-Lobatto quadrature the same holds if one is using
discrete expansion coefficients based on any of the Gauss quadrature
points. Higher derivatives is computed by applying the recurrence rela-
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tion repeatedly.
In the equivalent formulation of the discrete expansion, utilizing the
Lagrange interpolating polynomial as

the derivative of u(z) at the collocation points is approximated simply
by differentiating the global polynomial, /;(z). In particular, if one
evaluates it at the quadrature points one obtains

N

d B dij(z)| &
IN%INU(%) = jzou(xj) dr i = jZ::O Diju(z;)

where the (N + 1) x (N + 1) differentiation matrix, D, has been intro-
duced.

Considering first the Lagrange interpolation polynomial based on the
Gauss-Lobatto quadrature points, Theorem 43, the corresponding dif-
ferentiation matrix, D, has the entries

a—N(N+2a+1)

ary  TIE
(J)2 i:jE[l,N—l]
oH*lP(&(ml) l;é_ON
Dij =< 7=, Pz(;)(””]) 2, ) =Y, (6.105)
=) (zl) .
Iii% P(Q)(mj) ? #Ja] € [laN_ 1]
[ —Doo i=j=N

Although the derivation, relying heavily on the properties of the ultra-
spherical polynomials summarized in Sec. 6.2.2.3, of these entries is
somewhat lengthy it is nevertheless straightforward and the details are
left as an exercise.

A similar result is obtained for the approximation based on the Gauss
quadrature nodes and the associated Lagrange polynomial in Theorem
45. In this case the differentiation matrix, D, has the entries

1—(z1)2 i=J
Dij = (P(D‘ ) (23) . (6106)

N1
e (P o 7

For an approximation based on the use of the Gauss-Radau quadrature
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points one can recover an equivalent expression by using the associated
Lagrange interpolation polynomial given in Theorem 44.

Some or all of the differentiation matrices share a number of properties
that we shall find it useful to be aware of. In particular, we have

Theorem 46. The differentiation matriz, D, derived from the Lagrange
interpolation polynomial based on any of the Gauss quadrature points, is
nilpotent.

Proof: ~ We establish the result for the differentiation matrix based on
the Gauss-Lobatto points. If we recall that the interpolation polynomial
takes the form

_w]Z P(a)()v

n[)/yn

we can express the entries to the differentiation matrix as

() (.
J—wJZ L p (@) _ o (P (Pae)

n=0 Tn dx
where
(o] (e T
P = |B@) P @)
! Vi U VAN ’
and

() (o) T
1 dP () 1 dby (z;)
Vi dx 7T \An  dx

Using Eq.(6.43), we can relate these two vectors by a linear transforma-
tion as

P,(zj) = l

P(.T]) :Bpx(xj) )

where B is a bi-diagonal matrix with the entries given in Eq.(6.44).
Introducing the (pseudo)-inverse of B we have

B~ P(zj) = Pu(z;) ,

where B! is strictly upper triangular due to the special structure of B.
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From this we recover
T -1
Dij = w; (P(z;))" B~ P(x:) .

However, since P(z;)T P(z;) = wj_léij, we have that the differentiation
matrix is uniformly similar to B~!, which is strictly upper triangular.
Hence

DN+1 — (Bfl)N+1 =0 :

confirming that D is indeed nilpotent.

As the proof relies entirely on the properties of the polynomials it
applies also to the approximations based on the Gauss and the Gauss-
Radau quadrature points. QED

This property is hardly a surprise, i.e., by differentiating a polynomial
the order of the polynomial is reduced by one order and after N + 1
differentiations the polynomial vanishes identically.

Theorem 47. The differentiation matriz, D, based on the Gauss or the

Gauss-Lobatto quadrature points is centro-antisymmetric
Dij=-Dn in—j .

Proof:  This property follows immediately from the expressions for the
entries of D in Eq.(6.105) and Eq.(6.106), the even-odd symmetry of the
ultraspherical polynomials, Eq.(6.42), and, as a reflection of this, the
the symmetry of the quadrature points around z = 0. QED

It is worth emphasizing that the differentiation matrix based on Gauss-
Radau quadrature points does not possess the centro-antisymmetric
property due to the lack of symmetry in the grid points. As we shall
return to in Chap. 9, this subtle symmetry enables a factorization of
the differentiation matrices that ultimately allows for the computation
of the derivatives at a reduced cost.

The computation of higher derivatives follows the approach for the
computation of the first derivative. One may compute entries of the
¢’th order differentiation matrix, D(9) by evaluating the ¢’th derivative
of Lagrange interpolation polynomial at the quadrature points. Alterna-
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tively, one may compute the ¢’th order differentiation matrix by simply
multiplying the first order differentiation matrices, i.e.,

D@ = (D)7 ,

where ¢ < N. Although this latter approach certainly is appealing in
terms of simplicity, we shall experience in Chap. 9 that care is warranted
in defining the entries of the differentiation matrices. Hence, whenever
possible, one should strive to use the exact expressions for the entries
rather than those obtained through matrix multiplications to lessen the
impact of finite precision arithmetics.

6.3.4.1 The Discrete Legendre Expansion

Based on the theory developed above let us summarize the results for
methods using discrete Legendre expansions, recovered for o = 0.

Legendre Gauss Lobatto. In this case we consider

N N
Inu(z) =Y nPa(z) , fn = 1 > ulw;)Pa(zj)w; ,  (6.107)
n=0 Tn j=0

where 4, is given in Eq.(6.97) and the quadrature points, z;, and the
weights, w;, are given as the solution to Eq.(6.80) and in Eq.(6.81),
respectively.

Computation of the expansion coefficients for the derivatives is done
using the backward recurrence relation given in Eq.(6.66).

Since Znu(z) is the interpolant of u(z) at the Legendre Gauss Lo-
batto quadrature points, as stated in Theorem 42, we may express the
approximation as

N
Inu(z) = Zu(mj)lj(m) , (6.108)
where the Lagrange interpolation polynomial, obtained directly from

Eq.(6.102) with o = 0, takes the form

-1 (1 — 2?) P} (x)
) = NN T e Prey) (6.109)

Examples of the Lagrange polynomials based on the Legendre Gauss
Lobatto points are shown in Fig. 6.9.
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1.25

figure 6.9. The interpolating Lagrange polynomial, [;(z), based on the Leg-
endre Gauss-Lobatto quadrature points with NV = 8.

From Eq.(6.105) we recover the entries of the differentiation matrix,
D, as

MWD
0 i=je[l,N—1]

D, = i . 6.110

T B i (o110
N(N+1) i=ji=N

4

Legendre Gauss-Radau. As an alternative to the Gauss-Lobatto based
interpolation, one can utilize the Gauss-Radau quadrature points, lead-
ing to the approximation

INU E Un P, n s

Here the normalization constant, 4, can be found in Eq.(6.97), the
weights are given in Eq.(6.82) and the quadrature points are found as
the solution to Eq.(6.83).

Expressing the Gauss-Radau interpolation using the Lagrange poly-
nomial yields

N
Zu v; . (6.111)

™ j=0

Qr|H
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N
Inu(y) =Y u(y)l;(y) (6.112)
=0

where the Lagrange polynomial is obtained from Eq.(6.103) as

_1(1-y;) Pnya(y) + Pn(y)
LW =3 N1 Pl 1) (6.113)

The associated differentiation matrix can be derived by standard tech-
niques, i.e., by differentiating the interpolation polynomials and evalu-
ating it at the grid points.

Legendre Gauss. Consider finally the discrete Legendre expansion
based on the Legendre Gauss approximation to the continuous expansion
coefficients as

N 1 N
Inu(z) =Y inPa(z) , fin = = > ulz)Palz)u; - (6.114)
n=0 =0

The normalization constant, ¥, being given in Eq.(6.97), the quadrature
points, z;, are found as the roots of the polynomial, Eq.(6.84), and the
weights, u;, from Eq.(6.85).
We express the interpolation as
N
Inu(z) =Y u(z)l;(2) (6.115)

Jj=0

with the Lagrange interpolation polynomial derived from Eq.(6.104) on
the form

Prni1(2)
(z — Zj)PJIV+1(Zj) .

li(z) = (6.116)

The differentiation matrix, D;;, is obtained from Eq.(6.106) with the
entries

D T = (6.117)
ij = P! (zi) . .o :
G PG 1 7

N
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6.3.4.2 The Discrete Chebyshev Expansion.

Methods based on Chebyshev polynomials continue to play a key role
in the context of spectral methods. Their widespread use can be traced
to a number of reasons. Not only are the polynomials given on a simple
form but all the Gauss quadrature nodes and the associated weights are
also, as shown in Sec. 6.3.2.5, given on closed form. Furthermore, as will
be discussed in more detail in Chap. 9, the close relation ship between
Chebyshev expansions and Fourier series allows for the fast evaluation
of derivatives and interpolations.

Chebyshev Gauss Lobatto. We obtain the discrete expansion from
Eq.(6.99) as

N N
. - 2 1
Inu(z) = g UnTn(z) |, Up = N7 g gu(mj)Tn(wj) ,  (6.118)
n=0 noj=0 Y

utilizing the result of Eq.(6.98) and the weights in Eq.(6.88). In Eq.(6.118)
we have introduced the parameter

5 = 2n=0,N
" \1lnell,N-1]

The Chebyshev Gauss Lobatto quadrature points are given as
oS ( T )
€Tr; = — — N
J N]

which allows us to express the computation of the interpolating polyno-
mial at the quadrature points as

N N
™ 2 1 ™

Inu(zj) = E Uy, COS (—nj) Sl = —— E —u(z;) cos (—nj)
J = " N " Ng, = Cj J N

Hence, the discrete Chebyshev Gauss-Lobatto expansion is nothing more
than a Cosine series in disguise and the expansion coefficients and the
interpolation can be computed using the Fast Fourier Transform.

Using the discrete expansion, approximations to derivatives are ob-
tained through the backward recurrence relation in Eq.(6.70). However,
the equivalence between the discrete expansion and the interpolation at
the quadrature points enables us to express the approximation as



6.3 Approzimation by Ultraspherical Polynomials 201

1.25

figure 6.10. The Lagrange interpolation polynomial, [;(z), based on the
Chebyshev Gauss-Lobatto quadrature points with N = 8.

N
Inu(x) = ulz;)l(z) (6.119)
where the Lagrange interpolation polynomial is obtained directly from
Eq.(6.102) with o = —1/2 as

(DN - 2*) T ()
E]’NQ(ZE — .77]')

lj(z) = (6.120)
In Fig. 6.10 we show examples of the Lagrange polynomials, [;(z),
based on the Chebyshev Gauss-Lobatto nodes. Comparing with the
polynomials based on the Legendre Gauss-Lobatto nodes in Fig. 6.9 we
observe only small differences as is a natural consequence of the grid
points being qualitatively the same.

Associated with the interpolation polynomial is the differentiation
matrix, D, obtained from Eq.(6.105), with the entries

_%QH i=j=0

zi (DTN i#j

& mi—z J
D;j =< % T . 6.121
Y L i=je[l,N-1] (6.121)

T 2(1-22)

aN241 . .
=5 i=j=N
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Chebyshev Gauss Radau. Using the Gauss-Radau quadrature points
leads to an approximation as

1 N

N
Inu(y) =D inTa(y) , fin=— Y u(y)Talyj)v; -  (6.122)
— Tn LT
n=0 j=0
Here the normalization constant, 4, is given in Eq.(6.98), the weights
are obtained from Eq.(6.91) and the quadrature points are given as

2r .
yj:—cos<2N+1]> , JE€I0,...,N] .

Expressing the Gauss-Radau interpolation through the associated La-
grange polynomial yields

Inu(y) =Y uly)li(y) (6.123)

7=0
with the Lagrange polynomial from Eq.(6.103) as

Li(y) = — Y (N+1DTnia(y) + NTn(y)
W= NeN+ 1 TN — ;)

(6.124)

The associated differentiation matrix can be derived by standard tech-
niques.

Chebyshev Gauss. Let us finally also summarize the formulas for the
application of the Chebyshev Gauss method. Indeed, the discrete ex-
pansion is recovered directly from Eq.(6.100) as
N 9 N
Inu(z) = ZﬂnTn(z) , Up = PROESIP u(zj)Tn(z;) , (6.125)
n=0 j=0
using Eq.(6.97), the weights given in Eq.(6.94) and ¢, as defined in
Eq.(6.67). Recall from Eq.(6.93) that the Chebyshev Gauss quadrature
points are

zj = — Cos 7(2j+ DL
7 2N +2 ’

indicating that also the Chebyshev Gauss discrete expansion coefficients
may be obtained using a modified Fast Fourier Transform as the expan-
sion is little more than a Cosine series.
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figure 6.11. The Lagrange interpolation polynomial, I;(z), based on the
Chebyshev Gauss quadrature points with N = 8.

Using the Lagrange interpolation polynomials, we can express the
Gauss interpolation as

N
Inu(z) = Zu(zj)lj(z) , (6.126)

j=0

with the Lagrange polynomial from Eq.(6.104) as

Tn41(2)
1i(z) = , (6.127)
! (z — Zj)TJIV+1(Zj)
and the differentiation matrix, D;;, from Eq.(6.106) as
Zi ..
2(1—22) =)
Dyj = Th o1 (20) : (6.128)

Ty () LF T

For the purpose of illustration we plot in Fig. 6.11 the Lagrange poly-
nomials based on the Gauss quadrature points. We note in particular
the different behavior at the boundaries of the domain as compared to
polynomials based on the Gauss-Lobatto points and shown in Fig. 6.10.
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6.3.5 On Lagrange Interpolation, Electrostatics, and
the Lebesgue Constant.

As just discussed, one can approximate functions and their derivatives
using discrete expansions as well as Lagrange interpolation polynomials.
Indeed, for certain special choices of grid points and quadrature rules,
these representations are identical.

However, if one is willing to leave the advantages of the dual formu-
lation it appears only natural to consider approximations based solely
on the Lagrange interpolation polynomials, i.e.,

N
Inu(z) =Y ulx;)l(z)

Jj=0

where the Lagrange interpolation polynomial, [;(z), based on the grid
points, z;, is given as

) _ qn (7) ) = al R
l](w)_—(x—mj)qgv(mj) . an( )—]_1;[0( ) (6.129)

Following the approach in previous sections, we recover the entries of
the differentiation matrix as

D, — L {%v(wi)(l’i—wj)liséj
LY A 1 n s
qn (7)) §‘JN($i) 1=

The only issue that requires attention to complete this approach is the
specification of the grid points, x;, which, it appears, we are completely
free to choose.

To realize that care has to be exercised in this choice, let of consider
a classical example.

Example 26.
Consider the analytic function, u(z) € C*[-1,1],
@) = 15 € [-1,1]
B T TR

for which we shall seek an interpolation of the form
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figure 6.12. a) Interpolation of u(z) using N = 8 equidistant grid points.
b) Interpolation of u(z) using N = 8 Chebyshev-Gauss-Lobatto distributed
grid points. c¢) Interpolation of u(z) using N = 16 equidistant grid points.
d) Interpolation of u(z) using N = 16 Chebyshev-Gauss-Lobatto distributed
grid points.

N
Inu(z) = Zu(wj)lj(ﬂf) :

Jj=0

To illustrate the impact of choosing different grid points, z;, to base the
interpolation polynomials on, let us compare the interpolation using the
equidistant points

2. .
a:j:N]—l , J€[0.N] ,
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with that based on the Chebyshev-Gauss-Lobatto quadrature points

xj = —cos (%]) , jE[0.N] .
In Fig. 6.12 we illustrate the dramatic differences between the resulting
interpolation polynomials of u(z). We note that while the one based on
the Chebyshev-Gauss-Lobatto grid points seems to converge as expected,
the interpolation polynomials based on the equidistant grid is divergent
as N increases. Clearly, the choice of the grid points matters when
considering the quality of the global interpolation.

This wildly oscillatory and divergent behavior close to the limits of
the domain is known as the Runge-phenomenon.

As the example illustrates, the choice of the grid points can severely
impact the quality of the interpolation polynomials. Keeping in mind
that we wish to use these polynomials to obtain good approximations to
the spatial derivatives of u(x) it is critical that we have an understanding
of the properties of the grid points required to ensure a well behaved
polynomial approximation.

A useful measure of the quality of the interpolation is introduced as

Theorem 48. Assume that u(z) € C°[—1,1] with Inu(z) being the cor-
responding N ’th order polynomial interpolation based on the grid points,
zj. Then

lu = Inulloo <1+ AN]llu —p*lloo

where p* signifies the best approzimating N ’th order polynomial, and

N

Ay = max An(z) 5 An(z) = Z ()]
7=0

represents the Lebesque constant and the Lebesque function, respectively.

Proof:  As u(z) € C°[—1,1], the best approximating polynomial, p*,
exists and we immediately have

||U _INU“oo < ||U' _p*Hoo + ||p* _INU’HOO -

However, the uniqueness of p* and Zywu implies that



6.3 Approzimation by Ultraspherical Polynomials 207

IP* = Inulloo < Anllu—p*llss

where

N
Ay = max Av(@) , Av = @)
: =

QED

A number of properties of the Lebesque function and the Lebesque
constant are worth while emphasizing. In particular, we note that both
depend only on the choice of x; as they uniquely define the interpola-
tion polynomials and, hence, these measures. Furthermore, it is clear
from Theorem 48 that when choosing the grid points one should strive
to minimize the Lebesque constant as that provides a direct measure
between the actual interpolation and the best possible polynomial ap-
proximation.

As a more practical matter one can also use knowledge about the
Lebesque function to come to understand how computational issues such
as rounding errors can impact the accuracy of the interpolation. As an
example, assume that u.(x) represents a perturbed version of u(x)

[lu — uelloo <€ .

The difference between the two polynomial representations are then
given as

||INU, — INugHoo <eAn .

Clearly, if the Lebesque constant, Ay, is large such that eAy < 1 is
violated the interpolation is illposed and the impact of the rounding is
very severe.

It is thus worth while looking at the behavior of the Lebesque function
and the value of Ay for various choices of grid points. Indeed, one could
hope to identify families of grid points, z;, for which Ay remains a
constant. A seminal result in approximation theory, however, rules the
existence of such a set of grid point out [?, ?]

Theorem 49. For all sets of N + 1 distinct grid points, z; € [—1,1],
and all values of N, the Lebesque constant is bounded as
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2
ANZ;log(N+1)+A ,

where

2 4
A=— <’y+log—> ,
m ™

in the limit of large N. Here -y = 0.577221566.. represents Fuler’s con-
stant.

In other words, the Lebesque constant grows at least logarithmicly with
N. This has the unfortunate consequence that for any given set of
grid points there exists continuous functions for which the polynomial
representations will exhibit nonuniform convergence [?]. On the other
hand, one can also show that for any given continuous function one
can always construct a set of grid points that will result in a uniformly
convergent polynomial representation [?].

Thus, we can not in general seek one set of grid points, ;, that will
exhibit optimal behavior for all possible interpolation problems. How-
ever, the behavior of the Lebesque constant can serve as a guideline to
understand whether certain families of grid points are likely to result in
well behaved interpolation polynomials.

Computing the Lebesque constant for various specific choices of the
grid points is an interesting, and in general, complex task and we shall
not attempt to do so. It is, however, illustrative to consider some of
the known results, in particular in view of the observations made in Fig.
6.12.

If we first consider interpolation based on the equidistant set of points
we have [?]

Theorem 50. Assume that the interpolation is based on the equidis-
tributed set of grid points

.
j=—1+3F . jE0.N] .

Then the corresponding Lebesque constant, A5 is bounded for N > 1 as

2N72 eq 2N+3
N2 S AN S N I
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with the asymptotic behavior given by
2N+1

Ay ——
N7 eN(logN + )

This is clearly far from optimal and for large values of N one can not

expect anything meaningful from the interpolation based on the equidis-

tant set of grid points, i.e., for N > 65, AN ~ 10'% and the illposedness

of the interpolation is catastrophic.

Having realized that an equidistribution of grid points is far from op-
timal, the question arises as to whether we can identify common qualities
that grid points, leading to well behaved interpolations, must share. To
understand that, consider the Cauchy remainder for the interpolation

u¥H (g)

u(z) —Inu(z) = BRn(2) = WQ(Z) )

where ¢ refers to some position in [—1,1], ¢(z) is defined in Eq.(6.129)
although z is taken as the complex extension of z. Note that the grid
points, x;, remain real. Considering ¢(z) it follows directly that

N
loglg(2)] = > log|z — x| = —(N + 1)én(2) , (6.130)
=0

where ¢n(z) can be interpreted as the electrostatic energy associated
with N + 1 unit mass, unit charge particles interacting according to a
logarithmic potential. In the limit of NV — oo it is natural to model this
as

1
N—)OON"‘I]_ —1

N
1
Poo(z) = lim —Zlog|z—x]~|:/ p(z)log|z — z|dzx
j=0

where p(z) represents a normalized charge density, reflecting an asymp-
totic measure of the grid point distribution. This implies that

lim [q(2)]'/™ = exp(—doo(2))
N —o00
for large values of N. Understanding the second part of the remainder,
associated with the particular function being interpolated, is a bit more
difficult. Using complex analysis allows one to derive that [?] that
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1/N

’U,(NJrl) (E) — exp(¢m (ZO))

N

N—00

where zg represents the radius of the largest circle within which u(z) is
analytic. Hence, we recover that

Jim [R()]N = exp(doe(20) — 6ne(2)) -
Clearly, if ¢oo(20) — doo(2) is less than zero throughout the interval
[-1,1], we can expect exponential convergence in N. On the other
hand, if ¢oo(20) — doo(2z) exceeds zero anywhere in the unit interval we
expect exponential divergence of the remainder and thus of the error.
Let us first return to the equidistant charge distribution, in which
_ 1

case p(r) = 5 and the electrostatic energy becomes

1
boo(2) =14 §Re[|z— 1llog |z — 1] — |z + 1|log |z + 1] .

We first of all note that while ¢oo(0) = 1, we have that ¢oo(£1) =1 —
log 2, i.e., we should expect to see the most severe problems of divergence
closer to the limits of the domain, as observed in Fig. 6.12. In fact, if
we consider the u(x) in Ex. 26, it has a pole at zp = %i/4 and

17

1
boo(Eifd) =1— 5 |los 35+ tarctan4| ~ 0.63823327.. .

Thus, the remainder, and hence the polynomial representation of u(z)
will diverge in regions close to [—1, 1] as ¢oo(£i/4) — doo(x) will exceed
zero. Finding the exact point of divergence yields x ~ +0.794226... A
close inspection of the results in Fig. 6.12 confirms this.

An equidistant distribution of grid points is evidently not a good
choice for high-order polynomial interpolation of analytic functions de-
fined on the interval. On the other hand, there is evidence in the above
that the main problems close to the limits of the domain and that clus-
tering the grid points relieves these problems as illustrated in Ex. 26.

To study this further let us begin by realizing that the continuous
charge distribution leading to the Gauss-Lobatto-Chebyshev nodes used
in Ex. 26 takes the form

(6.131)
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since we have

[ ()
= — zj=—cos|(—j) ,
J -1 V1 - x? ! N]
where j € [0..N] is the charge number. With this, we have the corre-
sponding electrostatic energy on the form

bro(2) = o PV

Inspection reveals that ¢ (z) are level curves associated with an ellip-
soid with foci at +1. Furthermore, as z becomes purely real, this level
curve collapses to a ridge spanning the domain of [—1, 1] along which
oo (z) takes on its maximum value. Hence, there are no restrictions
on the position of the poles of the function, u(z), being approximated
as we can guarantee that @ (20) — doo(x) is negative for any value of
zo. This collapse of the level curve of ¢, (2) to a perfectly flat ridge
clearly represents the optimal choice when considering the electrostatic
analysis.

Having identified grid point distributions which lead to well behaved
Lagrange interpolations, let us now return to the evaluation of these
interpolations in terms of the Lebesque constant.

For the symmetric Chebyshev-Gauss and Chebyshev-Gauss-Lobatto,
both having the same asymptotic distribution given in Eq.(6.131), we
have the Lebesque constant, A{Y, of the former as

2 2
A%Ggglog(N—l-l)-i—A-i—;logQ .

The constant A is given in Theorem 49. The Lebesque constant, A%GL
of the latter set of grid points is bounded as

CGL ca
AN < AN,

i.e., the Gauss-Lobatto points are, when measured by the growth of the
Lebesque constant, superior to the Gauss points and very close to the
theoretical optimum given in Theorem 49.

The particular characteristic of the Chebyshev distributed grid points
that gives the well behaved Lagrange polynomials is the quadratic clus-
tering of the grid points close to the ends of the domain. This quality is,
however, shared among the zeros of all the ultraspherical polynomials
as they all have a minimum grid size of the kind
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Awmin:l_cjv2 )

where the constant ¢ depends on the particular polynomial. This dif-
ference, however, vanishes as N approaches infinity as the grid distri-
butions of the zeros of the ultraspherical polynomials share the limiting
continuous charge distribution, Eq.(6.131).

With this result, it becomes clear that in choosing grid points well
suited for polynomial interpolation, we need only impose structural con-
ditions on the position of the grid points, e.g., close to the boundaries of
the domain the grid points must cluster quadratically. This means that
in terms of interpolation, the exact position of the grid points is immate-
rial, e.g., Legendre-Gauss-Lobatto points are as good as the Chebyshev-
Gauss-Lobatto points as the basis of the Lagrange polynomials. This is
also reflected in the associated Lebesque constant of the form [?]

2
ALY < Zlog(N +1) +0.685.. .
e

Having realized, however, that it is the quadratic behavior of the grid
points close to the end of the interval that is the key to high-order
convergence, there is nothing that prohibits us from seeking grid point
distributions with this particular quality. Indeed, the closest to optimal
grid point distribution as measured through the Lebesque constant, and
for which a simple formula is known, is defined as

2j+1 )
cos T
ECG _ _ (2N+2

x
J i
cos (—2N+2)

)

known as the extended Chebyshev-Gauss grid points. These are not ze-
ros of any ultraspherical polynomial, yet they have a Lebesque constant,
AEPE bounded as

ARG = %log(N—F )+A+ % <log2 - ;) ,
which is very close to the optimal set of grid points and for all practical
purposes can serve as that.

The above discussion of the Lebesque constant and the electrostatic
approach evolves, to a large extend, around the behavior of the interpo-
lation as it depends on the choice of the grid points in the limit where N
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is very large. It is, however, illustrative and useful to realize that there
is a close connection between the zeros of the ultraspherical polynomials
and the solution to a slightly modified version of the finite dimensional
electrostatic problem, Eq.(6.130).

Let us define the electrostatic energy, E(zo, .., zn), as

(NN
E(l’g,..,l’N):—52210g|1’7;—1’j| ,

=

for the N + 1 unit mass, unit charge particles interacting according to a
logarithmic potential and consider the problem as an N-body problem
for which we seek the steady state, minimum energy solution if it exists.
For the one given above, however, the dynamics of the problem is such
that all charges would move to infinity as that would be the minimum
energy solution. Let us therefore consider the slightly changed problem

N

E(p,zo,.,xN) = — Z plog(l — x? Zlog|xl zj|| . (6.132)
i=0 i=0
This corresponds to forcing the N + 1 charges with an exterior field
corresponding to two charges, positioned at £1, of strength p > 0. If
we now assume that all charges initially are positioned in the interior
of [—1,1] they are confined there and nontrivial steady-state minimum
energy solutions can be sought.
Considering the gradient of E, we find that a condition for minimum
energy is
E 1 i\’: 1 2a:p

T 9 o _ 2
oxr; 2 — ;- 1—a;
i

=0 .

Using gy (z) as defined in Eq.(6.129) we recover

lgn(zi)  2mip
2¢5(z;) 1—a?

=0,
or equivalently

(1—z; )QN(l“z) dpziqn(zi) =0 .

Since this is a polynomial of order N + 1 with IV + 1 point constraints
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where it vanishes, it must, due to the definition of ¢ (x), be proportional
to gy () it self. By matching coeflicients we recover

(1 —2")qx (2) — dapgy (@) + (N + 1)(N +4p)gn(z) =0 . (6.133)

The polynomial solution, gy € Bny1, of Eq.(6.133) has the optimal
solution to the electrostatic problem, Eq.(6.132), as it N + 1 roots. If,
however, we take o = 2p — 1 and multiply Eq.(6.132) by (1 — 2%)® we
recover

dg

%(1 - xQ)a“d—;V + (N +1)(N+2a+2)(1-2%) %N =0,
which we may recognize as the Sturm-Liouville problem defining the
general ultraspherical polynomial, P](Vall(:r), ie, gn(z) = P](Vall(a:).

Hence, a further manifestation of the close relation between grid
points, well suited for interpolation, and the solution to problems of
electrostatics is realized by observing that the minimum energy steady
state charge distribution to the N-body problem stated in Eq.(6.132) is
exactly the Gauss quadrature points of the ultraspherical polynomial,
PI(VQP_I) (x). Using the simple relation

(o)
2 XN = (N 4+ 14 20PEH @) |
xr

we see that also the interior part of the Gauss-Lobatto points can be
found as a solution to an electrostatic problem by taking o = 2(p —
1), i.e., the Chebyshev-Gauss-Lobatto grid appears as the steady state
solution for p = 3/4.

It should be noted that by allowing an asymmetric exterior field in
Eq.(6.132) one can recover the Gauss quadrature nodes for all the Jacobi

polynomials, PJ(VD"B) (x). See [?] for a discussion of this result.

6.4 Approximation by Laguerre Polynomials

Let us, albeit in much less detail, also discuss the use of Laguerre poly-
nomials, introduced in Sec. 6.2.3, for the approximation of functions
defined on the semi-infinite interval.

6.4.1 The Continuous Expansion.

Consider the continuous Laguerre expansion of a function, u(x) € L]0, o],
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o0
u(@) =Y dnLn(x) (6.134)
n=0
with the expansion coefficients being

U = (u, Ln)Lﬁ)[O,oo] = /0 w(z)Ly(z) exp(—z)dz (6.135)

utilizing the orthonormality of the polynomials.

As for the expansions based on the ultraspherical polynomials, the
first thing to address is how one utilizes the expansion of u(x) on the form
given in Eq.(6.134) to recover expressions for the expansion coefficients
of the derivatives of u(z). The required connection is established from
a result similar to that of Theorem 39

Theorem 51. Assume that the q’th derivative, u'? (z) € L2[0, 0], is
expanded in Laguerre polynomials as

oo

ul?(z) = a0 Ly (z) .
n=0
Then the representation of ul?~b (),
o0
ul? V(@) =Y a V() |
n=0

can be recovered up to a constant through the relation (n > 0)

e iy D,

As for the ultraspherical basis, we can invert the tridiagonal operator to
obtain

a0 =— % Ay
p=n-+1
@=1 and ﬁ%Q).

As for the ultraspherical expansions, it is, however, more natural

resulting in a direct relation between @

to consider the issue of representing the derivative from a truncated
expansion. Hence, if we consider the finite expansion expansion
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1 dr! al 1
Pt @) = g Prvu = 2, 4l P n(a)
we recover the approximate expansion
Prul? (z) ~ —PNu = Z WD Ly (x)
through the backward recurrence
a9 = a0 —gle=n (6.136)

using that ﬁg\q,) =0.

6.4.2 The Discrete Expansion.

Discussing the discrete Laguerre expansion

Inu(z Zun n( :Z w(zj)Ln(zj)w; (6.137)

we shall first need to introduce a suitable quadrature rule as an approx-
imation to the continuous inner product.

Among several alternatives we focus the attention on grid points, x;,
defined as the zeros of Ly ; () as well as zp = 0, i.e., in the terminology
of the Sec. 6.3.2 it represents a mix between Gauss-Radau and Gauss-
Lobatto points. For this one can show [?, 7, 89] that

N )
Zu Tj)w; :/ u(z)exp(—z)dz (6.138)
=0 0

provided u(x) € Ban, i.e., for all polynomials of order 2N. We shall thus
refer to this quadrature as a Gauss-Radau quadrature with the weights
being

1 1 Jj=
w; = = 1.
TN +1 { [Lnii(zj) L Ln(z;)] j=1.N

Alternative quadratures are discussed in [?, 89].
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We can use the three-term recurrence relation of the Laguerre-polynomials,
Eq.(6.51), to derive a Christoffel-Darboux identity for the Laguerre poly-
nomials, hence enabling the proof of the key result

N N
Inu(z) =Y dinLn(x) =Y u(z;)l;(z) .
n=0

Jj=0

Thus, the discrete expansion represents an N’th order interpolation poly-
nomial based on the Gauss-Radau points, z;, which is given on closed
form as

—aLiy,(2)

(N + 1)Ly (z)(z — z5) (6.139)

lj(z) =

With this result, we have established the duality of the discrete expan-
sion and the Lagrange interpolation polynomials based on the Laguerre-
Gauss-Radau points, hence pawing the way for the approximation of
derivatives using the recurrence, Eq.(6.136), as for the continues expan-
sion, or by the definition of the differentiation matrix

N
= > u(z;)Dy; .

du
Nz

d
~ —7,
dx N

Zq

The entries of the differentiation matrix, D, are

p [V i1=75=0
p, =% —1)y i=j#0 (6.140)
dx i 2 Lnyi(zi) 2 Z;éj

Ln+i(zj) zi—z;

As for the differentiation matrices based on the ultraspherical Gauss-
Radau points, there are no symmetries in the operator differentiation
matrix.

Higher order derivatives can be computed by using backward recur-
rence repeatedly, by defining higher-order differentiation operators by
repeated differentiation of Eq.(6.139) at the grid points, or by repeated
application of the differentiation matrix, Eq.(6.140).

Alternative choices of grid points, leading to slightly different La-
grange polynomials and differentiation matrices, are discussed in [89,
26, 91].
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6.5 Approximation by Hermite Polynomials

Let us, following the approach of the last few sections, finally discuss
the use of Hermite polynomials, introduced in Sec. 6.2.4, for the repre-
sentation of functions defined on the doubly infinite interval as well as
the approximation of derivatives.

6.5.1 The Continuous Expansion.

Consider the continuous expansion of a function, u(x) € L%[—o00,],
using Hermite polynomials as

u(w) = dnHp(z) (6.141)

where the expansion coefficients are given as

[~

1 1 [
n = o (ws Hp) 12 —o0,00] = ’Y_/ u(z) Ly () exp(—2®)dz , (6.142)

by the orthogonality of the polynomials. The normalization is

Tn = ||Hn($)||%gu[,oo’oo] =+/m2"n! .

Similar to previously discussed polynomial expansions the first thing to
address in the context of spectral methods is how to use the expansion
of u(z), Eq.(6.141), to recover expressions for the expansion coefficients
of the derivatives of u(z). The required connection can be established
from a result similar to that of Theorem 39 as

Theorem 52. Assume that the q’th derivative, u'? (z) € L?[—o0, ],
s expanded in Hermite polynomials as

u@(z) = AW H,(z) .
n=0

Then the representation of u?~) (z),

o0

(@) = 3 I H, (@) |

n=0

can be recovered up to a constant using the relation (n > 0)
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We note that the differentiation operator, as for the Fourier basis but
contrary to the expansions based on ultraspherical or Laguerre polyno-
mials, is diagonal. Hence, if we consider the finite expansion expansion

7! o
Pyul?=Y(z) = T PN = >l H,(x)
n=0
we recover the approximate expansion
d al
Pyul? (z) = T P = > Al H,(z)
n=0
through the backward recurrence
a'? | =2mal® (6.143)

using that @ 0 due to the nature of the expansion. Note also, that
the diagonality of the differentiation operator implies that truncation
and differentiation commute as for the continuous Fourier expansion.

(o) _
o=

6.5.2 The Discrete Expansion.

Consider the discrete Hermite expansion

1 N
— Zu(wj)Hn(wj)wj -

N

Inu(@) =Y dinHn(x) , fin =
n=0 Tn j=0

We shall first consider a suitable quadrature rule. Among several alter-

natives we shall focus the attention on grid points, z;, defined as the

zeros of Hyy1(x), i.e., in the terminology of the Sec. 6.3.2 it represents

the Gauss points. For this one can show [?, 26] that

N o
. u(z))w; :/ u(z) exp(—2?) dx , (6.144)

J=0 e

provided u(z) € Ban11, i.e., for all polynomials of order 2N +1. We shall
thus refer to this quadrature as a Gauss quadrature with the weights
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—2
wj = VT2V TN + 1) [Hy 4 (75)]

As for ultraspherical expansion we may use the three-term recurrence
relation of the Hermite-polynomials, Eq.(6.57), to derive a Christoffel-
Darboux identity for the Hermite polynomials, hence establishing that

N N
Inu(z) = Zﬂan(l') = Zu(l'j)lj(l') )
n=0 j

Jj=0

i.e., the discrete expansion represents an N’th order interpolation poly-
nomial based on the Gauss- points, z;. The Lagrange interpolation
polynomial is given on explicit form as

() = HN+1(2)
V@) = @ )

(6.145)

With this result, we have recovered the duality of the discrete expansion
and the Lagrange interpolation polynomials based on the Hermite-Gauss
points, hence pawing the way for the approximation of derivatives using
the direct connection, Eq.(6.143), as for the continuous expansion or by
the definition of the differentiation matrix

N
= ZU(%‘)Dij ;

Ti =0

du

d
N ~ —7Tnu

dx

Z;
emphasizing the introduction of the aliasing error, and with

_ dij

Dij—%

_ym S (6.146)
N1(wi) 1 ’L;é']

X H‘N+1(m]‘) T;—Tj

It follows directly from Eq.(6.53) that the Hermite polynomials are
endowed with a symmetry as Hy(z) = (—1)"H,(—x). This immedi-
ately implies that D is centro-antisymmetric, i.e., D;; = —Dn_; n—j as
was the case for the differentiation matrices based on the ultraspherical
Gauss- or Gauss-Lobatto grid points.

Higher order derivatives can be computed by using the simple re-
lation, Eq.(6.143), between expansion coeflicients repeatedly. Alterna-
tively, one can define higher-order differentiation operators by repeated
differentiation of Eq.(6.145) at the grid points or by repeated application
of the differentiation matrix, Eq.(6.146).
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6.6 Approximation Theory for Smooth Functions.

In Sec. 6.2.1 we established that since the orthogonal polynomials ap-
pear as solutions to a singular Sturm-Liouville problem, we expect the
polynomial expansion of smooth functions to converge at a rate depend-
ing only on the smoothness of the function being approximated. Indeed,
for C*°-functions we expect the convergence rate to be faster than any
algebraic order of N, the maximum polynomial order in a way similar
to that of Fourier series representations of analytic periodic functions.

In this section we shall discuss this in more detail for function of finite
regularity. We aim at obtaining approximation results to confirm the
accuracy in a quantitative manner. While the convergence behavior for
the continuous expansion is closely related to the orthogonal polynomials
themselves we need, as for the discrete Fourier expansion discussed in
Sec. 4.3.2, to pay particular attention to the behavior of the discrete
expansions due to the aliasing error.

The literature on approximation theory using orthogonal polynomials
is vast and we will not attempt to survey all results in a rigorous manner.
Rather we focus on the results of central importance in the present
context of spectral methods and state more peripheral results without
proof only.

6.6.1 Approximation by Ultraspherical Polynomial
Ezxpansions.

The ultraspherical polynomials holds a central position in the theory of
spectral methods and it is also for expansions based on these polyno-
mials, and in particular for expansions using Legendre and Chebyshev
polynomials, that the theory is most complete. Hence, while we shall
quote results of a general nature we shall pay special attention to the
properties of approximations based on Legendre and Chebyshev poly-
nomials when specific results are available for these expansions only.

6.6.1.1 The Continuous Ezpansion

Recall the spectral expansion
N
Pu(e) =3 P\ (@) , i = — (u, PL)
n=0 w

The aim is to estimate the distance between u(z) and Pyu in the
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weighted Sobolev norm, || - “H.T[—l,l]’ where w(z) is the weight under
which P{® (z) is orthogonal.

To establishing the basic approximation results for expansions utiliz-
ing ultraspherical polynomials we rely on the approach first proposed in
[12], and here extended to include the general ultraspherical polynomial
basis.

Theorem 53. For any u(z) € HP[-1,1] and p > 0 there exists a
constant C, independent of N, such that

llu = Prullpz -1, < ON"Plullgr_y g

Proof: ~ We shall first recall Parsevals identity to obtain

o0

lu=Prulliz )= Y, lial®
n=N+1

The expansion coefficients, 4, are given as
N B (@) (2)(1 — 22)°
Up = u(z) Py (z)(1 — 2*)%dx
Tn J—1

where P} (x) satisfies the Sturm-Liouville equation

a+1 dpéa)
dx

-2 a2

. + AP =[Q+\,]P® =0 .

Here A, = n(n+2a+1) is the eigenvalue associated with the N’th order
ultraspherical polynomial, P\")(z).
Repeated integration by parts of u,, yields

Gy = (=1 / [Q™u(z)] P, (2)w(z) dz |

B VnAT -1

due to the singularity of Q. We have

lin> < C

2
A2 ||Qmu||Lg,[71,1] )
nin

using Cauchy-Schwarz. To bound this, we recall that

du du

Qu = (1 —x2)@ —2z(1 +a)% .



6.6 Approximation Theory for Smooth Functions. 223
Since |z| < 1, we have
1Qullz2—1,1) < Cllullgz(—1,1] »
which, by induction, yields

1Q™ullr2 [—1,1] < Cllullgzm(—1,1) -

Combining the above results gives

o0
lu=Pnull7aro10 < Cllullfani—iyg D, A" <ON ™ lullzmi_1 ) -
n=N-+1
Taking p = 2m establishes the result. QED

To arrive at a more general result in higher norms, we shall employ
a result on the error due to loss of commutation of truncation and dif-
ferentiation.

Theorem 54. For any u(z) € HE[-1,1] and |a| < 1 there exists a
constant C, independent of N, such that
d

du
H’PN% - %’PN’LL

, < ON?ores/ lullgz 1,1
H[-1,1]

where 1 < q < p.
Proof: ~ We shall give the proof in detail for IV being even only as that

for NV being odd follows from an equivalent line of arguments.
Let us first of all recall that if

u(x) = an P (z)
n=0
then we have

du =~ . — .
= E @ Px) | @ = (2n+2a+1) E ap
n= p=n+1

0 ptn (;rdd

and
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du . dp{* apl XA ()

— = Up , = (2k +2a + 1)P," () .
dx nz::O dx dx ; k

k+n odd
This yields that
N-—1 ()
du d _ o1 p(a) . dPy ~ (a)
PN% - %PNU = nz:;) U, Py — iy, . +anPy .

!
Inserting the expressions for @' and (P{*) gives
g n

i, P — ity (P

n—1 [e'e)
= > X [(2n + 20+ 1)a, P — (2k + 20 + 1)anp,§“‘>]

k=0 p=n+1
k+n odd p4n odd

Carefully rearranging the terms we have

du d 1 N ORY 1 0 (@)
® Cpeu=— a (P - P
PN " d N 2N+2a+1“N( N+1) +2N+2a—1uN’1( N )

!
To bound this, first recall that uj are scalars and that (P,Sa)) are
orthogonal polynomials. Hence, we have

polu_dp NP P e i aP
Mz de V|| Ly @N+20+ 102 VTN 420120 Y
where

2
)

L3 [-1,1]
We have that
jan]® < llw' = Pyoaw!|[72 1200 < CN*CPullfn

using Theorem 53 with p > 1 and Parsevals identity. Furthermore we
have
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2

J12 N-1
H (P}VC”) = ¥ @k+2a+1)P"
27_ —
Lul=21] k+11c\173dd L2[—1,1]

< Z (2k + 2a + 1)%y;, < ON?

k+N odd

using orthogonality of P,ga) () and that ~y, Eq.(6.60), is bounded in k
provided |a| < 1.
Combining these estimates yields

d 2

du
H’PN% - %PNU

< CN372P||U||%-I§,[—1,1] :
L3 [-1,1]

Generalization to higher norms follows by first considering

q 2

lu = Prvullig iy = Y

m=0

m

- d—mPN’LL

u(m)

L3 [-1.1]

We have

dm—mPNu_Zunda:m @

which, in combination with

A p(a) ()

e <ON P (@)

from the Sturm-Liouville equations and the Poincaré inequality, yields
2 2 2
llu — PN’U’HHﬁ,[—l,l] < CONu - ,PNUHL%)[fl,l] )

by using the Bessel inequality. Combining this with the previous result
yields the theorem. QED

This result paves the way for a generalization of Theorem 53 as

Theorem 55. For any u(x) € HE[—1,1] there exists a constant C,
independent of N, such that
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lu = Prullgg 1) < CNoP) ||U’||H§,[_171] )

where

and 0 < g <p.

Proof: Tt suffices to prove it for integer values of ¢ and then apply
interpolation between spaces [?]. Hence, for ¢ = 0 we recover the result
of Theorem 53. For higher norms we can use the triangle inequality to
obtain

du d du du du d
- _ < ||== — e - _
‘ dx deNu - ‘ dz PNdm + HPNda: deNu ’
where each term can be bounded by Theorems 53 and 54. QED

A couple of remarks are in place regarding these results. First of all
we note that, as expected, all results confirm that the convergence rate of
the continuous expansion depends solely on the regularity of the function
being approximated. However, Theorem 55 also suggest that one can
construct a function, u(z) € H}[—1,1], for which Pyu converges with
the prescribed rate but the derivative of the truncated approximation
does not converge to u'(x). This is in contrast to the Fourier case where
u(x) € H)[0,2r] suffices to guarantee L>-convergence of the derivative.
To appreciate this difference, let us consider a simple example.

Example 27. Consider the function

1

ul@) = N1

[PNi1— Pn-1]

where P,(z) = po (z) represents the Legendre polynomials as usual
and N is assumed even. This particular choice means that

du
P
dz (@)

using the recurrence for the Legendre polynomials, Eq.(6.25). From
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Parseval’s identity we immediately get

lull3ar-a1y = 75 2 o
P T N+ 12 \2N+3 2N -1/
which is bounded for all values of N. Furthermore, we have that

2

2 _
lu ||L2[—1,1] TON+1

i.e. u(z) € H'[-1,1] (but not in H?[-1,1]).

Let us now assume that we wish to approximate u(z) by a truncated
Legendre expansion as

N
Pru = iinP,(x)
n=0

The expansion coefficients follows directly from the definition of u(x).
Consider the error induced by the loss of commutation as

1  dPny
_ p— U frp—
o N TN = TN da
Using Parseval’s identity we recover
d 2 1 N
—Pnu — Pyu =—— 2n + 1)
P R R YR

n even

2N+1 Z 2n + 1

n even

C(N+1)(N+2)
T 2N +1)?

Hence, for large N we have

DN | =

d
H —PNU — PNUI
dx

L2[~1,1]
However, since we have that

S A —
u
ON +1 — "WHHI =L = 9N 17
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one recovers that
‘ d

—PNU — PNU’

dx
which diverges as N increases. The divergence is caused by the inabil-
ity of the derivative of the truncated approximation to approximate the
derivative of u, as predicted in Theorem 54.

< OVNIullip_iyy

L2[-1,1]

As the example confirms, the bounds in Theorem 54 and, hence, Theo-
rem 55, are sharp and we can construct functions in H'[—1, 1] for which
the derivative of the truncated expansion diverges.

6.6.1.2 The Discrete Ezpansion.
The analysis of the properties of the discrete interpolation expansion,

N N
Inu(x) =Y @, P\ (z) =Y u(z))lj(x)
n=0

Jj=0

is considerably more complex than for the continuous expansion dis-
cussed above and the theory remains incomplete As for the discrete
Fourier expansion, discussed in detail in Sec. 4.3, the main reason for
this added complexity is the aliasing error introduced as a consequence
of the use of a discrete, grid based representation of the function be-
ing approximated. Under the assumption of sufficient smoothness, e.g.,
u(r) € H}[—1,1], the aliasing error is reflected in

iy, = fiy, + vi i [P,ga>,P,§“)] ar
n

w

where we recall [, ], as being the discrete inner product introduced in
Sec. 6.3.3. It follows from orthogonality that

lu = InlT2(—10) = [0 = PullT2 (—10) +IIRNullT2 1)

where the aliasing error takes the form

N %]
Ryu(z) = Z% (Z [Péa)’Plga)} ak> P () .
n=0 '™ \k>N e

Interchanging the two summations we recover the simple expression
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Ryu(z) = Z (INPIEDK)) U .
k>N

We can thus interpreted the aliasing error as the error induced by using
the interpolation of the basis, INP,EQ), rather than the basis itself to
represent the higher modes. As we can not distinguish between lower
and higher modes at a finite grid, this introduces an error exactly as in
the discrete Fourier case.

Let us attempt to arrive at a qualitative understanding of the aliasing
error before we continue with more rigorous results. Among other things
this will help to identify situations where the aliasing error may become
significant.

Example 28. We restrict ourselves to expansions based on Legendre
polynomials and the associated Gauss-quadratures. However, the main
conclusions are valid for the ultraspherical polynomials and associated
general quadratures also.

Let us first recall that

o0
2 2 A —
IRnulZer sy < 32 @nP? il < Chllullm o
k>N

as an consequence of Theorem 53. Furthermore we have
N 1N
INPL =Y PuPn , Dn= P > Pil(z)Palz)v;
n=0 " j=0

where z; and u; are the Legendre-Gauss points and weights, respectively,
as discussed in Sec. 6.3.2.4. Let us also recall that while the Gauss
quadrature is exact for all f € Ban1, using the quadrature on general
functions introduces an error as

1 N 92N+3 F(N+2)4 d2N+2
EN(f)Z/_lfdw—]z%f(Zj)w = v v s e ©

provided f € C?N*t2[—1,1]. Here ¢ € [—1,1]. The latter expression is a
standard error term for Gauss quadratures and can be found in e.g. [?].
Utilizing the orthogonality of P, and P, —recall n < N < k — we
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recover

1 2N +1 22N+3 (N +2)* 2N +2
ppn = —— EN(PoPr) = — P, P,

for n + k > 2N + 1 and zero otherwise. Assuming N large and using
Stirling’s formula for I'(N), we recover the bound

d2N+2

il < Coxp (M) V™ | S Pu©PO

L2[-1,1]

The latter term is be bounded as

With this, one derives a bound on the aliasing error as

d2N+2 AN44
an(f)Pk(f) <C(n+k) 1P () P (Ol 21,1

L2[~1,1]

IRNull21_1 1) < Cexp (=N) N (Z kB(N)_p> vl Frej—1,1)5

k>N

where C' is independent of N while a(N) and S(N) represent linear
algebraic expressions in N. Clearly, for u being sufficiently smooth, we
can always find p such that the sum is finite, i.e., p > B(N) + 1, and,
furthermore, we can find a larger p, i.e., p > a(N) + 8(N) + 1, sufficient
to guarantee exponential decay of the aliasing error as IV increases. In
other words, for smooth well resolved functions the aliasing error is not
expected to affect the convergence properties of the discrete expansion
in any significant way.

Quantitative results, the proof of which are highly technical and omitted
in the following, for the interpolation using ultraspherical Gauss- and
Gauss-Lobatto nodes are discussed in detail in [?]. In particular we
quote the following result

Theorem 56. Assume that w € HP[—1,1] with p > 1 max(1,1 + a)
where Inu is constructed using ultraspherical polynomials, P%(x), with
|a| < 1. Then there ezists a constant, C, depending on « and p but not

on N such that

lu — Znullpz (—1,1) < ON " Pllullgp-1,1-



6.6 Approximation Theory for Smooth Functions. 231
This holds for Gauss and Gauss-Lobatto based interpolations.

Hence, the result confirms that for well resolved smooth functions the
qualitative behavior of the continuous and the discrete expansion is sim-
ilar for all practical purposes.

To be more specific and reach results in higher norms we leave the
general ultraspherical expansion and consider discrete expansions based
on Legendre and Chebyshev polynomials and the associated Gauss-type
quadrature points.

Results for the Discrete Legendre Expansion. Consider first the
discrete Legendre expansion

N N
Inu(z) = Z UnPp(z) = Zu(wj)lj (z) .

The most general result is given as [11]

Theorem 57. For any u(z) € HP[-1,1] with p > 1 and 0 < ¢q < p,
there exists a positive constant, C, independent of N, such that

lu = Inullraj—1,1] < CN2 P52 || rag_y 1)

The proof of this result, again somewhat technical, can be found in [11].
However, we note that for ¢ = 0, the result is suboptimal for Gauss and
Gauss-Lobatto based interpolation and Theorem 56 presents a sharper
bound.

Again we observe that for functions with sufficient smoothness, i.e.,
for any u(z) € HP[—1,1] with p > 1, we recover results similar to those
for the continuous expansion stated in Theorem 55, although the exact
convergence rate is lowered by 1. However, for smooth functions the
aliasing error does not modify the convergence rate of the discrete ex-
pansion as compared to the continuous expansion in any substantial way
and spectral convergence for analytic functions is maintained [?]

A straightforward combination of Theorems 56 and 57 yields an esti-
mated of the commutation error

‘ du d

In_— = ——Iyu < N3Pl sy
which should be compared with the result of Theorem 54, confirming the

der dx

L2[—1,1]
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modification of the convergence rate but the persistence of the spectral
convergence.

Results for the Discrete Chebyshev Expansion. The behavior of
the discrete Chebyshev expansion
N N
Inu(z) = Z U, Ty (z) = Zu(l'j)lj(x) )
n=0 j

Jj=0

is most easily understood by utilizing the close connection between the
Chebyshev expansion and the Fourier/Cosine series. Indeed, if we intro-
duce the transformation, z = cos(#), the aliasing error can be expressed
on a simple form since
1 1k=2Nptnp=0,+1,+2..
D, = — |1} T — ’ )
br Y T(@), Tn(@ly { 0 else
as a direct consequence of the discrete orthogonality of the exponential
function and hence the cosine function. This immediately yields that

o0 p=00

RNU = Z (INTk)ak - Z (ﬁng+n + a2Np—n) Tn(m) .
k>N p=_ o0
p#0

Comparing with the Lemma 5 highlights the close connection between
the Chebyshev and the Fourier expansion.
In light of this it comes as no surprise that

Theorem 58. For any u(z) € HP[—1,1] with p > § and 0 < q < p,
there exists a positive constant, C, independent of N, such that

lu = Inullpzr1a) < ON*Pllull g1 -

Proof: ~ For g = 0 the result follows by evenly extending a function
u(cos(#)), 8 € [0, 7] around 8 = 7 to cover the whole domain [0, 27]. In
this case the Fourier interpolation becomes a cosine series and we can
thus take the result from Theorem 11 to obtain

lu— Tnvullzz 1.1 = %uu — Inullzpan < ON Pllullus 1y -

The extension to higher Sobolev norms follows with equal ease by real-
izing that
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[|u —INUHH;[AJ] < lu —INU||%gD[_1,1] + [lu’ — (INU)'||L,2,,[—1,1] )
where the latter term can be bounded by an inverse inequality as
o' = (Znu)llez 10 S N?|lu=Inullzap ) -

The general result follows by induction. QED

Let us finally quote the L*-error for the discrete Chebyshev expan-
sion as [11]

Theorem 59. For any u(z) € HE[-1,1] with p > 3, there exists a
positive constant, C, independent of N, such that

llu = Inullpoei—1,1) < N> 7Pllull g1 -

6.6.2 Approximation by Laguerre Polynom:ial
Expansions.

For reference and completeness of the discussion let us also briefly sum-
marize some central approximation results for expansions of functions,
u(x) € L2 [0, ], using continuous and discrete Laguerre expansions.

In the spirit of the analysis for ultraspherical expansions, let us first
consider the behavior of the continuous expansion, Eqgs. (6.134)-(6.135).
From [90] we have the result

Theorem 60. For any u(xz) € HE[0,00], p > 0 there exists a positive
constant, C, independent of N, such that

llu = Prvull sz 0,000 < CNTP2ull 0,00
where 0 < q < p.

This is the most general result needed in the context of spectral methods
as we have seen in Sec. 6.6.1. A significant difference is the lower
convergence rate for p finite, i.e., vV N ” rather than NP as we have seen
previously. In particular, it follows immediately that
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du

1—p/2
. < ON'PP|u| gz

L2[0,00]

0,00]

d
H%PNU — PN

for p > 1. As for the ultraspherical polynomials this indicates that one
can construct functions, u(z) € HL[0, ], for which the derivative of
the truncated approximation is divergent as exemplified for the ultras-
pherical expansion in Ex. 27.

A general idea of when the Laguerre expansion will work well can be
obtained by viewing the Laguerre expansion as a regular L? expansion
in the function

Yn(x) = Ly (z) exp(—z/2) .

Clearly, for functions that exhibit a decay dramatically different from
e~ /2 the expansion is less natural and can be expected to exhibit very
slow convergence. On the other hand, for simple rapidly decaying func-
tions the Laguerre expansion can work well [90, 92].

For the Gauss-Radau based discrete expansion, Eq.(6.137), discussed
in Sec. 6.4.2 a result similar to the one above has been proven in [90] as

Theorem 61. For any u(z) € H2[0,00], p > 1 there ezists a positive
constant, C, independent of N, such that

lu = Inullgao,00) < CNTP 22wl oo oo
wher60§q§%<p.

This indicates that we loose at most vV N due to aliasing.

6.6.3 Approximation by Hermite Polynomial
Ezpansions.

Let us finally summarize the key results for the expansion of functions,

u(r) € L% [—00, 0], using continuous and discrete Hermite expansions.
As in the previous sections, let us begin by considering the behavior

of the continuous expansion, Eqgs. (6.141)-(6.142). From [26] we have

Theorem 62. For any u(xz) € HE [—o00,00], p > 0 there exists a positive
constant, C, independent of N, such that
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lw = Pnullrz - oo0) < CN P2 |lullgr( oo -

As for the Laguerre expansion we can appreciate the limitations of the
Hermite expansion by viewing it as an L? expansion in the Hermite
function

VYn(x) = Hy(x) exp(—2?/2) .

If, indeed, the function exhibit a decay dramatically different from e~ /2
the expansion is less natural and can be expected to exhibit very slow
convergence On the other hand, for simple rapidly decaying functions
the Hermite expansion can work well as examples in [?] verifies.

For the Gauss based discrete expansion, Eq.(6.144), discussed in Sec.

6.5.2 a result is given in [26] on the form

Theorem 63. For any u(x) € HE[—o00,00], p > 1 there exists a positive
constant, C, independent of N, such that

lu = Inullrz [ —co,00) < CNTP2H 2 ull g o o) -

As for the Laguerre expansion, this indicates that we loose at most v N
due to aliasing.
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Exercises

1. Assume that u(z) has a point of discontinuity at zo and construct v(zx)
such that it equals u(x) outside the interval of [xo — d,z0 + d]. Inside
this interval, we construct v(x) by a line segment connecting the point of
(o — &, u(xo — 0)) with (zo + d,u(zo + 9)).

Prove that

tim [[u(2) = (@) 20,5 = 0

i.e. prove that any function, u(x) € L?[—1,1], can be approximation ar-
bitrarily well in mean by a C°[—1, 1] function.

2. Assume that u(z) € L%[—1,1] and that it is expanded in an orthogonal
and complete basis as

u(@) =Y ingn(z) .
n=0
Prove that if
N
Pru=inn(w) -
n=0
is convergent in the mean then

[ v (z)w(z)de = (u,u), = Z'ynﬁi .

3. Prove that if ¢, () is an nth order polynomial, then the only solution to
—(1=2)h(@) + (a+ B+ 27+ + B)gh () = Angu(x)
is
An=nn+a+pB+1) .

4. Prove that the recurrence relation in Theorem 32 has the coefficient given
in Eq.(6.19).

HINT: Prove first that

gas _ntatf+1 @i
n—1,n n+a—+—ﬁ n—2,n—1
G(&8) = get LAty

n—1,n—1 )

)

“ap) _nta+B+1 141
a’n+1n - a’n n—1 .
’ n+a+pB+2 "™



10.

11.

12.

13.

14.

15.

16.
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. Combine Eq.(6.40) and Eq.(6.45) to prove Lemma 8.
. Prove Theorem 51.

. Derive Eq.(6.139) using the definition of the Lagrange polynomials and

the properties of the Laguerre polynomials.

. Plot the Legendre polynomials, P,(z), for n =0 — 5.

. Plot the Chebyshev polynomials, T, (z), for n = 0 — 5.

Compute the discrete Chebyshev expansion, based on the Chebyshev
Gauss Lobatto points, of the following functions (z € [—1, 1])

(a) u(z) =z"
(b) u(z) = |sin(mz)|
(c) u(z) = sign(x)

and compute the L* error when increasing N, the length of the expansion.

(Continued) Repeat the computations using the Chebyshev Gauss points.
Do you see a difference ?

Compute the derivative of the functions (z € [—1,1])

() u(z) =z

(b) u(zx) |(1.1—g[;)—1

(¢) u(z) =|sin(mz)|

using the differentiation matrix based on the Chebyshev Gauss-Lobatto
points. Compute the L> and L2 -error for increasing length N of the
expansion.

ontinue epeat the computation using the backward recurrence. Do
Continued) R t th tati ing the backward D
you see a difference ?

Derive the entries for the 2nd order Chebyshev differentiation matrix
based on the Gauss-Lobatto points.

(Continued) Compare these entries to those computed by matrix-multiplication

for increasing values of N (take NN larger than 100).

(Continued) It has been suggested that one should initialize the diagonal
of the differentiation matrices as

N
Dy = — E Di; .
j=0
i

Explain why this makes sense and verify whether it has any impact on
the accuracy of the entires of D(® when these are computed from D.
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Polynomial Spectral Methods

Having identified the orthogonal polynomials as a suitable choice of basis
on which to base the development of spectral methods, we can now
return to the actual development of such methods for solving partial
differential equations.

As in Chapter 5, where we discussed schemes based on Fourier ex-
pansions, we shall discuss the issue of how to satisfy the equation, i.e.,
we shall concern ourselves with the details of the Galerkin, the tau and
the Collocation methods when using polynomial expansions. The key
difference between the previous discussion is that we need to consider
methods for enforcing nontrivial boundary conditions. For the sake of
simplicity, we shall also restrict ourselves to problems involving smooth
solutions and return to the special issues related to non-smooth problems
in the following chapter.

We consider the construction of schemes for the problem

% = Lu(z,t) , z€[ab] ,t>0, (7.1)
B_u(a,t) =0 , t>0
Biu(b,t) =0 , t>0

u(z,0) = f(x) , x € [a,b] ,t=0 .

where Bi represent the boundary operator at £ = a and = = b, respec-
tively, with a and/or b possibly being unbounded.

For ease of exposure we restrict much of the discussion to methods
based on Legendre or Chebyshev expansions on the finite interval [—1, 1].
However, all results extend in a straightforward manner to schemes based
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on ultraspherical polynomials in general. We also briefly discuss special
concerns related to the construction of methods using Laguerre or Her-
mite expansions for problems on unbounded intervals.

7.1 Polynomial Methods on the Bounded Interval

The formulation of spectral methods for solving initial boundary value
problems involve choosing the polynomial space, By, in which the ap-
proximate solution is sought, and the specification of the projection op-
erator, Py, detailing how the equation is satisfied. As discussed in
Chapter 3 these requirements split the development of the methods into
three distinct categories to which we shall attend in what follows.

7.1.1 Galerkin Methods.

In the polynomial Galerkin method we seek solutions, uy(z,t) € By, to
Eq.(7.1) of the form

N

U'N(xvt) = Zan(t)(bn(x) >

n=0

where ¢, (z) represents a polynomial basis and the polynomial space,
By, in which we seek solutions is given as

N
By = span {¢n(m) € span {mk}zzo IB_pp(=1) =0, Byipn(1l) = 0}n70
The N + 1 equations for the unknown expansion coefficients, u,,(t), are
obtained from Eq.(7.1) by requiring the residual
0
Ry (w,t) = =¥ = Lun(a,t) |
ot
is orthogonal to By in L2[—1,1]. Using the testfunctions, ty(z) =
o () /K, this yields
N di N
vk € [0,N]: Mpp——rt = Skntin(t)
[0, N] nz:;) kn = 7;) kUi (1)

Hence, the basis-functions, ¢, (x), must satisfy the boundary conditions
individually as there is no other mechanism by which to impose the
boundary conditions.
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We have introduced the mass-matrix, M, with the entries
1t
Vk,n € [0,N]: My, = 7/ o (x)dn (v)w(z) dz |
kJ-1

where w(z) € L'[-1,1] signifies a weight-function. Likewise, we have
the entries of the stiffness-matrix, S, as

Vk,n €[0,N]:S —i/l k() Lo (x)w(z) da
) ) . kn_’)/k . k n .

The basis, ¢, (z), is usually constructed from a linear combination of
Pr(f‘) (z) to ensure that the boundary conditions are satisfied for all
¢n(z). In this case it is natural to choose the weight-function, w(z),
such that (P}J”,P,g“))w = YnOnk, thereby completing the specification
of the scheme.

We consider in the following a few examples of polynomial Galerkin
methods to illustrate the steps needed to formulate such methods.

Example 29. Consider first the linear hyperbolic problem
ou Ou

o oz
where we assume that u(z,t) € L% [—1,1] and the solution is subject to
the boundary condition

u(l,t) =0,

with the initial condition u(z,0) = f(z).

We wish to solve the problem using a Chebyshev Galerkin method.
However, as T),(1) = 1 we must modify the basis to obtain a Galerkin
formulation. There are indeed many ways of specifying polynomials that
satisfy the boundary conditions and spans By and a viable choice could
be

Pn(x) = Th(z) -1 .

Thus, we seek solutions, un(z,t) € By, of the form

N N
un(z,t) = Zan(t)(bn(x) = Zan(t) (Ty(z) — 1)
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Note that the sum is from n = 1 rather than n = 0 since ¢o(z) = 0. We
now require that the residual

6uN 6uN

Ry(z,t) = 5% " om

is orthogonal to ¢, (x) in L%[-1,1] as

VEk e[l /RN$t¢k )m z=0

We have chosen w(z) as the weight for which T),(z) is orthogonal to
simplify the scheme. While this is natural it is not necessary.
This yields the Chebyshev Galerkin scheme

Y. da
Wk € | ZMkn _n Zsmun :

where the mass-matrix has the entries

2 [t 1
Mpp = — Ti(z) — 1) (Th(z) — 1) ——=dx = 2 + Spp, -
=2 [ @) =)@ 1) S dr =245,
Computing the entries of the stiffness-matrix requires a little more work.
Indeed, the entries are given as

e 2! AT (z) 1
Vk,n € [1,N]: Skn—;ll(Tk(f)_l) dz mdﬂv )

Using Eq.(6.31) we obtain

dT —2n Z

p=0
p+n odd

where c¢g = 2 and ¢, = 1 otherwise as usual. Introducing this into the
expression for the stiffness-matrix yields

2 [t - 1
n=— Ty ( -
Sk W/,l(k Z —1_x2d.7;
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This completes the specification of the Chebyshev Galerkin scheme and

we have N equations for the N unknowns, @ = (41,...,ax)T, on the
form
da
=M"'S
= alt) |

with the initial conditions given as

Vn € [L,N]: in(0) = %Klf(m) (Tn(m)—l)\/l%_ﬁdm .

The formulation of the Chebyshev Galerkin is a bit cumbersome and
involves, in the general case, the inversion of a mass-matrix, which de-
pends on the specification of the basis. The mass-matrix is, however,
symmetric and positive definite. The latter property follows by consid-
ering a general non-zero N-vector, u, and using the definition of M to
obtain

N
T —
u Mu = UiUj Mij
4,j=0

=Zuu]/ 61(2) 63 (2)w () da

2,j=0

:/ <Zul¢z >2 (z)dz >0 ,

since ||+||z21,1) is anorm. Thus, the inverse of M is guaranteed to exist.

Example 30. Consider the linear parabolic problem

ou _ o
ot 0z’

where we assume that u(z,t) € L?[—1,1] and the solution obeys the
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boundary conditions
u(—1,t) =u(l,t) =0,

with the initial conditions u(z,0) = f(z).

We wish to use a Legendre Galerkin methods for solving this problem.
However, since P, (1) = 1 we must again modify the basis to derive the
Galerkin scheme. Any choice of polynomials that satisfy the boundary

conditions and spans By is acceptable. However, a convenient choice
could be

¢n(z) = Poy1(z) — P (2)
which has the desired property, ¢,(+1) = 0. An alternative option is

_ [ Pp(x) — Po(z) n even
Onlz) = {Pn(a:) — Pi(z) n odd

Choosing the former, we seek solutions, un(z,t) € By, of the form
N-1 N-1
un(z,t) = Z U (t)fn(z) = Z Un(t) (Pot1(z) = Poa (@)
n=1 n=1
and require the residual

8uN 82UN

Rn(z,t) = 5% " o2

to be L?-orthogonal to ¢ (z) as

2k

1
VkE[l,N—l]: ;1/ RN(I‘,t)QSk(:L’)d:L’:O .
-1

This yields the Legendre Galerkin scheme

N-—1 dil N-—1
Vee[LN-1]: Y M~ = > Skniin(t)
n=1 n=1

with the mass-matrix having the entries

1
Min = 252 [ u@)on (o) o
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2(2k + 1)? 2k+1 2k +1
— _+_ _+_ ’ —
k—1)(2k+3) " 2k +3 " T ok —1

6k,n—2

using the orthogonality of the Legendre polynomials. Note that the
mass-matrix is only tridiagonal, i.e., the computation of M ! is straight-
forward.

The computation of the entries of the stiffness matrix yields

2k +1 (! d? ¢ (z)
These entries can either be derived by using the properties of the Legen-
dre polynomials or use a Gauss quadrature of sufficiently high accuracy.
This yields a complete scheme for the N — 1 equations with N — 1

unknowns, @ = (4,...,4n_1)7, as
du
— = M™'Sa(t
7 t)

with the initial conditions given as

Vn€[1,N —1]: in(0) = 2”2“ [1f(m) (Put1(z) = Pu_1(2)) dz .

Similar to the Chebyshev Galerkin scheme for the wave equation, we
arrive at a method that requires the inversion of a matrix, albeit in
this case it is only tridiagonal. The complexities associated with the
polynomial Galerkin methods result from the complicated relationships
between the orthogonal polynomials and their derivatives, and the re-
quirement that ¢, (z) satisfy the boundary conditions individually. One
could of course simplify matters a bit by using quadratures of sufficient
accuracy to compute the entries of the operators.

Example 31. Consider Burgers equation

ou ou 8%y

5 " Yor = Voa2

where u(z,t) € L2 [—1,1] with the homogeneous boundary conditions

u(—1,t) =u(l,t) =0 ,
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and the initial condition u(z,0) = f(z).
We shall solve Burgers equation using a Chebyshev Galerkin method,
and use the modified basis

On(x) = Thir(z) — Tha1(2)

which has the desired property, ¢,(+1) = 0.
We seek solutions, un(z,t) € By, of the form

N-—-1 N-1
un (2,1) = Y @n(O)¢a(r) = Y @n(t) (Tori (@) = Tua(2)

and require the residual,

N 6uN 82’U,N
+un -V s

u
ot 0z Ox?
to be orthogonal to ¢ (z) in L2[—1,1] as

RN(I‘, t) =

Vke[l,N —1]: /RN$t¢k )m r=0 .

This yields the Chebyshev Galerkin scheme

N-1 dii N-1
vk € [1, - 1] : Z M]md—tn = Z Skn(ﬁ(t))an(t) )
n=1 n=1

where the tridiagonal mass-matrix has the entries

2 [! 1
My, = = () 2 = 20, — Skmrs — Ok
k 77/;1 ¢k($)¢ (x)m X k k,n+2 k, 2

The derivation of the stiffness-matrix is more complicated, with the en-
tries of S consisting of contributions from the hyperbolic part, S, and
the parabolic part, S?, respectively, as

Skn(@(t)) = =Si, (a(t) +vSy,

N-1

. d¢ 1
——/ () (2) Yt (t)— 7,—1_232@

=1
d? ¢,
+v— /¢k ¢2(33) /_ll_dex'
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If we first consider the term associated with the parabolic term, we rec-
ognize this term as the one obtained for the parabolic equation in the
Example 30. The entries of this part depends only on the choice of
basis functions and may be computed once and for all using the defini-
tion of ¢, (z) and the orthogonality of the Chebyshev polynomials or,
alternatively, use a Gaussian quadrature.

The situation with the nonlinear part is worse. Here we have the
entries on the form

N-1

h =2 [ b (o) S da@) 1
Shaa(0) = = [ ol poate) 3 i 48 L

By invoking the definition of ¢, (x) and the identity

dx

2Tu(@)Ti(2) = Tintay(2) + Tjn-y(2)

this matrix may be simplified. However, it depends on 4;(t) due to the
nonlinearity and will need to be computed whenever 4;(¢) changes. The
computation of the integrals involved in the stiffness-matrix is expensive.
One could use a Gaussian quadrature to simplify matters but that would
introduce aliasing error due to the nonlinear term and would be costly.
Hence, apart from the considerable complexity involved in deriving the
Chebyshev Galerkin scheme for Burgers equations, it also appears to be
computationally intensive.

Nevertheless, once the two components of the stiffness-matrix are
obtained, we have the NV — 1 equations for the N — 1 unknowns, @ =

(ﬂla v 7’[/'N71)T)
du 1 Wy .
i M~ (=S"(a) + vSP) a(t) ,
and the initial conditions
Vn € [1,N —1]: u,(0) —z/1 f@) (Thyr(z) =T (m))#dm
9 . n — T . n+1 n—1 /—1 — .’L'2 .

As illustrated in the above, the application of polynomial Galerkin meth-
ods for the solution of partial differential equations takes one through
considerable complexity, analytically as well as computationally. Al-
though the mass-matrix depends only on the basis being used, the com-
putation of the entries of the stiffness-matrix has to be completed for
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each individual problem and is by no means simple, even for linear prob-
lems such as the constant coefficient hyperbolic and parabolic problems.
Moreover, as we saw for Burgers equation, the schemes for dealing with
nonlinear terms become very complex and computationally intensive.
Finally, we have only discussed Galerkin methods for problems with
homogeneous boundary conditions which constitutes a special class of
problems. More complicated boundary conditions results in a more com-
plicated Galerkin scheme. For problems with time dependent boundary
conditions the development of a polynomial Galerkin scheme lead to
significant problems and it may in many cases not be possible to derive
such schemes. In light of this, it is hardly surprising that polynomial
Galerkin methods are used only in those cases where the stiffness- and
mass-matrix may be obtained on a closed and simple form, e.g., for lin-
ear problems with constant or simple variable coefficient, and the bound-
ary conditions are sufficiently simple. For such problems, however, the
Galerkin scheme is fast as well as accurate.

7.1.2 Tau Methods

The problems encountered when formulating polynomial Galerkin meth-
ods can be attributed to the requirement that the basis functions, ¢, (z),
obey the boundary conditions individually. This requires us to form
polynomials with this property at the loss of orthogonality. In the poly-
nomial tau method this problem is overcome by modifying the definition
of the projection operator.

We seek solutions, un(z,t) € By, to Eq.(7.1) of the form

N
U'N(xvt) = Zan(t)(bn(x) >

where the polynomial space, By, can be characterized as
n N
By = span {¢n(x) € span {a:k}kzo |IB_un(—1,t) =0, Byun(l,t) = 0}

n=0

If we now define
Py = span {gn(2)}1_y

then the definition of the projection operator consists of two parts. The
first part is the projection of the residual onto Py _; rather than By
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as for the Galerkin method. Here [ signifies the number of boundary
conditions. Hence, we require that the first N — [+ 1 components of the
residual be orthogonal to Px_; in L2 [—1,1] as

1 ! oun (a)
Vke[O,N —k]: — —— —Lun ) P, (z)w(z)de =0 ,
e o1\ Ot

The remaining [ equations are recovered as
N N
D (B n(=1) =0, > in()Bida(1) =0 ,
n=0 n=0

to ensure that unx(%1,t) obeys the boundary conditions. Although the
formulation of the general scheme is slightly more complicated than the
straightforward Galerkin method, the separation of the equation and
boundary conditions leads to significantly simpler schemes. Moreover,
it allows for dealing with general time dependent boundary conditions
as we shall see in the following examples.

Example 32. Consider the linear hyperbolic problem
ou_ ou
ot oz’

where u(z,t) € L?[—1,1]. The boundary condition is

u(l,t) = h(t) |

and the initial condition, u(z,0) = f(z).
We consider a Legendre tau method and seek solutions, un(x,t) €
By, of the form

N

un (2,t) = din(t)Pa()

n=0

with the additional constraint that

to ensure that the solution obeys the boundary condition. To compare
with the Galerkin method, let us assume that h(t) = 0 and introduce
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the boundary operator into the expansion for uy(z,t) as

N-1 N-1 N-1
un(@,t) = Y Un(B)P(@) = Pr(x) Y n = Y Gn(t)n(z) |

where ¢,(x) = P,(r) — Pn(z), which satisfy ¢,(1) = 0. Thus, the
method is somewhat akin to a Galerkin method of order N with the
exception that ¢n(z) = 0 and an additional equation is needed to ob-
tain Gy (t). Note, that we can not in general give the explicit form of
¢n(z) since it is a nontrivial combination of the polynomial basis and
the boundary conditions.
The first N equations are found by requiring that the residual
6uN 6uN

Ry(z,t) = a5t oz

is L2-orthogonal to Px_1 as

Vke[0O,N —1]: 2k

1 1
- / R (2,) P (2) dz = 0 .
-1

This yields the first IV equations

N
i
Vne[0,N —1]: % =@2n+1) Y @) .
pin 0dd
Here we recall the identity, Eq.(6.65),
N
al(t) = @2n+1) D () .
pin 0dd

The equation to obtain 4y (t) appears directly as a constraint

N-1
dn(t) ==Y dn(t) = h(t) .
n=0
This reflects the ease by which time dependent boundary conditions are
introduced into the tau method.
The initial conditions are recovered directly as
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2
Vn € [0,N — 1] : 4 (0) = =2

+1 [t
[ s@Pe) s

with the final coefficient, Gn(0), being

N-1

in(0) ==Y dn(0) = h(0) .

n=0

Since we project onto Py_1 rather than By the mass matrix remains
diagonal due to orthogonality and the stiffness matrix is obtained di-
rectly from the properties of the polynomial basis, typically resulting in
schemes being much simpler than the Galerkin approximation.

Example 33. Let us again consider the linear parabolic problem as

ou 9%u

ot 0x2

where u(z,t) € L2[—1,1]. We ask that the solution obeys the general
boundary conditions

Bu(-1,) = aru(-1,1) - 5 2D = g
Biu(l,t) = asu(l,t) + Bg% = h(t) ,

which leads to a wellposed problem for the constants, a;, 51, as, 82, all
being positive and related as 2ajae > a1 f2 + s [?]. As initial condi-
tion we have u(z,0) = f(z).

We consider a Chebyshev tau method and seek solutions, uy(z,t) €
By, of the form

N

un (@, ) = in(H)Tn(x)

n=0

with the additional constraints from the boundary conditions that
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N
S in(t) (1 Ta(=1) = 1 T4 (~1) = g(1)

n=0

N
D an(t) (a2Tu(1) + BT} (1)) = h(1)

Using the boundary values of T}, (z) and its derivative as
To(21) = (21", Ty(+1) = (£1)*1n?

the constraints become

N

Y () (ar (=)™ = B (=1)"'n%) = g(t) , (7.2)
N

Zﬂn(t) (CK2 + /8277‘2) = h(t) )

n=0

to ensure that the solution obey the boundary conditions.
We now require that the residual
o a’LLN 62’LLN

RN(m7t) - W - 8.’172 )

is orthogonal to Py _» in L2 [—1,1] as

2 [t 1
ke [0,N —2]: W—Ck/lRN(a:,t)Tk(x)ﬁdmzo

This yields the first NV — 1 equations

~

ot 1 al
Vn € [0,N —2]: a—tn Z p(p* —n®)ip(t)

C

p=n+2
p+n even
using the identity
1 N
N Y 2 2\~
) (t) = ;2 p(p* = n®)ip(t) |
pi; even

which relates the expansion coefficients for the function with those of
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the second derivative. The final 2 equations required to obtain @y _1(t)
and 4y (t) appear by solving the linear 2-by-2 system of Eq.(7.2).
The initial conditions are obtained directly as
V€ 0N =25 ,0) = — [ @) Tulo) s
n N =2]:4 = — x ) —
" CnT J_1 " 1-— 562

with the final two coefficient being obtained from Eq.(7.2) at ¢ = 0.

dx

Even though we considered very general time dependent boundary con-
ditions, the resulting Chebyshev tau method remains simple as the effect
of the boundary conditions are separated from the approximation of the
operator, L.

While the emphasis in this text is on schemes for the solution of time-
dependent problems we would like to take a small detour to illustrate
the efficacy of tau methods for the solution of elliptic problems which is
where they enjoy particular interest.

Example 34. Consider the elliptic problem
0%u

da?

= f(=) ,

where u(z) € L2 [—1,1] and the solution is subject to the general bound-
ary conditions

aju(—1) + 5 8ué;1) =c_
a(t) + 5,280 — ¢,

where aj,as, 1,82 are constants and the boundary values are given
through cy.
We now seek a solution, un(z) € By, on the form

with the additional constraints from the boundary conditions that
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N
D dn (a1 (1) + B (=1)"n?) = o (7.3)

n=0
N
Zan (a2 + BQnQ) =cq ,
n=0

similar to the approach taken in Example 33.
The residual is given as

2
Rv(e) = 4 — (o) |

where fy_o(z) € Py_2 as

N-2

2@ = 3 fuTu(@)

n=0

where
1
fo= 2 [ po)Te) e da .

CnT J_1 vV 1-— 1‘2

The introduction of fy_o(x) is consistent with un (x) being a polynomial
of order N, i.e. the approximation to f(x) must be a polynomial of order
N —2.

Requiring that the residual to be L2 -orthogonal to Py_s yields the
first N — 1 equations

N
1 R
Vnelo,N—2]:a® = = 2 _nHa, = f, .
n [ ] Uy, n p;z p(p n )Up fn
p+n even

At this point the solution to the problem is undetermined as we have
N + 1 unknowns, Gy, but only V — 1 equations. However, introducing
the two boundary conditions, Eq.(7.3), as the remaining two rows into
the matrix completes the specification of the scheme. Apart from the
two equations appearing from the boundary conditions, the matrix is
fairly sparse and upper triangular.

We observe that the complex boundary conditions do not pose a prob-
lem. The use of tau methods for solving linear elliptic problems or eigen-
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value problems may well be the most efficient way to solve such problems
using spectral methods as the resulting matrices typically are sparse and
very efficient preconditioners can be developed citeCoutsias95.

Let us finally consider the formulation of a tau method for the solu-
tion of Burgers equation.

Example 35. Consider Burgers equation

Ou Ou 8%u
W28 —

ot Yor = Vow2 o

where u(z,t) € L2 [—1,1] and the boundary condition are
u(—1,t) =u(l,t) =0 ,

with the initial conditions, u(z,0) = f(z).
We wish to solve Burgers equation using a Chebyshev tau method,
and seek solutions, un(z,t) € By, of the form

N

un(z,t) = Y dn(t)Tn()

with the constraints

Considering the residual

ou ou 8%y
Rv(t) = T3 Fun g Vg

we require that the first N — 1 components are L2 -orthogonal to Py_»
as

2 [t 1
Vke[0,N —2]: —/ Ry(z, )Ty (z)——=dz =0 .
[ ] e N (@, )Ty (z) s
to recover
i 2 1 1
Vke[o,N_Q]:%Jr_ uNauNTk(m) de = vi? (t)

ot e J_y Ox

Recall that
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N
N 1 N
uE?(t)za 3 @ K)ay(t) -
oh% even

The specification of the nonlinear term requires a little more work. In-
troducing the expansions for un(x,t) and its derivative we obtain

2 1 aU,N 1
s 1uN o Tk(w)mdw—

alM (t T1(2) T () ——e dir .
2/ Zu T, ()i o) Tilr) s o

The identity for Chebyshev polynomials

Ta(@)Ti(2) = 5 (Toa(®) + T (@)

yields

1z / (08 (1) (Tast (@) + Ty (2)) Ti(2) s dc =

<
~—
—
—
—~
~
~—
I

205 () .

c p=l+1
p+1 odd
This establishes the equations for the first NV — 1 expansion coefficients,
Gg(t). The remaining two are found by enforcing the boundary condi-
tions as
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N N
Y an(=1)" = ant) =0,

and the initial conditions are given as

1
Vne N =200 = = [ f@Tu(e) ==z do

Although the tau method avoids some of the problems of the Galerkin
methods and allows for the development of fairly simple and efficient
methods for solving the partial differential equation it is primarily being
used for the solution of linear elliptic equations. Th e main reason
is that the tau method still suffers from the need to derive equations
for the expansion coefficients for each individual problem. For variable
coefficient or nonlinear problems this process may be very complicated
and in many cases impossible. However for linear constant coefficient or
special cases of variable coefficient /non-linear problems the resulting tau
method is as good as any other polynomial based approach for solving
partial differential equations.

7.1.3 Collocation Methods

The problems involved in deriving Galerkin and tau schemes for partial
differential equations can be attributed to the need to obtain equations
that describe the temporal development of the expansion coefficients as
a function of the expansion coefficients themselves. This involves the
projection of the residual onto a polynomial space, resulting in a need
to evaluate one or several integrals which may well be very complicated.
This is in particular true when one considers variable coefficient or non-
linear problems.

The collocation method, on the other hand, deals with linear, vari-
able coefficient and nonlinear problems with equal ease, however, at the
expense of introducing a grid and, thus, the associated aliasing error.

The appropriate choice of the grid on which to satisfy the equation
depends on the actual problem being considered. However, as we are
considering initial boundary value problems it seems natural to require
that the grid includes the boundary points to allow the enforcement of
the boundary conditions. This requirement suggests that the Gauss-
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Lobatto quadrature points is the most natural set of grid points to be
used with polynomial collocation methods and this set of grid points is
indeed the choice in the vast majority of spectral schemes developed to
date.

We wish to reiterate that there are generally two sets of grid points
to choose in connection with formulating a collocation scheme. One set
is associated with the polynomial space, By, and are the grid points
on which the polynomial solution, up, is based. For accuracy these are
often taken to be some set of Gauss quadrature points. The other set, on
which we require the equation to be satisfied, is generally independent
of the former grid and can be chosen with other objectives that accuracy
in mind, e.g., stability. However, they are often taken to be the same
and we shall also restrict the attention to this case in the following. We
stress that this in one among many choices only.

Let us assume that we choose to construct our collocation method
based on the Gauss-Lobatto quadrature points for the polynomial family,
Pl (z), given as

Vi€ [0,N] a; = {x|(1 — (P (z) = o}

The nodes, z;, are assumed ordered such that -1 =2y < z; < ... <
ry_1 < zy = 1. Note that although the present discussion is centered
around the use of Gauss-Lobatto points, the development of collocation
methods based on other grid points, e.g., the Gauss or Gauss-Radau
quadrature points, follows an equivalent route.

We shall seek solutions, un(z,t) € By, to Eq.(7.1) of the form

N N
un(@,8) =Y Gn(O)n(e) = D un(a;, )l;(x) |
n=0 j=0

where the space, By, in which we seek solutions is given as
By = {span{zj(x)};io IB_un(=1,t) =0, Biun(l,t) = o}

We assume that the discrete expansion coefficients, @y (t), are found
using the Gauss-Lobatto quadrature rule

N
. 1 a
iin(t) = 5 > un(wj, )P (aj)w;
L,
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where w; refers to the Gauss-Lobatto weights, Chapter 6.3.2. We re-
call that using the Gauss-Lobatto quadrature rule we may also express
the polynomial, un(x,t), using the interpolating Lagrange polynomial,
l;(z), based on the Gauss-Lobatto quadrature points
Introducing the residual
8uN
RN(I',t) = W - EUN(I',t) )

we proceed by requiring this to vanish exactly at the interior grid points,
Zj, as

Vjie[l,N —1]: InRn(z;,t) =0 ,

leading to the N — 1 equations

0
| = Cal,

Tj

Vje[l,N—1]:

with the additional requirements that
B_u(zg,t) =0 , Biu(zy,t)=0 .

This results in N + 1 equations for the N + 1 unknowns which are the
grid point values. The initial conditions are obtained as un(z;,0) =
INf(:L‘j).

It is instructive to reiterate the differences between the Galerkin/tau
methods and the collocation method. In the former two cases we require
the residual to be orthogonal to some specific polynomial space and the
unknowns are the expansion coefficients. In the latter case we request
that the residual vanishes at all interior collocation points and the un-
knowns are in this case the value of the solution at the grid points. As
interpolation is much easier than projection, the collocation schemes are
derived in a more straightforward manner.

Let us now consider a few examples similar to those discussed in detail
for the Galerkin and the tau methods.

Example 36. Consider first the linear hyperbolic problem
ou Ou

at ~ dx

where we assume that u(z,t) € L% [—1,1] and the solution is subject to
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the boundary condition
u(l,t) = h(t) ,

with the initial condition u(z,0) = f(z).
We shall solve the problem using a Chebyshev collocation method
and choose to use the Gauss-Lobatto quadrature points

Vj€[0,N]: z; = —cos (%]) ,

to define the polynomial space as well as those points on which to satisfy
the equation.
We seek a solution, uy(z,t) € By, of the form

N N
un(@,t) =Y G (OTn () = > un(aj, t)li(x)
n=0 j=0

where the discrete expansion coefficients are given as
N

2 1
—un(x;)Th(z;

. N j—oE' N( J) n( ]) )

Un(t) =

=

where g = ¢y = 2 and ¢, = 1 otherwise. Alternatively, the polynomial
solution can be expressed through the interpolating Lagrange polyno-
mial as

(=17 (1 — 2*)TN (x)
¢ N?(z — x;)

li(z) =

We now require that the residual

0 0
R(e,t) = 5% = 22,

vanish at all interior grid points as

. ou
Vje[0,N —1]: INRn(x;,t) = a—zv

J

yielding N equations

Vjeo,N—1]: = Iy
zj

Tj
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The computation of the derivative at the quadrature points can be ac-
complished in two different ways. One can use

Ou al
N _ ~(1 )
I |, = 2 OTa)

where the discrete expansion coefficients are found through a backward
recursion relation

Cnfl’[lgll_)l(t) = ﬁg}_l(t) + 21’L’L~Ln,1(t) .

Alternatively, we may compute the derivative through the introduction
of the differentiation matrix, D, as

ou al
INa—;V :ZDjiUN(l'i;t) .
T i=0

i

The final equation is simply given through the boundary condition as
un(zn,t) = h(t) ,

with the initial condition becoming

un(z;,0) = Inf(z;) = f(x;) -

The hyperbolic problem is one of the cases where the Gauss-Radau
quadrature points are useful as the boundary condition need to be en-
forced at one boundary only. The development of such a scheme follows
the approach for the Gauss-Lobatto method exactly with the only dif-
ference being in the computation of the discrete expansion coefficients
and the entries of the differentiation matrix.

Let us consider another example of a polynomial collocation method for
the solution of a partial differential equation.

Example 37. Consider the linear parabolic problem

ou _
ot oz’

where u(z,t) € L*[—1,1]. We ask that the solution obeys the boundary
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conditions

B_u(-1,t) = aqu(-1,t) — ﬂlw =g(t)
Biu(l,t) = asu(l,t) + BQ% = h(t) ,

where the necessary bounds for well posedness on ay, 1, as, B2 are dis-
cussed in Ex. 33. As initial condition we have u(z,0) = f(z).

We consider a Legendre Gauss-Lobatto collocation method suitable
for solving this problem and seek solutions, uy(z,t) € By, of the form

N
UN(x>t) = ZUN(I'j,t)lj(l') 3

where [;(z) signifies the interpolating Lagrange polynomial based on the
Legendre Gauss-Lobatto quadrature points given as

Vi €[0,N]: z; = {z|(1 — 2?) Py () =0} .

We choose the points to constrain the solution on and require that the
residual

8uN 62’LLN

Rn(z,t) = ot oz

vanishes at interior points, yielding the N — 1 equations

dun(z;) o
Vje[L,N—1]: % =5 DY un(ai, ) .
=0

Here D®) represents the second order differentiation matrix based on
the Legendre Gauss-Lobatto quadrature points.

The final two equations needed to obtain the full solution has to be
obtained from the boundary conditions. If we introduce the first order
differentiation matrix, D, and requiring the boundary condition to be
obeyed exactly we have

N
arun(wo,t) — B1 ¥ _ Dojun(@j,t) =g(t) ,
i=0
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N

CKQUN(I‘N,t) + 62 ZDNjUN(mj;t) = h(t) .
=0

This yields a 2-by-2 system for the computation of the boundary values
as

N—1
(a1 — B1Doo)un(xo,t) — B1Donvun(zn,t) = g(t) + B Z Dojun(z;,1)
j=1
N
BQDN[)UN(ZE(),t) + (012 + BQDNN)UN(.TN,t) = h(t) — fs Z DNjuN(a:j,t) .
=1

In this way the boundary conditions are enforced exactly. Note that in
the case of Dirichlet boundary conditions, i.e. 81 = B3 = 0, the scheme
becomes equivalent to the approach discussed for the hyperbolic problem
in the previous example.

Example 38. Consider Burgers equation

ou Ou_ Ou
ot " or  Uoz2

where u(z,t) € L2 [—1,1] and the boundary condition are
u(=1,t) =u(l,t) =0 .

The initial conditions are u(z,0) = f(z).
We solve the problem using a Chebyshev collocation method based
on the Gauss-Lobatto quadrature points

Vj€[0,N]: z; = —cos (%]) ,

and seek a solution, uy(z,t) € By, of the form

N

N
un(@,t) =Y Gn(OTn(2) = > un(zy, t)l;(x)

Jj=0

where the discrete expansion coefficients, @, and the interpolating La-
grange polynomials, /;(z), are discussed in Ex. 36.
We require that the residual
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Oupn Oun Pun
R t) = -
N(ma ) ot +un or v or2
vanish at all interior points of the Gauss-Lobatto grid as
. 8uN 8U,N 82UN
\4 1,N-1]: INyR it) = —— T —| —Vv—=
J E[ > ] N N(m]v ) ot Ij+ NUN o ‘z]‘ v ox2 .
This yields the NV — 1 equations
. duN 8uN 82UN
\4 IL,N-1]: —/—| =- i
jell, ] dt o un(j,?) Ox o e o ’

where the spatial derivatives are obtained in one of two ways as

dun a0 N
W = Z’u,n (t)Tn(l']) = ZDjiUN(xiyt) )
T n=0 i=0
and
0*un Al ~(2) al (2)
S| = AP OT(ay) = Y D un(ait) -
xj n=0 i=0

Here D and D signifies the differentiation matrices of first and second

(1)

order, respectively, and the expansion coefficients for the first, @, ’(¢),
and second order, a£f) (t), derivative are obtained by the repeated appli-
cation of the backward recursion

Cn,1ﬁ5321 (t) = ﬂgllJ)rl (t) + 2m)n,1(t) .
The final two equations are obtained from the boundary conditions as

un(zo,t) = un(zn,t) =0 .

This last example illustrated the ease by which collocation methods are
developed for solving nonlinear problems, contrary to the case for the
Galerkin and tau methods which both required considerable work just
to be derived. The price for choosing the collocation method is the
requirement of a grid and the introduction of the associated aliasing
error. However, for many problems there is no real alternative to using
the collocation method as the equations for the expansion coefficients
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required for the Galerkin and tau methods are impossible to obtain.

7.2 Polynomial Methods on the Unbounded Interval
7.2.1 Laguerre Based Methods on [0, x].
7.2.2 Hermite Based Methods on [—o0, x0].
7.3 Connecting the Methods

When seeking approximate solutions to partial differential equations an

interesting question to raise is what equation is actually being solved,

i.e., consider the equation of which the obtained solution is an exact

solution in a pointwise sense. Such results sheds some light on the con-

nection between the Galerkin, the Tau and the Collocation methods.
The differential equation we aim to solve is given on the form

0
8—1: = Lu(z,t) ,
while the numerical solution is obtained by solving the equation
0
% = Lyun(z,t)

where Ly = PnLPy is the approximation of the operator, £. The
residual, or the error equation, is defined as
6UN
Ry (z,t) = o Lun(z,t) = (Ly — L)un(z,t) .
In the literature of finite differences this equation is frequently referred
to as the modified equation. Our interest is here to derive explicit forms
of Ry (x,t).

In the following we shall, as an illustration, derive this residual on
explicit form for Chebyshev approximation of linear hyperbolic and
parabolic problems. The process for other schemes and choice of ba-
sis is equivalent.

7.3.1 The Hyperbolic Problem.

Consider the linear hyperbolic problem

ou _ ou
ot oz’
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subject to the boundary condition, u(1,t) = 0, and with the initial
condition, u(z,0) = f(x).

We begin by considering solution of the problem using a Chebyshev
Galerkin method as discussed in Ex. 29, i.e., we require the residual to

vanish as
! 1
Vk:EO,N:/R ) (T —1)——dx =0 .
0.N]: [ By D(T(e) ~ 1)

It is easily verified that

N | =

N
+ ) Tu(x)

satisfies this equation. Since Ry(z,t) € By is must be proportional
to this sum. To determine the constant we observe that as un(1,t) is
constant we obtain

_ 8U,N

Y

z=1

and the error equation for the Chebyshev Galerkin method becomes

1 N

This is the equation being solved exactly. This emphasizes that Pyu #
un, i-e., the computed solution is generally not the projection of the

Ouny Oun 2 Oun

ot ~ dx 2N+1 Oz

(7.4)

=1

exact solution, even for a problem as simple as the wave equation.
Let us also consider the Chebyshev tau method, for which the error
equation becomes
8uN a’LLN

5 om =7(t)Tn(z) ,

since un(z,t) € By. Again using that

. 6UN

Ry(1,t) = o

Y

z=1
we recover the error equation for the Chebyshev tau method as

dun _ dun  Oun

ot ox ox
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Recall that the Chebyshev Gauss quadrature points of order N — 1 are

the roots of T (), i.e., the Chebyshev tau method is equivalent to some

Chebyshev collocation method of order N —1 based on the Gauss points.

Let us finally consider the error equation for the Chebyshev colloca-

tion method. If we first consider the Chebyshev Gauss-Lobatto method
we obtain the error equation as
6uN a’LLN

5 s - T(t)(1+2)Tx(z) ,

since the remainder must vanish at all interior nodal points. Using

_ 8uN

Rn(1,1) = oz

)
z=1

we immediately recover the error equation for the Chebyshev Gauss-
Lobatto method as

8U,N 8U,N 1 8uN

ot  dxr 2N2? Oz

(1+2z)Txh(z) .

z=1

Let us instead consider the Chebyshev Gauss-Radau method, where the
quadrature points are given as

Vj€[0,N]: y; = —cos <M> ;

2N +1

i.e., ynv = 1 is included in the nodal set. If we now consider the polyno-
mial
sin [(N + %) cos™! z]

2sinicos—!z

1 X
pN(z) =5+ Ta(z) = ,
n=1
then it may be verified that pny(y;) = 0 at all the interior points, while
pn(l) = N + % Hence, it follows directly that the error equation for
the Chebyshev Gauss-Radau method is given as

duy  Oduy 2 Oun 1 &
gt  9r aN+1 0z |,_, §+T;T"(x)

It is thus equivalent to the error equation for the Chebyshev Galerkin
method, Eq.(7.4). In other words, the Chebyshev Galerkin method and
the Chebyshev Collocation method based on the Gauss-Radau quadra-
ture points are identical as they are solving the same equation exactly.
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7.3.2 The Parabolic Problem.

Let us also consider the error equation when solving parabolic problems
of the type

ou_ o
ot 0x2

subject to the boundary condition
u(—1,t) =u(l,t) =0 ,

and the initial conditions, u(z,0) = f(x).

We begin by considering the error equation for the Chebyshev Galerkin
method with a basis as ¢, (z) = Ty11(z) — T,—1(z). Proceeding exactly
as for the hyperbolic problem we realize that the remainder can be writ-
ten as (N assumed even, but similar for odd)

N N-1
1
Ry(z,t) = A(t) ) —Talz) + B(?) Y Tul@)
n"(:rgn " nno=dld

which is orthogonal to ¢, (z) for n € [1, N — 1]. The two constants are
recovered by enforcing the boundary conditions as

62’LLN
Ox?

RN(:t]-)t) ==

+1

This yields the error equation for the Chebyshev Galerkin method as

8uN _ 8QU,N 1 82UN 8QU,N N 1
ot 9r2  N+1\ 922 | " 022 |, Z:O on In(@)
1 82UN 62’LLN =
B N( x|, oz |_, ; Tu(@) -
n odd

The error equation for the Chebyshev collocation method based on the
Gauss-Lobatto quadrature points is recovered by exploiting that the
remainder must vanish at all the interior collocation points. This allows
us to recover

Ry(z,t) = A(t)(1 + 2)Tn(z) + B(t)(1 — )T (z) .
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Applying the boundary conditions directly yields the error equation for
the Chebyshev Gauss-Lobatto method as

8U,N 82UN 1 8211,]\[ 82UN

_ _ i _1\N+1 _ !

)

Unlike the case for the hyperbolic problem, there is no direct relation
between the different methods.

7.4 Stability of Polynomial Methods
7.4.1 Polynomial Methods on a Finite Interval

7.4.1.1 Stability of Galerkin and Tau Methods
7.4.1.2 Stability of Collocation Methods
7.4.2 Polynomial Methods on an Unbounded Interval

7.4.2.1 Stability of Galerkin and Tau Methods
7.4.2.2 Stability of Collocation Methods

Exercises
1. Consider
ou ou
E+(2+ )%—0 , ¢e[-1,1] ,
with

u(l,t) =0 , u(z,0) = f(z) .
Construct a Legendre-Galerkin method for the problem.
2. (Continued) Construct a Legendre-Tau method for this problem.

3. (Continued) Construct a Legendre-Collocation method based on this us-
ing Legendre-Gauss-Lobatto quadrature points for both approximating
the solution and satisfying the equation.

4. (Continued) Construct a Legendre-Collocation method using the Legendre-
Gauss quadrature points to represent the solutions and the Legendre-
Gauss-Radau points to satisfy the equation.

5. Consider

ou  %u
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Assume the general boundary conditions take the form

0 ?
atu(+l,t) + B = + v+ 8—;;

9t |, = f+(t) ,

r==+1

where the constants a+, S+ and v+ are chosen to ensure wellposedness.
Formulate a Chebyshev-Tau scheme to solve this problem.

6. (Continued) Formulate Chebyshev-Collocation methods to solve this prob-

lem.
7. Consider
Ju Ou
b ed -1,1
ot ~ oz C €L
and

w(l,t) =0, u(z,0)= f(z) .
Assume that we seek solutions uny € By of the form

N-1

un (z,t) = (1= 2) > un(@;,t)l(x)

j=0
where z; are the Chebyshev-Gauss points of order N — 1.
If we require that the residual vanishes at the Chebyshev-Gauss points,

show that the resulting scheme is equivalent to a Chebyshev-Tau method
of order N.
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Spectral Methods for Non-Smooth Problems

So far we have focused almost exclusively on problems with a minimal
degree of smoothness, i.e., at least continuous in a classical sense. Indeed,
as spectral methods are centered around the use of expansions of the
unknown solutions in terms of smooth polynomials, one could think
that such high-order methods are less interesting when one attempts to
solve problems containing genuinely discontinuous solutions.

While it is true that the straightforward use of spectral methods works
best when considering smooth problems there are a number of important
reasons for considering the use of spectral methods for truly discontin-
uous problems. To illustrate this, let us consider an example.

Example 39. Consider the scalar hyperbolic equation

% = —271'% , (8.1)
u(0,t) = u(2m,t) ,
and assume that we wish to advance the initial conditions using an odd
Fourier collocation method with N = 64 grid points in space and a
4’th order Runge-Kutta method in time with a time-step well below the
stability limits.
Let us also take the initial condition as

T 0<z<m
r—2nm<z<2r

)

ute,0) = {

and assume that it is periodically extended. Clearly, u(z) has a sharp

271
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figure 8.1. a) The initial saw-tooth function and the associated discrete
Fourier series approximation. b) The saw-tooth function and the convected
Fourier approximation at ¢ = 100 obtained by solving Eq.(8.1).

discontinuity at z = 7.

In Fig. 8.1 we plot the computed approximation to the convected
saw-tooth function at ¢ = 0 and after 100 periodic revolutions.

From this simple experiment we may observe a number of central
issues related to the spectral solution of discontinuous problems. Al-
ready at ¢t = 0, i.e., in the initial approximation, do we observe some
very strong oscillations in the approximations and it is clear that the
approximation is not very good in the neighborhood of the discontinuity
although the steep gradient characterizing the discontinuity is fairly well
represented.

On the other hand, by inspecting the computed solution after very
long time, in this case at ¢ = 100, we realize that the discontinuity
remains to be well approximated even after very long time and that
only little smearing of the initial front can be observed.

While the example clearly illustrates that the initial approximation
of non-smooth functions introduces very significant oscillations in the
approximation it is remarkable that the superior phase properties of the
spectral methods remains intact, hence allowing for the very accurate
advection of the initial waveform observed in Fig. 8.1.

Inspired by the above example, we shall devote this chapter to an
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analysis of the above example. In particular we shall discuss in detail
the appearance of the oscillations, known as the Gibbs phenomenon, and
the non-uniform convergence that appears as a result of this. This dis-
cussion shall consider not only the Gibbs phenomenon in trigonometric
and polynomial expansions but also the implications of the oscillations
on the stability of general spectral methods.

The second part of this chapter is devoted to techniques that will
allow us to overcome or at least decrease the effect of the Gibbs phe-
nomenon when solving general partial differential equations. A very
powerful tool in this respect is the use of filters and we shall discuss
these techniques in detail before we turn to the development of a gen-
eral theory that shall allow us to recover exponentially convergent series
for piecewise continuous problems such as to completely overcome the
Gibbs phenomenon.

8.1 Trigonometric Approximation of Non-Smooth
Problems

Let us begin by considering the behavior of trigonometric expansions of
piecewise continuous functions. Prior to obtaining estimates for the con-
vergence of the Fourier series for the approximation of such problems,
let us return to Ex. 39 and consider solely the initial approximation
problem.

Example 40. Consider again the function

u(r) = ;

x 0<z<m
r—2rm<x<27m

and assume that it is periodically extended. The continuous Fourier
series expansion coefficients are found as

o [i(=D)I"l/nn#0
“"‘{0 n=0

In Fig. 8.2 we show the Fourier series approximation to wu(z) and
observe strong oscillations around the discontinuity while the approxi-
mation converges, albeit slowly, away from the discontinuity. Note that
the oscillations around the point of discontinuity persists when increas-
ing the resolution. The convergence of the approximation away from the
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figure 8.2. On the left we show the continuous Fourier series approximation of
a discontinuous function illustrating the appearance of the Gibbs phenomenon.
The figure on the right displays the pointwise error of the continuous Fourier
series approximation for increasing resolution. Note that the value of the
pointwise error at the discontinuity corresponds exactly to (u(m+)+u(r—))/2.

discontinuity is also confirmed in Fig. 8.2 where we plot the pointwise
error. We find linear convergence at most in correspondence with the
decay of the expansion coefficients.

As we clearly observe from Fig. 8.2 the error at the discontinuity does
not disappear as we increase the resolution. Thus, the approximation
is no longer pointwise convergent although it remains convergent in the
mean as a result of completeness as discussed in Chapter 4. This may
also be seen by directly estimating the L2-error using Parseval’s identity,
Eq.(4.1.5), as

1 1
||U’_PN’U’||L2[0,2W] = Z 2 X,
In|>N

i.e., the approximating is convergent but at an extremely slow rate. Al-
though the function is smooth and periodic away from the discontinuity,
the global rate of convergence is dominated by the presence of the discon-
tinuity. It is this characteristic oscillatory behavior in the neighborhood
of a discontinuity of a truncated Fourier series of a non-smooth function,
u(z), that is known as the Gibbs phenomenon.
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8.1.1 The Gibbs Phenomenon.

Let us in the following consider the phenomenon in a little more detail.
We introduce the truncated symmetric Fourier series sum as

N/2
Pru(z) = E Unexp(ine)
n=—N/2
where the continuous expansion coefficients are recovered as
1 2w

ln = 5 ; u(z) exp(—inz)dz .

The behavior of the truncated approximation for a piecewise continuous
function is given as follows

Theorem 6. Every piecewise continuous function, u(z) € L?|0,2n],
has a Fourier series which is pointwise convergent as

PNU(JJ)_)M as N — oo .

Proof: ~ We begin by writing the truncated series as

N/2

1 27 ] ]
Pru(z) = o Z (/ u(y) exp(—iny) dy) exp(inx)
n=—N/2 0
1 21 N/2
=o- | ul) | D ewlin(z—y)| dy
T Jo n=—N/2
_L [ Dy (t)u(z —t) dt
B 27 T—2m N o ’

where we have introduced the Dirichlet kernel

N/2 .
Dn(t) = nzz;w exp(int) = W (8.2)

The Dirichlet kernel can be viewed as the projection of a delta function
onto the space spanned by the Fourier basis and is an even function in
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figure 8.3. The normalized Dirichlet kernel for various values of N.

t which oscillates while changing signs at ¢; = 275 /(N + 1). The kernel
is shown for illustration in Fig. 8.3 for increasing values of V.

Due to the strong oscillatory behavior away from the origin, we may
also assume that the main contribution of the integral originates from a
narrow region around zero, i.e.,

1 €

Prnu(z) = py Dy (t)u(z —t)dt

—€

where € < 1. Since u(z) is at least piecewise continuous we may also
assume that u(z —t) ~ u(z~) for 0 < ¢ < ¢ and u(z — t) ~ u(z™) for
0 >t > —e with at most a jump at ¢ = 0. If we in addition assume
sin(t/2) ~ t/2 we recover the result

“sin[(N 4+ 1)t/2
(u(m+)+u(ar))/ Mdt .

0

Prnu(x) ~

3|~

However, since

s t s S

1 [ si 1
:—/ %ds:— as N — oo,
0 2

£ o (N+1)e/2
1/ sin[(N + 1)t/2] gt — 1/ sins
0 0

this implies the asymptotic result
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SRR Cul s Cu

thereby concluding the proof. QED

Thus, pointwise convergence to the average is ensured. However, the
important point is that the convergence rate is non-uniform close to a
discontinuity. To see that, let us consider the behavior of the approx-
imation in the neighborhood of a discontinuity at zy and express the
limit of Pyu(x) as

2z 1 [° 2z
—_— |~ — Dn(t — —t | dt .
7>Nu<:ro+N+1> 271'/,5 N()u<xo+N+1 )
Again utilizing the local nature of the Dirichlet kernel as in the proof of
Theorem 64 we arrive at the asymptotic result for NV — oo

Pru <m0+ 2z >_u(a:0+) /Z sinsds+u(w5) /°° sinsds
z

N+1 T oo S T s

2

1 _ 1 N
~ () +uleg) + () — uleg )SiC2)
Here we have introduced the Sine integral function, Si(z), which we recall

is defined

. “sins o T . .
Si(z) = /0 . ds ZILH;o Si(z) = 5 Si(—z) = —Si(z) ,
and is plotted in Fig. 8.4 for the purpose of illustration. Clearly, for a
smooth function we recover the pointwise convergence result. However,
for a piecewise smooth function with a jump at zy, we have Pyu(z) —
tu(zd) + u(zy)) = O(1) provided z — zp = O(N™!), ie., z is con-
stant such that Si(z) ~ /2. Consequently, in the neighborhood of the
point of discontinuity we must expect non-uniform convergence, while
the convergence is linear away from .

The maximum size of the overshoot occurs where the Sine integral
has its maximum as happens for z = 7 where

1
—Si(m) = 0.58049 .

Thus, the maximum overshoot /undershoot at a point discontinuity asymp-
totically approaches
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figure 8.4. The Sine integral function, Si(z).

un () — u(zy) ~ 0.08949(u(zd) — u(ry)) .

Hence, it is approximately 9% of the magnitude of the jump, and hap-
pens approximately for ¢ = zo+27/(N+1). Let us conclude this section
with a few examples.

Example 41. Consider again the function from Ex. 40

w(z) = T 0<zxz<m
T lrz-2rm<a<2n

)

and assume that it is periodically extended. Clearly, u(z) has a sharp
discontinuity at £ = 7 and using the theory just developed we recover
that the maximum overshoot around xy = 7 should be

|Prnu(z) — u(n®)| ~ 0.08949u(rt) — u(r )| = 0.08949 27 ~ 0.5623 ,

which corresponds well with the results displayed in Fig. 8.2.

Example 42.
Counsider the unit step function, u(x), defined as
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1

u(m)_{ ;0<z<m '

and assume that it is periodically extended. The continuous Fourier
series expansion is found as

2 i": sin(2k + 1)

ulz) = = 2% + 1

k=0

The simpleminded approach would be to look for the extremum of the
truncated expansion,

found through the derivative

sin2(N + 1)z

Tsinx ’

N
2
Pyu'(z) = = =
Nu' () - Z cos(2k + 1)z
k=0
which is zero for z = 7/(2(N + 1)). If we insert this into the trun-
cated expansion one obtains, through the use of the Riemann sum, the
asymptotic result

N gin (2k+1)m

1 SN+ 1/1 sin 7t 1.
= ~ — dt = —Si(r) = 0.58949
PO SN 2 Tk ¢ T ’

which is exactly what we would expect from the more general analysis,
since x approaches g = 0 linearly and the size of the jump is one.

So far we have only considered the Gibbs phenomenon and its behav-
ior in the continuous expansions. However, as we have discussed exten-
sively in Chapter 4, the convergence behavior of the discrete expansion
is very similar, if not in quantitative terms, then certainly in qualitative
terms. Indeed, the Gibbs phenomenon appears in the discrete expan-
sions with characteristics similar to those discussed above. This is most
easily understood by recalling that the sole difference between the dis-
crete and the continuous expansions comes in through the aliasing error.
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While we are unable to directly quantify this for non-smooth problems
it is clear that one should expect the two types of expansions to yield
similar results in the asymptotic limit, which is where we arrived at the
results discussed above.

8.2 Filters

The slow and nonuniform convergence of Pyu(z) for a piecewise contin-
uous function can be traced to two facts

e The linear decay of the expansion coefficients.

e The global nature of the polynomial approximation where the expan-
sion coefficients are obtained by integration/summation over the full
domain, including the point(s) of discontinuity.

These two factors are clearly not independently contributing to the
Gibbs phenomenon but rather two different manifestations of the same
phenomenon. However, in trying to resolve the Gibbs phenomenon, two
different approaches can be taken each associated with one of the inter-
pretations of the source of the oscillations.

Let us first consider the truncated continuous polynomial approxima-
tions as

N

Pru(z) = uf(z) = Y o(n)ingn() (8:3)

n=0

where 1, are the usual continuous expansion coefficients and the pa-
rameter o(n) with n = n/N represents the filter. Utilizing the definition
of the continuous expansion coefficients, we obtain the physical space
approximation as

ufy(z) = / u(y)w(y)S(,y) dy |

where we have introduced the filter function

N

S(z,y) = Za<n>%¢n<m>¢n<y> . (8.4)

n=0

If we assume that o(n) = 1, the filter function can be summed exactly
using the Christoffel-Darboux identity for polynomials in which case
we realize that S(z,y) is nothing more than the polynomial Dirichlet
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kernel. This also emphasizes that the Dirichlet kernel is nothing more
than the continuous equivalent of the cardinal functions, or Lagrange
polynomials, discussed thoroughly in Chapter 4 for Fourier series and in
Chapter 6 for the general case of orthogonal polynomials. Hence, any
action taken on the behavior of the Dirichlet kernel can be expected to
have a similar impact on the cardinal functions.

In the case of trigonometric expansions this simplifies considerably
since

N/2

S@) =Y alnexp(ing) | (85)

n=—N/2

which we recall as the very oscillatory Dirichlet kernel shown in Fig. 8.3.
For reasons that will become apparent in Sec. 8.2.2, the filter, o(n),
is defined as follows

Definition 8. A real and even function o(n) € C91 1[—o0, 0] is called
a filter of order q if it has the following properties

a)

om =0 for |n|>1.
b)

o(0)=1 and o(1)=0 .
c)

vmell,...,q—1: ¢™(0)=c"(1)=0 .

Equations (8.3)-(8.4) suggest, as mentioned briefly in the above, that we
can think of at least two different ways of designing and implementing
filtering. Equation (8.3) suggests that by enhancing the decay of the
expansion coefficients, e.g., by choosing o(n) decaying for increasing n,
would result in a faster convergent series. This line of argumentation,
however, is not without traps as modifying the expansion coefficients
has global consequences. Hence, the aim of the analysis is devise filter
functions, o(n), that has only a localized effect on the approximation
which otherwise must remain unchanged in smooth parts of the function.

One way to attempt to overcome this apparent problem with localized
modifications of a global expansion is to turn the attention to direct



282 8. Spectral Methods for Non-Smooth Problems

modifications of the physical space Dirichlet kernel, Eq.(8.4). Since the
highly oscillatory behavior of the Dirichlet kernel is a representation of
the global nature of the approximation, one could attempt to specify
o(n) with the aim of localizing the influence of S(z,y). This, however,
requires one to specify o(n) in a very delicate fashion such as to minimize
the oscillations of S(z,y) away from = y in some prescribed manner.
Moreover, localizing the kernel too dramatically essentially reduces the
order af the scheme thereby counteracting the effort of devising high-
order methods. As it turns out, proper localization of the Dirichlet
kernel is at least as complex as that of increasing the decay rate and it
is indeed the latter procedure that has received most of the attention in
the past.

In the following we shall therefore mainly utilize the first interpre-
tation although deriving the modified associated Dirichlet kernel, as is
possible in a few cases, will be seen to yield additional information about
the observed behavior of the filter functions.

8.2.1 A First Look at Filters and Their Use.

As we have realized, the Gibbs phenomenon results in very slow decay
of the expansion coefficients. Thus, it seems natural to apply filters
in an attempt to attenuate the high order coefficients with the aim of
increasing the rate of convergence away from the discontinuity. However,
care has to be taken when doing so. The high order expansion coefficients
carry important information concerning the behavior of the function
close to the discontinuity, and this information should not be wasted.
Too strong a smoothing procedure results in a strongly smeared function,
thus rendering the approximation less useful.

In this section we shall take a first practical look at the use of fil-
ters and the associated implications. For the sake of simplicity we shall
restrict the examples to continuous Fourier series. While the results cer-
tainly are quantitatively different from those obtained when considering
filtering of polynomial expansions, the results are nevertheless qualita-
tively similar and provides a good background for understanding the
central implications of using filters in general cases.

Example 43 (Cesaro Filter). This filter represents an arithmetic mean
of the truncated series as
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figure 8.5. Effects’@n the smoothness of the approximatiéfi when applying
various filters to a Fourier approximation of a discontinuous function. Upper
left) Un-filtered approximation. Upper right) Ceséro filtered approximation.
Lower left) Raised cosine filtered approximation. Lower right) Lanczos filtered
approximation.

0(77):1_77 )

and is only a linear filter. In Fig. 8.5 we have plotted the Cesaro filtered
Fourier series approximation of the discontinuous function introduced
in Ex. 40 and compare it with the un-smoothed approximation. We
observe that the Cesaro filter inhibit the Gibbs phenomenon close to
the discontinuity, however, it also produces a heavily smeared approx-
imation to the original function. In Fig. 8.6 we plot the point-wise
error of the filtered approximation, and note that only little is gained
in accuracy away from the discontinuity as compared to the un-filtered
approximation.

A further understanding of the effect of the Cesaro filter can be ob-
tained by considering the modified Dirichlet kernel, Eq.(8.5), as
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S(l’) sin(z/2)

sin((N/2+1)z/2)
_ 2 TEID 041,42,
N+21|1 T = 27p

We observe, among other things, that S(z) > 0, i.e., the Cesaro filtered
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figure 8.6. Pointwise errors of the approximation when applying various
filters to a Fourier approximation of a discontinuous function. Upper left)
Un-filtered approximation (Note different scale than the rest). Upper right)
Ceséro filtered approximation. Lower left) Raised cosine filtered approxima-
tion. Lower right) Lanczos filtered approximation.

Fourier series approximation can be expected to be non-oscillatory in
physical space as observed in Fig. 8.5. However, if we consider the
first zero of the modified kernel it appears at © = 4w /(N + 2) while
the original Dirichlet kernel has it first zero at © = 2n/(N + 1). A
consequence of this is that we should expect a significant smearing of
the discontinuity as we observe in Fig. 8.5. Indeed, the smearing is so
severe that we loose the ability to accurately identify the location of the
discontinuity, in reality reducing the Cesaro filter to a tool of analysis
only.
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Example 44 (Raised Cosine Filter). This filter is given as

1
o(n) = 5 (1 +cos (mm))
and is formally of second order. In fact the application of this filter is
equivalent to taking the spatial average as

L Ut + 211,]' +uj—1
uj ~ 1 ,

as is realized by deriving the modified kernel, Eq.(8.5), on the form
1 27 27
S(l‘) = Z |:DN (1‘ — N) +2DN(1') +DN (1’+ F>:| ,

where the Fourier kernel, Dy (z), is given in Eq.(8.2).

From Fig. 8.5 we observe that the Cosine filter does not inhibit the
Gibbs phenomenon, although compared to the un-filtered approximation
the oscillations are severely reduced. Also, from Fig. 8.6 we find that
away from the discontinuity the approximation error is clearly reduced
by applying the filter.

Example 45 (Lanczos Filter). The Lanczos filter has a filter func-
tion as

sin7n

o(n) = 7r—77 )

and is formally only of first order, although we observe that for n = 0
the filter does satisfy the conditions for being a second order filter. As
is evident from Fig. 8.5, applying a Lanczos filter does not inhibit the
Gibbs phenomenon, although it clearly results in a strong reduction.
From Fig. 8.6 we note that the pointwise error indeed decreases as
compared to the un-filtered approximation. However, the error is slightly
larger than that obtained by using the Raised Cosine filter.

The classical filters being considered so far all lead to a significant re-

duction of the Gibbs phenomenon. However, the convergence of the

pointwise error remains algebraic in N away from the discontinuity.
We could choose to value recovery of exponential convergence away
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figure 8.7. Effects’@n the smoothness of the approximatid when applying
exponential filters of increasing order to a Fourier approximation of a dis-
continuous function. In all cases we used @« = —logey ~ 35. Upper left)
Un-filtered approximation. Upper right) Exponential filter of order 2. Lower
left) Exponential filter of order 6. Lower right) Exponential filter of order 10.

from discontinuity higher than actual removal of the Gibbs phenomenon.
This can be accomplished by applying exponential filters.

Example 46 (Exponential Filters). This family of filters are de-

fined as

(1 ) In| <me

" e () ) >
where « is a measure of how strong the modes should be filtered and
p signifies the order of the filter. Note, that the exponential filter does
not conform with the definition of a filter as put forward in Def. 8
as o(1) = exp(—a).
o(1) ~ O(enr) where )y represents the machine accuracy of the actual
machine.

However, in practice will we chose a such that
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In Fig. 8.7 and Fig. 8.8 we illustrate the effect of applying an expo-
nential filter of various order to the discontinuous function introduced in
Ex. 40. We have chosen o = —logeys, where £;7 is the machine accu-
racy, such that mode |n| = N/2, i.e., n = 1, is completely removed. This
is by no means a unique choice and results in a fairly strong filtering.
We observe that eventhough the Gibbs phenomenon remains, we recover
exponential convergence in N away from the discontinuity. The recovery

N=:

(i

10°

10*

10°—
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lu-Pyul

T
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figure 8.8. Pointwise error of the approximation when applying exponen-
tial filters of increasing order to a Fourier approximation of a discontinuous
function. In all cases we used @ = —logen ~ 35. Upper left) Un-filtered
approximation. Upper right) Exponential filter of order 2. Lower left) Expo-
nential filter of order 6. Lower right) Exponential filter of order 10.

of the exponential convergence has made the exponential filter a popu-
lar choice when performing simulations of non-linear partial differential
equations, where the Gibbs phenomenon may drive an otherwise stable
scheme unstable due to amplification of oscillations appearing from the
Gibbs phenomenon.
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8.2.1.1 The Use of Filters in Fourier Methods.

We may gain a little intuition on the impact of filtering through a simple
analogy. The filtered function, u% (), is found as

N/2

uy(z) = Z o(n)ly exp(—inz) .
n=—N/2

Let us now assume that the filter function, o(n), can be approximated
as

o) ~1+an’,

which is a reasonable approximation for all the filters considered in the
above provided only that n is not too large. Here ¢; is some constant,
specific to the filter.
Let us introduce a new function, v(z), defined as
0%u

v(z) =u(z) + co—

Ozl

and continue by expanding v(z) in a Fourier series as

N/2
Prv(z) ~ Z Un (1l + ca(—in)?) exp(—inz)
n=—N/2
such that by defining
C1
= 1
=GNy S

we have that 4, = 0,. Hence, the effect of applying a filter in the
Fourier expanded function is to modify the function by a small term
proportional to a high order derivative of the function. Consequently,
in point space it will only have a very localized effect around the point
of discontinuity. This corresponds well with what we may observe from
the many numerical experiments shown in the last section.

Let us finally consider the details of how filters can be applied and
implemented in connection with Fourier spectral methods. As we recall,
the use of continuous and discrete expansion coefficients leads to differ-
ent methods and different implementations when computing derivatives.
A similar situation appears for the filtering of Fourier expanded func-
tions.
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Filtering of the Continuous Expansion. The practical use of filter in
connection with the continuous expansions is straightforward as it only
involves summing the filtered series as

N/2

uf= > o (J'VL/|2> i exp(inz) |

n=—N/2
and likewise for the filtered differentiation operators as

N/2

d? nl\ . .
@uj’v = Z o (]lf—/|2> a9 exp(inz) .

n=—N/2

Filtering of the Discrete Expansion. As we have seen previously, there
are two mathematically equivalent but computationally different method
of expressing the discrete expansions, leading to two different ways of
filtering the expansions.

The first method is equivalent to the approach used for the continuous
expansion with the only difference being the use of the discrete expansion
coefficients rather than the continuous ones.

For the second method, involving matrices rather than summation of
series, the scenario is slightly different. Let us first consider the case of
an even number of points as

2m .
l‘jzﬁj R ]E[O,...,N—l] ,

with the corresponding approximation

N—1
Inu(z) =Y u(z))gj(x)
=0
where g;(z) signifies the interpolating Lagrange polynomial given in
Theorem 4.2.2. To recover the filtered approximation

N-1
ufo(@) = ) ulz;)gf (@)

7=0

we need to obtain the filtered version of interpolating Lagrange polyno-
mial. For a general choice of filter and since o(n) is even we may express
these as



290 8. Spectral Methods for Non-Smooth Problems

of@) = 2 S = (75) costnte =)

n=0

where we have introduced the constants ¢ = N = 2 and ¢ =1
otherwise.
This allows for expressing the filtering as a matrix operation

N—1
= Z un(z;)97 (1)

where we note that the filter matrix is a symmetric, Toeplitz matrix.
Likewise, we may obtain matrix forms for the combination of filtering
and differentiation where the matrices have the entries

q), _ 2 ]%2 (in)? cos[n(x; — ;)] g even
B c" N/2 i(in)?sin[n(z; —z;)] ¢ odd ’
such that the filtered and differentiated approximation is recovered di-
rectly as

?

d?
JprUn (@) = ) un(z;)D
j=0

(9),0
lj

We note that D(9>7 has the same properties as D(9), i.e., it is a circulant
Toeplitz matrix that is symmetric for ¢ being even and skew-symmetric
for ¢ being odd.

For completeness we note that the filtered versions of the interpola-
tion Lagrange polynomials and the differentiation matrices for an odd
number of collocation points as

27
P= N
Y; N+IJ,J€[0 N]

are obtained for the above results by setting ¢, = 1 for all values of n.

8.2.1.2 The Use of Filters in Polynomial Methods.

As for the trigonometric expansions, let us attempt to gain a little un-
derstanding of the impact of filters in polynomial expansions. As we
shall see there is a small but very important difference between the two
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cases.
Let us begin by recalling that the expansion coefficients is given as
. 1
Up = 7_n (Ua¢n)w )

and that ¢, is the solution to a singular Sturm-Liouville eigenvalue
problem as

d d

Lon = —%p(w)afﬁn = Anw(x)(bn )

where p(z) is singular at x = +1 and w(z) signifies the weight.
We consider the filtered approximation

N

uy(z) = Z o(n)indn(z) ,

n=0
and assume that the filter function, o(n), may be approximated as
on) =1+en? .

We also recall from Section 6.2 that the expansion coefficients in general
decay as

R 1
Up = m (u(q)7¢n)w )

where
u(g) = o Llig-1)

and u(g) = u(x). Using that A\, ~ n? for the ultraspherical polynomials
we have the leading term approximation as

1
295~
niy = (w(g)s®n),, >

or, in other words, an approximate relation as

1 d? du

N
3 nindn(e) = pa) g

T ypwd dzt

This implies, as in the case of filtering on trigonometric expansions, that
u(z) and its filtered version is related through a high-order derivative as
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li du

uf (@) = un() + pa) g

W dxz
where 2q is the order of the filter. At first, this seems fine. However, by
recalling that p(z) is singular we realize that filtering of the expansion
coefficients in general has no effect on the approximation at the bound-
aries of the domain as the smoothing high derivative vanishes exactly at
x = x1. Hence, filtering of the polynomial expansions only has an effect
in the interior of the computational domain.

Let us finally consider the practical aspects of employing filters in
polynomial expansions, be they based on the continuous or the discrete
expansion coefficients.

Filtering of the Continuous Ezrpansion. As for the Fourier expansions,
the filtering of the continuous expansions is straightforward as it involves
the summation of the filtered series as

u?\f = ﬁ: o (%) ﬁn¢n(m) )
n=0

and likewise for the filtered differentiation operators as

d? a n
Jpa N = Yoo (N) Wt b (@)

where the expansion coefficients of 115{1) can be recovered by using the

backward recurrence relation discussed in Sec. 6.3.1.

Filtering of the Discrete Expansion. As we have two equivalent formu-
lations of the discrete polynomial approximation we may also formulate
two equivalent ways in which to apply a filter.

Utilizing the discrete expansion coefficients rather than the continu-
ous ones yields a method of filtering equivalent to the one discussed in
the above.

However, if we choose to employ the interpolating Lagrange polyno-
mials as the basis of our scheme, the scenario is slightly different. In
this case we have
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N
Inu(z) = Zu(wg)ly(x) )

Jj=0

where z; signifies a chosen set of grid points and /;(z) represents the
associated Lagrange polynomials. Let us for simplicity assume that
the Gauss-Lobatto quadrature points associated with the ultraspheri-
cal polynomials, P (z), in which case the Lagrange polynomials take
the general form

o P (@) Py ()
Yn ’
where w; represents the Gauss-Lobatto quadrature weights given in Eq.
(6.3.17). As we recall from Chapter 6, these polynomials may be ex-
pressed on closed form by introducing the Christoffel-Darboux formula.
To obtain the filtered approximation

N
ufo (@) = Y u@)f @) |

Jj=0

we must form the filtered Lagrange polynomials as

N () (@)
n\ Pn(x)Pr" (x;)
17(x) = w; Za (—) R
J J N ’
n=0 N Tn
which we can not in general express on a simple form. However, in
this formulation, the action of the filter at the grid points is expressed
through a filter matrix as

N
ufe(wi) = Y Fijulz;)
=0

where F;; = l;’(m,) It should be noted that F;; is centro-symmetric as a
consequence of the symmetry of the quadrature points and that a similar
approach can be taken in case Gauss quadrature points is chosen.

Likewise, we may obtain matrix forms for the combination of filtering
and differentiation where the matrices have the entries
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ple) ()
s n ( ) dqpn
’;I) Y Z ( ) An - dx1

Z;

such that the filtered and differentiated approximation is recovered di-
rectly as

da
Trd —uf(z;) ZD

The filtered matrices, DE;?)"’, share the properties of the unfiltered ver-
sions, i.e., they are centro-antisymmetric for ¢ odd and centro-symmetric
when ¢ is even.

8.2.2 Approximation Theory for Filters.

In the previous section we saw that by applying a filter of a given order
p we may improve the convergence of the expansions away from the
discontinuity. In this section we shall prove this result in a more rigorous
sense and, during the development of the proof, attempt to obtain an
understanding of what factors, associated with the filter, are important
in order to obtain an a priori specified convergence rate away from the
point of discontinuity.

For the sake of simplicity we shall restrict the attention to an analysis
of the trigonometric expansions and we shall assume that we have the
first 2V — 1 expansion coefficients of a piecewise analytic function, u,
given and that the function is known to have a point of discontinuity at
x = £&. The aim is to recover the value of the function, u, at any point
in the interval [0, 2x]. For this purpose we introduce a filter o(n) with
the hope that the modified approximation

N

ufy(@) = Y o) exp(ing)

n=—N

where n = n/N, converges faster than the original series

N
= Z Un exp(ine)
n=—N
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Note that we have changed the notation for reasons of simplicity. Fol-
lowing the definition, Def. 8, of the filter, o(n), we have that o(n) =0
for n > N, such that we equally well may express the modified approxi-

mation as
0o
uk(e) = 3 o), exp(ing)
to obtain
1 g2
up(z) = o ; S(z —y)uly)dy , (8.6)

where the filter function is given as

(o)

S(z) = Z o(n)exp(inz) , (8.7)

n=—oo

which is obtained directly by inserting the definition of the continuous
expansion coefficients and rearranging the terms. We remind that z €
[0,27]. Note that this expression is equivalent to Eq. (8.5) provided the
filter is properly defined. Note also that we in Eq. (8.6) have replaced
the truncated series with the actual function, u, thus eliminating the
effect of the truncation.

Prior to continuing, let us introduce the concept of a filter function
family

Definition 9. We define a family of periodic filter functions, Si(z), as

5i(2)

Si—1(2)
2m
Si(z)dz=0, I >1.
0
The filter function defined in Eq.(8.7) leads to several equivalent repre-
sentations of the corresponding filter family as stated in the following
lemma.

Lemma 9. Assume that o(n) represents a filter of order p, as defined in
Def. 8, with the associated filter function
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oo

S(z) =So(z) = Y o(m)exp(inz)

n=-—oo

where n = n/N. The corresponding filter family, S;(z), as defined in
Def. 9, has the following equivalent representations (1 <[ < p);

a)
Sz = S Giln)itexplinz) |
where
o(n)—1
Gz(ﬂ) = (n,,)]l
b)
Si(z) = Nl{l Z /_00 exp (iN(z 4 2mm)n) Gy(n)i' dz .
c)
I=1: Si(z)=z—7+ i o(n)(in) ™" exp(inz)
Y0
1>2 : S(2)=Bi(2)+ Y o(n)(in) " exp(inz) ,
o

where B;(z) represents the Bernoulli polynomial of order [.

The importance of the properties of the filter family and its integrals
becomes evident in the following theorem

Theorem 65. Let u(x) be a piecewise CP|0,27] function with a single
point of discontinuity at x = £. Then we have

1 27

o) =u(e) = 3= 3 S (@) (1067 —uE)) +5- [ S ) dy
=0
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where c=x — & forx > & and c =27 +x — £ for x < &.

Proof: ~ To establish the proof, let us first realize that an immediate
consequence of the actual definition of the filter family as given in Def.
9 is

S1(27) — $1(0) = 2 (8.8)

as can be seen by using expression c¢) for S;(z) given in Lemma 9 for
[ =1 and the integral condition on S;(z) for | > 1.

We continue by considering the case of > £. Integrating Eq. (8.6)
by parts p times, being careful not to integrate over the point of discon-
tinuity, yields

I3 2m
2nuly(z S(r —y)u(y) dy + S(x — y)u(y) dy
0 et

= Z (Si41(27) = S141(0)) ul ()

PSS9 (u® (") —u(¢)
=0

2T

+ | Sple =y (y) dy

= 2mu(e) + 3 Sale = ©) (w5 —u 6))

27

+ [ Syle—yuP(y)dy ,
0

where the last reduction follows from Eq.(8.8) and we have used that u
as well as S; are assumed to be periodically extended. Also note that
we use the notation that

2w £ 2w
/ dy:/ dy+/ dy .
0 0 ¢+
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Likewise, we obtain for x < £ the result

2
2muf, (z / S(x — (y)dy + S(z —y)uly) dy
£+

= Z Sl+1 271' Sl+1( )) (l)(x)

S Sier g CRIGETI(S)
=0

+ Sp(z — y)uP (y) dy
0

p—1

= 2mu(z) + Z Si+1(2m +x =€) (u(l) (t) —u® (5_))
1=0

+ Sp(z —y)u (y) dy |
0

which proves the theorem. QED

The result stated in Theorem 65 provides a precise estimate of the
error between the unknown point value of u(z) and its filtered and trun-
cated approximating series, u% (x). The goal of the following is to esti-
mate the two terms on the right hand side of the expression in Theorem
65.

Let us first consider the last term in Theorem 65. The estimation of
this is classic. Indeed, if u(z) € CP~1[0,2n] the first term of Theorem
65 vanishes and we are left with the last term only. Thus, this last term
is really the error term for smooth functions as stated in the following
lemma.

Lemma 10. Let S;(z) be defined as in Eq. (8.5) and Def. 9 then

2T \/N 2T
e = wyay| <o ( [
0 0

where C' is independent of C' and wu.

1/2

2
da:) ,
Proof:  Applying the Cauchy-Schwartz inequality yields

([l

1

il (p)
2T u

27 1/2

1
2w

™

S -] < - ([ siwar)
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using that S is periodic. To estimate the first term we express S}, using
a) of Lemma 9 to obtain

1 2m ) 1 2w 1 0_(,'7)_1 ) 2
o /. Sp(m)dm:% ; Z (mszexp(mm)>

n=—oo
X1 (o) —1)°
a _2: N2\ e
N 2
1 2 (o(n) —1 1
e Lo () Y

p
n=N U In|>N

1 L o(n) —1\° 1

2p—1 D d’l7 + 2p—1
N 1 n N

N

Scﬁa

IN

where we have used the orthogonality of exponential function and bounded
the Riemann sum by its integral which is convergent under condition c)
of Definition 8 as can be proved by partial integration. QED

Let us now turn to the estimate for the first term of the expression
given in Theorem 65. We will show that the conditions given in Lemma
9 implies that this is bounded.

Lemma 11. Let S;(z) be defined as in Eq.(8.5) and Def. 9 for I > 1,

then
1 1 1 © oD
Si(@)] < Cxpg (|x|pz + |27r_m|pl> /_oo G" " ()l dn

where G(n) is defined in Lemma 9.

Proof:  Consider representation b) in Lemma 9 of S;(z). Since G;(x)
is p — 1 times differentiable and the filter is defined such that ¢(¥(0) =
o (1) = 0, we obtain by p — [ times partial integration that

exp[iN(z + 2mm)n] (p—1)
S G d
1S () Z/ Nr—1(z + 2mm)p ! l () dn
m=—00
Since z € [0, 27], the dominating terms are found for m = 0 and m = —1,

such that, using the triangle inequality and taking these two contribu-
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tions outside the integral we obtain the result. QED

We are now in a position to state the main theorem as

Theorem 66. Let u(z) be a piecewise CP[0,2x] function with only one
point of discontinuity at x = . Assume also that the filter o(n) satisfies
Def 8. Let us now denote the distance between a point x € [0,2n] and
the discontinuity as d(z) = |x —£| and define the filtered truncated series
approzimation to u(x) as

N

uyy(z) = Z o(n)in exp(inz) .
n=—N

The pointwise difference between u(z) and u® (x) at all x with the ex-
ception of £ is then bounded as

i 1 1 VN 2 9 1/2
where
_p71 ety o] [ | A0=D
K@) =Y d@) [ul(eh) —u®€)| [ |6 )| dn -
[=0 -

Proof:  The second part of the estimate follows directly from Lemma
10. From Lemma 11 we know that the first part of the expression in
Theorem 65 is bounded.

Since c=x — & for z > € and ¢ = 2n + 2z — £ for x < £ in Theorem 65
we have that

1,12
e~ 2w — =t = d(a)p

Combining this with the estimate of Lemma 11 yields the proof. QED

Note that for u(z) € CP[0,2n] we recover the result of Theorem 66
as expected.

This theorem proves that the filtering process works away from the
discontinuity as all terms can be bounded by O(N'~P), such that pro-
vided d > 0 convergence depends only on the regularity of the piecewise
continuous function away from the discontinuity and the order of the
filter.
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In Examples 43-45 we considered classical types of filters that all fall
under the appropriate definition of a filter as put forward in Def. 8, such
that the expected convergence rate away from the point of discontinuity
may be predicted using Theorem 66. Indeed, remembering that the
Cesaro and the Lanczos are both first order filter, we should expect no
more than first order convergence as is also seen in Fig. 8.6. Likewise,
for the case of the Raised Cosine filter, being a second order filter, we
find in Fig. 8.6 the expected second order convergence away from the
point of discontinuity.

The case for the exponential filter is somewhat different in the sense
that this filter does not conform with Definition 8, thereby introducing
an additional error term into the above analysis. However, in most
computations we will set the parameter a such that (1) ~ £ making
it plausible that the conclusions from the above analysis carries over
which is also confirmed from Example 46 where we see that convergence
is achieved away from the discontinuity and with a convergence rate
being close to spectral.

8.3 The Resolution of the Gibbs Phenomenon
8.3.1 General Theory.
8.3.2 Reconstruction for Trigonometric Expansions.

8.3.3 Reconstruction for Polynomial Expansions.
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9

Computational Aspects

The purpose of the previous chapters has been the development of spec-
tral methods from a theoretical point of view, a second and equally
important issue when solving partial differential equations is the ques-
tion of efficient implementations of the methods for problems of a more
general character than we have discussed hitherto.

This chapter is devoted to a discussion of tools that allows for efficient
implementations of spectral methods based on trigonometric as well as
polynomial expansions. We shall also discuss the problems, and quite
significant they are, of round-off errors in spectral methods and address
the issues of aliasing in connection with quadratic nonlinearities and how
to remove the aliasing errors in such cases.

Finally, we address problem requiring the use of mappings before
we turn to the important discussion of how to extend the general one-
dimensional framework to problems in multiple dimensions.

9.1 Fast Computation of Interpolation and
Differentiation

Only at very rare instances does a numerical algorithm appear that in a
few year revolutionizes entire fields within science and engineering. It is,
however, fair to say that the appearance of the Fast Fourier Transform in
1965 did exactly that. By establishing a fast way of evaluating discrete
Fourier series and their inverses, this single algorithm opened up for
the use of methods that were hitherto considered less interesting due to
excessive computational requirements.

Among methods that benefited enormously from the development

303
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of the Fast Fourier Transforms (FFT) are the spectral methods and
a significant part of the fundamental theory of spectral methods were
developed in the years immediately following the introduction of the
FFT.

Unfortunately, the idea behind the FFT is valid only when dealing
with trigonometric polynomials in some form. Hence, these methods
are not in general applicable to the expansions based on orthogonal
polynomials.

In the following we shall briefly discuss the idea behind the FFT
and its relatives. However, since the polynomials play such an impor-
tant role in spectral methods we shall continue by discussing alternative
fast methods for the computation of interpolation and differentiation
for such methods. We conclude by including a brief section on how to
compute the general Gaussian quadrature points and weights necessary
to compute the discrete polynomial expansion coefficients.

9.1.1 Fast Fourier Transforms.

Let us first recall the discrete Fourier series expansion of a function,
u € L?[0, 2], using an even number of points

2r
=5, jelo,N—1
zj =i J€, I
given as
N/2 ;N
Inu(z) = Z Upexp (—ine) , U, = N u(z;) exp (inx;)
n=—N/2 =0

If we now restrict the attention to x = z;, i.e. interpolation at the col-
location points and recall that @_ /2 = @2 is assumed for uniqueness,
we arrive at the discrete Fourier expansion on the form

Nzt 2 1 N 2
Inu(z;) = Z Ty €XP <—iﬁjn> , Up = N Z u(x;)exp (lﬁ]ﬂ) ,(9.1)

n=—N/2 j=0

i.e. we have N terms in both summations. Direct evaluation of the
expansion coefficients or interpolation to the grid, z;, requires O(8N?)
real operations since @, in general is a complex number.

Let us now assume that N is a power of two, i.e. N = 2M and
introduce the new index, ji, as



9.1 Fast Computation of Interpolation and Differentiation 305

. f 25 J even .
J—{2j1+1jodd , J1€[0,N/2-1] .

Using this new index, we express the discrete expansion coefficients

WaALS 5 N/2—1 5
~ 2T V2T, .
Un =73 Z u(x2j,) exp {ZW(%)H} + Z u(2j,41) €xp {Zﬁ@h + 1)"]
Jj1=0 7J1=0
Introducing Ny = N/2, we obtain
Ni1—1
_ 1 2T
in = 5 ]Z:O u(z2j, ) €xp |:’LE]17L:| +
=

or 172 27
exp [zﬁn} ]Z:O u(w2j,+1) €xp {iﬁljln}
=

At this point we realize that the two sums, each of half the length of the
original sum, have exactly the same form as the original sum, Eq.(9.1).
Thus, we may repeat the process and break the computation down to 4
sums each of length N/4. Repeating this process results in an algorithm
that computes the discrete expansion coefficients in O(5N log, N) real
operations provided the twiddle factors, exp(27n/N), exp(27n/Ny) and
so on, are precomputed. This decomposition is precisely the Fast Fourier
Transform and the reduction, as we saw, in computations are significant.

The application of the FFT for computing the interpolating follows
the same line of thought. Indeed, if we consider

N/2—-1 o
u(zy) = Z Uy, exp [—iﬁjn} ,

n=—N/2

and introduce the new index, ny, as

, ng €[-N/4,N/4-1] ,

] 2m n even
1 2n1 +1nodd

we recognize the exact same structure that made the fast computation
of the expansion coefficients possible. Hence, the FFT is applicable for
computing the discrete expansion coefficients as well as the interpolation
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at the collocation points.

At this point in time numerous highly efficient and accurate imple-
mentations of the FFT algorithm exists and it is in general safe to say
that when considering Fourier methods one should always use the FFT
if possible. The brief account for the idea behind the FFT presented
above introduces the assumption that N is a power of 2. However, it is
easy to see that also if IV is a power a 3 can one design a fast transform,
by splitting the original sum into three sums each of length 1/3N - such
an algorithm being known as a radix-3 transform. Indeed, the algorithm
can be formulated for any prime-decomposition of a given number, al-
lowing for the use of a very wide range of values of V.

It should also be clear that choosing the alternative and very appeal-
ing grid set

_ 2T
T N+1

Yj , JE€[O,NT,
inhibits the use of the FFT as the decomposition into smaller sums is
impossible with this choice of grid points.

In many applications of spectral methods the direct use of the complex
FFT is unnecessarily expensive, e.g., u(x) is in many case a real function.
If we consider a real function of length N we may construct a complex
function, v, of half the length as

v; = u(w2;) +iu(zr2)t1) ,j € [0, N/2-1] .

Applying the FFT yields the complex expansion coefficients of v as

1 N/2-1 9 1 N/2—1 9
Y ™
ﬁn = ’lN)Tel-l-ZﬁTOL = N Jz_; U(1'2j) exp (N—/2n3> +ZN ]2_; U($2j+1) exp <N—/2n]> 5

for n € [0, N/2 — 1]. Recalling the development of the FFT algorithm,
the first level of decomposition establishes the relationship

2

Vn € [-N/2,N/2—-1]: @4, =0, + exp [zﬁn] 0o .
Moreover, since u(z) is real we have that @, = @_,, i.e. we need only
compute the elements n € [0, N/2] complex numbers. Using @y = /2,
implies that these two components are purely real, and we obtain that
only N/2 complex numbers need to be stored, i.e. the transformation

can be done in place. Using the decomposition, we recover the discrete
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expansion coefficients as the sum of the even and odd parts of ¥ as

_ 1. = i 2w . =
Uy = 5 (vn + vN/z,n) — 5 exp zﬁn (vn — UN/z,n)
To obtain the interpolation at the grid points we assemble the two com-
ponents of ¥, as
s 1, 5 i 2 . —
O =3 (Gn + Unj2—n) + 3 &P |—igen (@n — Unya—n)
which recovers the exact same structure as for the forward transform.
The fast transformation using the complex FFT yields an algorithm as
O(2N log, N) for the radix-2 scheme, i.e. twice as fast as just performing
the complex FFT with all imaginary components being zero.
The FFT may also be applied for the fast computation of Sine trans-
formations although it requires a little additional work. If we first con-
sider the discrete Sine expansion coefficients given as

N-1

Up = S z; u(z;) sin (%ny) ,

it is clear that there is a factor of 2 difference in the argument of the
Sine transformation compared to Eq.(9.1). However, let us extend the
function, u(z), around j = N and introduce a new odd function as

u(zxy) k<N
Vk € [0,2N —1]: v(zr) =4 0 k=N
—U(I‘QN,]C) k>N
Doing an FFT on v(x) yields
2N—1
.1 2T
Un = oy ,; v(xg) exp {zmkn] ,

which we may rewrite as

N-1 2N—-1

- 27 27
I Z u(zy) exp {zﬁkm} — Z u(Tan_) exp {zﬁkm}

k=0 k=N



308 9. Computational Aspects

N-1 N-1 o
= Z u(z;) exp [z—kn] Z u(z;) exp [zm@]\f —Jjn }
Jj=1 j=1
N-1 .
=2 u(z;) sin (Nn]) ,

j=1

i.e. the FFT of the function v exactly results in the discrete Sine expan-
sion coefficients, although, at first it seems at the expense of computing
an expansion of twice the length. However, since u(x) is real the expan-
sion can be performed using of FFT of half length for real functions.

The exact same trick can be applied for computing the discrete Cosine
expansion coefficients given as

N
’U,(ZE ) COS (—TL )
J ]\T .] )

=0

<2
S
I

although in this case we must form a new even function as

such that the Cosine expansion coefficients are obtained as

2yt 2w al ™
Op = kz:% v(zk) exp [zﬁkn} = 2;u(xj)cos (Nn])

Again we can use the complex transform of a real function to minimize
the computational workload. Thus, we have fast transforms for the Sine
series, and, much more importantly, for the Cosine series which is very
close to the Chebyshev expansion. Indeed, if we recall the Chebyshev
Gauss-Lobatto quadrature rule and expansion

Inu(z;) Zuncos( ) , Up CNZ u(z; cos(%nj) ,

it is immediate that the FFT can be used to compute both sums in
O(%N log, N 4+ 4N), where the latter contribution appears from the
packing and unpacking required to utilize the FFT. The option of us-
ing the FFT for computing the Chebyshev Gauss-Lobatto expansion is
yet another reason for the wide use of Chebyshev polynomials for the
construction of efficient spectral methods.
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It should be noted that implementations of the Cosine transforms are
of very varying quality and it is in general not possible to estimate when
a fast Cosine transform should be used at a specific machine rather than
applying a matrix multiply directly. However, a good rule of thump is
that if N > 64 it is most certainly worth to consider the use of a fast
Cosine transform.

9.1.2 The Even-0Odd Decomposition.

Unfortunately, the approach that leads to the Fast Fourier Transform
does not extend to orthogonal polynomials beyond the Chebyshev poly-
nomials. Hence, if one insists on using expansion coefficients, @, to
compute the derivative at the collocation points, there is in general no
way around summing the series directly.

However, using the interpolating Lagrange polynomials and the asso-
ciated differentiation matrices, there is still room for improvement. Let
us consider the vector, u = (u(zp),...,u(zy)), and the differentiation
matrix, D, associated with the chosen set of collocation points, z;. We
recall that the derivative of u at the grid points, u’, is obtained as

u' =Du .

Using ultraspherical polynomials as the basis for the approximation we
have previous established that

Dij =—-DNn_inN—j

i.e. that D is centro-antisymmetric. This property shall allow us to
develop a fast algorithm for the computation of w'.

We shall decompose u into its even, e, and odd parts, 0, asu = e+o
where the two new vectors have the entries

1
ej = 5 (uj+tun—y) , 05 =5 —un—y)

where u; signifies entry j in w and similarly for e; and o;. We observe
that

€j =€eN—j , 0j = —ON—j .

By linearity of the differentiation operation we have
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u' =Du=De+Do=¢"+0 .

Let us now first consider the case where N is odd such that we in total
have an even number of collocation points.
If we compute the differentiation of e we obtain

N (N—1)/2
e = ZDjiei = Z Djie; + Dj n—ien—;
=0 =0
(N-1)/2
= Z (Dji + Dj,N—i) €; .
=0
Moreover, €’ is odd as
N (N-1)/2
en_j= ZDij,iei = Z (Dn—j,i +Dn_jn—i) e
=0 =0
(N=1)/2
= Z —(Djn—i+Dji)e; = —¢}
=0

Hence, it is only necessary to compute the first half of e’. If we introduce
the matrix, D¢, with the entries

Vi,j €[0,(N—1)/2]: Dj; =D +Din—j ,
the computation is simply a matrix multiply as
e =D ,

where & = (eg, ... ,e(N_l)/Q)T and similarly for &’.

The computation of o' yields

N (N-1)/2

o = ZDﬁoi = Z Dj;0; + Dj nN_ijoN—i
=0 =0
(N-1)/2

= Z (Dji =Djn—i) 0i ,

=0
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and o' is even as

N (N=1)/2
oN_j = ZDij,iOi = Z (Dn—j,i —Dn—j,n—i) 0i
=0 =0
(N=1)/2
= Y (-Djn-i+Dj)oi=0j ,
=0

i.e. also in this case is it sufficient to compute one half of the elements
in the vector. Introducing the matrix, D°, with the entries

V’L,] € [0, (N - 1)/2] : D;)] = Dij — Di,N—j 5
we recover the matrix multiplication as

&' =D% |,

)T and similarly for &'.

Finally, we can reconstruct u' as

where 0 = (00, - O(N=-1)/2

u =€ +0 ,
using

’.
J

u; :é;-—l—c?; , u?v_j :e?v_j—l—o'N_j =—é +6;- ,
for j € [0,(N —1)/2].

Consequently, to compute the derivative of u at the collocation points
we need to construct € and o, perform two matrix-vector product of
length N/2 and reconstruct u'. The total operation count for this pro-

cess becomes

N N\> N N
2§+2<2<5> —§> +2§_N +N
provided the differentiation matrices are precomputed. This should be
contrasted to the direct computation of u' which requires 2N? — N op-
erations. Hence, utilizing the centro-antisymmetry of the differentiation
matrix allows for decreasing the computational work with close to a
factor of 2 which is very important for N being large.

Let us finally consider the case where IV is even. If we first consider
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differentiation of the even part of w and follow the outlined approach we
obtain

N N/2

!

e; = E Djie; = E Djie; + Djn—ien—i ,
=0 i=0

i.e. the term from ¢ = N/2 is computed twice. This, however, is easily
fixed by defining D¢ slightly different as

Dij +Din—j j # N/2

Vi€ [0,N/2-1],j €[0,N/2]: ij:{D.N/2 j=N/2

Note that D¢ is rectangular rather than quadratic. This is a consequence
of €' being odd, i.e. e?wz = 0 and need not be computed.
In the same way we define a modified D as

Vie [O)N/2]7] € [O)N/2_1]: quj :Dij _Di,ij )

since o is odd such that the problem of counting the last entry twice
does not appear in this case. This also implies that D¢ is rectangular,
since o' is even and therefore o)y, /2 needs to be computed.

In the situation where D is centro-symmetric as

Dij =Dn_in—j ,

the exact same even-odd splitting can be applied with the only difference
being that e’ is even and o’ is odd such that the final reconstruction
becomes

o __ = ~/ ! N / - ~I
U; =€ +0; , Uy_j=€n_;+OnN_; =€ — 0
Indeed, all even order differentiation matrices appearing from the ul-
traspherical polynomials share the property of centro-symmetry, thus

allowing for applying the splitting technique directly.

9.2 Computation of Gaussian Quadrature Points and

Weights

When using polynomial methods the first requirement is to establish
the position of the collocation points, these being the quadrature points
of some chosen Gauss quadrature rule. However, with the exception
of a few special cases, like the Chebyshev polynomials, no closed form
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expression for the quadrature nodes are known. Nevertheless, as we shall
discover in the following, there is a simple and elegant way of computing
these nodes as well as the corresponding weights, although these are
known on explicit form and can be computed using these.

We shall, as usual, restrict the attention to the case of ultraspherical
polynomials, Pl (z), although we note that everything generalizes to
the case of Jacobi polynomials as well as Laguerre and Hermite polyno-
mials.

Let us begin by recalling the three-term recurrence relation for ultra-
spherical polynomials as

wPT(f‘) (z) = an_l,nPT(i)l (z) + an_,_l,nP,(Lf_)l (z) , (9.2)

where the recurrence coefficients are given as

n + 2« n+1

anfl’n:2n+2a+l ’ an+1’n:2n+2a+1 ’

Let us now normalize the polynomials slightly different and introduce
the modified polynomials

~ 1
P (a) = ——=P(a) |
n \/,% n

such that (137(f'), ﬁlga))w = §,%- With this normalization, the recurrence
coefficients of the three-term recurrence relation, Eq.(9.2), becomes

. =y B n(n + 2a)
n—1,n = o n—1,n — (2n + 20 + 1)(2n + 200 — 1) ’

and

Qpt1,n =

Tnt1 B n+1)(n+2a+1)
Yo PP T 20+ 20+ 3)(2n + 2 + 1)

The key observation to make is that
Bn = an+1,n = &n,n+1 ,
such that Eq.(9.2) reduces to

2P () = B P (2) + P (2) 9.3)
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If we now introduce the vector P'*) (z) = (B\(x),..., P\ ()T, and
the symmetric bi-diagonal matrix

[0 00 0 0
B 0B 0 0 0
0820 p330 0
Jo— |0 0850 B 0
N — 9
00 0pB 0 0
Do Bn_1
(0000 08BN O

we may express Eq.(9.3) as
=(a) _ =(a) 5(a)
zP " (z) =JNP (z) + BNPyl(7) -

However, since the Gauss quadrature points, z;, are defined as the roots
of P](Voil(x), and therefore also of ]5](\,021 we realize that the real grid
points, z;, appear as the eigenvalues of the symmetric bi-diagonal ma-
trix, Jy. The eigenvalue problem may be solved using the QR-algorithm
and the corresponding weights may be computed using the exact formu-
las. However, we may in fact recover the weights from the eigenvectors of
Jn. To realize that we recall the formula for the interpolating Lagrange
polynomial associated with the Gauss quadrature points given as

N Yz Xz ~ (o ~ (
i) =y Y BEEBE) _ ) (p00) PG
n=0 n

Using the Christoffel-Darboux identity we established that
- 5\ 5
lj(2j) = uj (P (Zj)) P (z)=1.

In other words, the normalized eigenvector, Q(z;), corresponding to the
eigenvalue, z;, of Jy is given as

Q(z) = v P ()

from which, by equating the first components of the two vectors, we
obtain the expression of the weight as
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e\ o~ TD(at1) N
Uj-(%) =70 (Qo(z))) —ﬁm(QO(%)) ’

since 130(0‘) (2j) = 1/\/7. Here Qo(z;) signifies the first component of the
eigenvector, Q(z;). Hence, the quadrature points as well as the weights
may be obtained directly by computing the N + 1 eigenvalues and the
first component of the corresponding eigenvectors.

The algorithm for computing the Gauss-Radau quadrature points and
weights is very similar, the main difference being due to the definition
of the Gauss-Radau quadrature points, which are found as the roots of
the polynomial

a(y) = P (y) +an Py (y) =0

where ay is chosen such that ¢(y) vanish at one of the two boundaries
as

P (1 N+1+2a
ay = - ED o N1t 20
pN (ﬂ:l) N +1

where the upper sign corresponds to g(1) = 0 while the lower sign yields
ay for g(-=1) = 0.
The three-term recurrence relation, Eq.(9.3), yields

= (@)

yP' () = InP () + BN P ()

Utilizing the definition of the Gauss-Radau quadrature points, we ex-
press

P),(£1) = an Py (£1)

- YN . (N +142a)(2N +2a+3)
(il)\/ (N+ 12N +2a + 1)

Thus, the last row of Jy may be modified as

()P (1) = By 1 P, (21) + Bn P (£1)
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= Bn_1 P, (£1) + Bnan PP (1)

i.e. only the element (i,7) = (N, N) of Jn needs to be modified while
the remaining part of the algorithm follows. Hence, the Gauss-Radau
quadrature points are found by solving the modified eigenvalue problem
while the corresponding weights, v;, are found from the first components
of the corresponding eigenvectors as discussed in connection with the
Gauss quadratures.

Let us finally consider the modifications necessary to compute the
Gauss-Lobatto quadrature points and weights. In this case, the quadra-
ture points are given as the roots of the polynomial

a(z) = P (2) + an Py (@) + an—1 Py (2)

where the coefficients, ay_1 and ay, are found such that ¢(+1) = 0,
i.e. by solving the system

an P\ (=1) + ax Py (<1) = ~PyY (1)
an Py (1) +ano Py (1) = =Py (1)
If we then normalize the polynomials as usual, these constants are mod-

ified as

~ YN

anN =

anN , aGN-1 =
YN+1 YN +1

and we recover the equation for the quadrature points as
plo 5 P - pl -0
N+1(1‘) +anPy (z) + an-1 Py (z) -

This may be enforced on the eigenvalue problem by changing two ele-
ments of Jy as

UN)y N1 =BN-1 = Bnan-1 , (IN)yny = —Bnan ,

while the remaining part of the algorithm remains unchanged. Unfortu-
nately, using this approach for computing the Gauss-Lobatto quadrature
points, Jx looses its symmetry, thereby making the solution of the re-
sulting eigensystem slightly harder.

A different approach can be taken by recalling that
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(o)
N _ (a4 )P
X

i.e., the interior Gauss-Lobatto quadrature point for P](Va) (z) can be

recovered as the roots of the polynomial Pj(vajll)(:r) Gauss quadrature

points of the polynomial P](Vaf;) (z) which be may recover directly using
the symmetric approach discussed above.

9.3 Finite Precision Effects.

In the ideal world of approximation and stability theory, the accuracy
of spectral methods depends, as we have seen, only on the regularity
of the function being approximated and the operators being involved.
However, in the non-ideal world of computation, the finite precision
of the computer has a very significant effect on any algorithm being
implemented.

For spectral methods the effect of round-off errors is most pronounced
when derivatives are computed, with a very significant difference be-
tween the behavior of derivatives computed using continuous expansion
coefficients and discrete expansion coefficients/interpolating Lagrange
polynomials.

In the following we shall address this problem in detail and discover
that for polynomial spectral methods in particular, the effects of the
finite precision can have very significant consequences for the overall
accuracy of the scheme, indeed, for certain problems the results are
essentially useless due to overwhelming an amplification of round-off
€rrors.

9.3.1 Finite Precision Effects in Fourier Methods.

Let us begin by considering any given function, u(z) € L?[0,2x], being
approximated using a continuous Fourier series

N/2 2m
N . N 1 )
Pru(x) = _EN/2 Up exp(inz) , Gp = o J, u(z) exp(—inz)dzx .

As we have discussed in detail previously, the approximation to the m-
derivative of u(xz) is then given exactly as
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N m=1 m=2 m=3 m=4
8 0.438E4-00 0.575E4-01 0.119E4-02 0.255E4-03
16 0.477E-01 0.105E+401 0.522E4-01 0.106E4-03
32 0.360E-03 0.139E-01 0.114E4-00 0.434E4-01
64 0.104E-07 0.778E-06 0.119E-04 0.873E-03
128 0.222E-14 0.160E-13 0.524E-13 0.335E-11
256 0.311E-14 0.160E-13 0.782E-13 0.398E-12
512 0.355E-14 0.160E-13 0.782E-13 0.568E-12
1024 0.355E-14 0.195E-13 0.853E-13 0.568E-12
Accuracy || O(em(No/2)) | Olemr(No/2)%) | Olemr(No/2)?) | O(em(No/2)*)

N/2
Pyul™ (z) = Z (in)™ i, exp(ine)
n=—N/2

which naturally means that the highest modes are being amplified. Let
us study the effect of this phenomenon through an example.

Example 47. Let us consider the C*°[0, 27] and periodic function

_ 3
5 —4cos(x)

u(z)
with the continuous expansion coefficients being
Qy =27 1"

from which we directly obtain the approximation to the m-derivative as

N/2
Pyul™ (z) = Z (in)™2~ 1" exp(inz) .
n=—N/2

In Table 9.1 we show the maximum pointwise error of this approximation
to u(™ () with increasing number of modes, N, being used.

We observe that once the function is well resolved the error approaches
machine zero, €ps, faster than any algebraic order of N. However, a
close inspection reveals that the accuracy of the approximation decays
with increasing order of the derivative as
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max [u™ (z) — Pyul™ (z)| ~ Oepmr(No/2)™) as N — oo .
z€[0,27]
Here Ny corresponds to the number of modes required to approximate
the function, u(x), to O(epr). For N > Ny we have 4,, < ) and, since
Uy, decays exponentially in this limit, a,ﬁm) < e, i-e. the last term that
contributes to the accuracy is iy, 2 ~ O(en), being the limiting factor
on accuracy.

The main observation to make is that the effect of the finite precision
is independent of N once the function is well resolved and only a slight
dependency of the order of the derivative on the accuracy is observed.
Unfortunately, such behavior does not carry over to the discrete case.

Let us now consider the case where the function, u(z) € L%[0,27], is
approximated using the discrete expansion coefficients as

N/2 N-1
Inu(z E Upexp(inz) , U, = Nc E u(z;) exp(—inx;) ,
n=—N/2 " j=0

where we use the even grid

2m . .
= w0 jEO,N—-1] .

The actual computation of the expansion coefficients may be performed
using the FFT or by simply summing the series. Once the expansion
coefficients are obtained, computation of the approximation to the m-
derivative of u(x) is obtained as for the continuous expansion like

N/2

Inu'™ (z) = Z (in) ™y, exp(ing) .
=—N/2

Let us consider the accuracy of this approach in the following example.

Example 48. Consider again the C°°[0,27] and periodic function

3

u(z) = 5—4cos(x)

The expansion coefficients are now found using an FFT, from which we
immediately obtain the expansion coefficients for the m’th derivative as
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N m=1 m =2 m=3 m=4
8 0.654E4-00 0.402E+-01 0.134E+-02 0.233E4-03
16 0.814E-01 0.500E+400 0.618E401 0.770E4-02
32 0.648E-03 0.391E-02 0.173E4-00 0.210E4-01
64 0.198E-07 0.119E-06 0.205E-04 0.247E-03
128 0.380E-13 0.216E-11 0.116E-09 0.715E-08
256 0.657E-13 0.705E-11 0.680E-09 0.954E-07
512 0.272E-12 0.605E-10 0.132E-07 0.110E-05
1024 0.447E-12 0.253E-09 0.844E-07 0.157E-04
Accuracy [| O(em(N/2)) | O(em(N/2)%) | Olem(N/2)%) | Olem(N/2)Y)

al™ = (in) ™, .

In Table 9.2 we show the maximum pointwise error of this approximation
to u(™)(z) with increasing number of modes, N, being used.

We note a pronounced difference in the accuracy of the derivatives as
compared to the results quoted in Table 9.1, where the error is constant
for a given m once the function is well resolved. Using the FFT we find
that the accuracy deteriorates with increasing order of the derivative, as
in Table 9.1, but also for increasing N. Indeed, we observe a scaling of
the error like
max _|ul™ (z) — Iyu™ (z)| ~ O(epr(N/2)™) as N = oo ,
z€[0,27]

i.e. a significant reduction in the accuracy, in particular for high or-
der derivatives. This is a consequence of the uniform error of O(ej)
introduced by the numerical computation of the discrete expansion co-
efficients. As a result we have that @, ~ O(epr) even for N > Ny, where
we expect the expansion coefficients to decay exponentially. However,
due to the finite accuracy, it is impossible to obtain these very small
numbers. Thus, the maximum error is obtained from the maximum
mode number, N/2; and the manifestation of this term, introduced by
the uniform noise-level, is clearly seen in Table 9.2.

One way to reduce the effect of the round-off error in the calcula-
tion of the expansion coefficients, as there is no way of avoiding it, is to
always compute the FFT with the highest possible accuracy and in gen-
eral attempt to formulate the differential equations using as low order
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derivatives as possible.

Although we have only illustrated the problem of round-off errors
using the FFT and the discrete expansion coefficients, the general pic-
ture remains the same in the case where differentiation matrices are
used. Indeed, it is usually found that using the FFT and the expansion
coefficients results in the numerically most stable algorithm, i.e. the al-
gorithm which suffers least from effects of the finite precision. However,
if the entries of the differentiation matrices are carefully computed, i.e.
the exact entries are computed for high order derivatives rather than
obtained by multiplying several first order differentiation matrices, the
two different algorithms yield a comparable accuracy.

9.3.2 Finite Precision in Polynomial Methods

The situation for polynomial methods is even worse than what we saw
for the case of the discrete Fourier expansion and, as we shall see, great
care has to be exercised when approximating high order derivatives using
polynomial methods.

For reasons of simplicity, we shall restrict the discussion to the case
of Chebyshev expansions and derivatives. However, most of the results
carry directly over to the case of general ultraspherical polynomials un-
less otherwise stated.

As for the Fourier expansion we begin by considering the continuous
Chebyshev expansion of u(z) € L2 [-1,1] as

N 1
2 1
P = i T y Up = T, dr .
Nu(z) ngzou () , @ ppn 71u(m) (x)m x

The approximation to the m-derivative of u(z) is directly obtained as
N
Prul™ () = a" Ty ()
n=0

where the continuous expansion coefficients for u("™)(z) are found by
repeated use of the backward recursion formula

Vn € [1,N]: cpoqal™) = ugi)l +onamn |

with the assumption that ﬂ%n) = ﬂg\r{il = 0. Let us examine the accu-

racy of this transform-recurrence-transform method through an exam-
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N m=1 m =2 m=3 m=4
8 0.273E402 | 0.136E+404 | 0.552E+05 | 0.237E+407
16 0.232E4-01 | 0.295E+03 | 0.247E405 | 0.168E+07
32 0.651E-02 0.268E+401 | 0.678E+403 | 0.126E-+06
64 0.164E-07 0.245E-04 0.221E-01 0.143E4-02
128 0.568E-13 0.125E-11 0.582E-10 0.931E-09
256 0.568E-13 0.296E-11 0.873E-10 0.349E-08
512 0.568E-13 0.341E-11 0.873E-10 0.442E-08
1024 0.853E-13 0.341E-11 0.873E-10 0.442E-08
Accuracy O(ep No) O(emN3) | OlemN3) | OlemNY)

ple.

Example 49. Consider the function, u(z) € C*[-1,1], as

1
u(z) = , a>1
r+a

for which the continuous expansion coefficients are given as

fin =~ ——— (a2~ 1—a)"
cn Va2 -1
As the function is smooth we find, as expected, that the expansion
coefficients decay exponentially fast in n. Note that when a approaches 1
the function develops a strong gradient at z = —1 and becomes singular
in the limit. In this example we used a = 1.1.

Using the backward recursion formula for Chebyshev polynomials we
have calculated the expansion coefficients for higher derivatives and in
Table 9.3 we list the maximum pointwise error of the expansion as a
function of the order, IV, of the approximating polynomial.

As for Fourier series we find that once the function, u(x), is well approx-
imated the error is close to machine zero, €);. However, a closer look
shows that the maximum pointwise error approximately as

H[laf(u ™ (z) — Pxul™ (z)| ~ O(epy N) as N = oo ,
ze|—1,

where Ny corresponds to the maximum mode number required to ap-
proximate u(z) to O(epr). Due to the rapid decay of the expansion
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coefficients, we know that for N > Ny 4, < €, i.e. the last term
that contributes to the accuracy is 2Nyin, which is O(epr). Contrary
to Fourier series, the expansion coefficient, a£{”>, depends on all coeffi-
cients with higher n. However, due to the rapid decay of the coefficients
the backward recursion is extremely stable, i.e. the last term of order
O(em) is carried backwards in the recursion without being amplified,
thus leading to the observed scaling.

The situation for the discrete expansion is rather different. Let us

consider the Chebyshev Gauss-Lobatto expansion as

9 N

N
n =0

| —

u()Tn(z;)

Q('3|

N
Inu(z) = Z UpTn(z) , Gy =
n=0

where the Gauss-Lobatto quadrature points are given as

T . .
T = — Cos (N‘]) , JE[O,N] .
The discrete approximation to the m-derivative of u(z) is obtained as
for the continuous expansion using the backward recursion repeatedly.
In the following example we consider the accuracy of this approach.

Example 50. Let us again consider the function, u(z) € C*[-1,1],
being defined as
1

u(z) = , a>1,
r+a

where we now compute the discrete Chebyshev expansion coefficients
using a standard Fast Cosine Transform algorithm and use the analytic
backward recursion formulas to calculate the expansion coefficients for
the higher derivatives. In Table 9.4 we list the maximum pointwise error
as obtained for increasing resolution and order of derivative for a = 1.1.
The results should be compared with those in Table 9.3.

The effect of using the discrete Chebyshev expansion coefficients as com-
pared to the continuous coefficients is very pronounced and quite dis-
couraging. We note that the error increases rapidly with the number of
modes as well as with the order of the derivative and find that the error
scales approximately as
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N m=1 m =2 m=3 m=4
8 0.571E+401 | 0.403E+402 | 0.276E+04 | 0.119E4-06
16 0.485E4-00 | 0.936E+01 | 0.436E404 | 0.443E+06
32 0.912E-03 0.771E-01 0.129E+4-03 | 0.404E-+05
64 0.130E-08 0.514E-06 0.289E-02 0.333E4-01
128 0.154E-09 0.474E-06 0.104E-02 0.179E4-01
256 0.527E-08 0.636E-04 0.560E4-00 | 0.390E+04
512 0.237E-08 0.374E-03 0.203E+402 | 0.723E+06
1024 0.227E-07 0.362E-01 0.458E4-04 | 0.457E+09
Accuracy || O(epmrN2) | O(epmN®) | OemNT) | O(emN?)

max u™ (z) — Inul™ (z)| ~ O(ep, N>™1)  as N — oo .

x 4

As we observe in Table 9.4, this strong dependence on N implies that
for high values of N and/or m it becomes impossible to approximate
the derivative of the function to any reasonable error. The problem lies
in the combination of the cosine transform and the backward recursion
used to determine the expansion coefficients for the higher derivatives.
The backward recursion leads to an O(N?) amplification of the initial
round-off error of O(eps N) resulting from the transform. This last term
could be avoided by using a direct summation, which, however, may be
prohibitively expensive for large V. The ill-conditioning of the backward
recursion has the sad consequence that the approximation of high order
derivatives remains a non-trivial task when using polynomial methods
and great care has to be taken when attempting to do so. Comparing
the results illustrated in Ex. 49 and Ex. 50 it becomes clear that the
most important issue here is the accuracy by we compute the discrete
expansion coefficients, i.e. this should always be done with the highest
possible accuracy.

Although using the expansion coefficients and backward recursion
is mathematically equivalent to using the differentiation matrices, the
two methods are numerically very different as we shall observe shortly.
Let us again consider the discrete Chebyshev approximation using the
interpolating Lagrange polynomials as

N N DN — 2T (2
Inu(z) =y ulz;)lj(z) = “(xi)( I)E.N(21(a: —:v)iN( x
iz =0 j j
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where we have chosen to consider the approximation based on the Cheby-
shev Gauss-Lobatto quadrature points

:rj:—cos(%j) , JE[O,N] .

Differentiation is then accomplished through a matrix vector product as

N
> Djiu(z)
=0

Zj i

dINU
dx

where the entries of the differentiation matrix are given as

_2—N2+1 7 :] =0
= (—1)its . .
Dij = 5 (“:’).zf A : (9.4)

2 . .
2N6+1 l:]:N

Let us consider the accuracy of this approach in the following example.

Example 51. Consider the function, u(x) € C*°[—1,1], being defined
as
1

u(z) = , a>1,
r+ta

where we compute derivatives using the differentiation matrix, D, im-
plemented exactly as in Eq.(9.4) while higher derivatives are computed
by repeatedly multiplying with the differentiation matrix as

u® =Du , u™ =D™u .

In Table 9.5 we list the maximum pointwise error as obtained for in-
creasing resolution and order of derivative for a = 1.1.

This is clearly very disappointing. The direct implementation of the
differentiation matrices indicates an accuracy like

H{lalxl] u™ (z) — Inu™ (z)| ~ O(eyy N>™*2) as N o0 .
re[—1,

Fortunately, there are several things that can be done to improve on
this result. Let us first attempt to understand what causes the strong



326 9. Computational Aspects

N m=1 m=2 m=3 m =4
8 0.201E4+02 | 0.127E+4+04 | 0.545E+05 | 0.237E4-07
16 0.116E4-01 | 0.221E403 | 0.218E+05 | 0.160E4-07
32 0.191E-02 0.134E4-01 | 0.441E4-03 | 0.956E+05
64 0.276E-08 0.741E-05 0.917E-02 0.731E4-01
128 0.633E-08 0.458E-04 0.161E4-00 | 0.386E-+03
256 0.139E-06 0.406E-02 | 0.589E+02 | 0.578E-+06
512 0.178E-05 0.178E4-00 | 0.983E404 | 0.379E+09
1024 0.202E-04 0.837E4-01 | 0.200E+407 | 0.325E412
Accuracy || O(epN?) | O(eprN®) | O(epNB) | O(ep N1O)

influence of the finite precision.
All off-diagonal entries of the matrix, D, are given like

1

l‘i—l’j

Dij ~C
Close to the boundary, £ = 1, this term scales like

1 1 1
T; — & ~1 — cos(m/N) - ON=2)+en
N O(N?)
1+ O(emN?)
~ O(N?) 4+ O(enN?)

Dij ~

~ O(N*)(1 - O(emN?))

i.e. the differentiation matrix has a condition number as O(gpr N*) re-
flecting the observed scaling in Tabel 9.5. The question to address is
what can be done about this. The subtraction of almost equal numbers
can be avoided by using trigonometric identities such that the entries of
D are initialized like

_ 2N?%41

6
Z (=1 L
2¢; sin(iJrj 7r) sin(iij ﬂ') l ;é J

i=j=0

D;; = 2N W™
2N;+1 i :] =N

Doing a direct implementation of this matrix reduces the error making
the accuracy scale like
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max u™ (z) — Inu™ (z)| ~ O(eyy N¥™ Y as N = o0

T 4

similar to that using the Fast Cosine Transform and the backward recur-
sion. However, it is in fact possible to make the matrix-vector multiply
method perform even better. The solution lies hidden in the computa-
tion of the elements for i ~ j ~ N. In that case we need to compute
function like sin(m — §), where § < m, i.e. this operation is sensitive to
round-off error effects. Indeed, by doing an estimate of the condition
number like above we obtain

1 1
D;j ~ sn(@)sin(r —0) ~ ON-)(ON-T) +ear)
O(N?)

~—— 2~ O(N?) + O(eyN?

14+ O(emN) (%) + O(en N7y
i.e. we arrive at a condition number as O(eyyN?) as expected. This
analysis also suggests a way to avoid this problem since it happens only
for i ~ j ~ N. The remedy is to use the centro-antisymmetry of D such
that the entries of the differentiation matrix should be initialized as

__2NZ%41

: i=j=0
g (- i € [0,N/2] #j € [0,N]

Dz] _ 2¢; siné%ﬁ) sin(%ﬁ) Z . ? J ’ ) (95)
—m i=j€[l,N/2]
—Dn_in—j i € [N/2+1,N],j €[0,N]

i.e. only the upper half of the matrix is computed while the lower half
is obtained by using the centro-antisymmetry. Let us illustrate the ac-
curacy of the differentiation at this point.

Example 52. Consider the function, u(xz) € C*>°[—1,1], being defined
as

1
u(z) = , a>1
z+a

where we compute derivatives using the differentiation matrix, D, imple-
mented using the trigonometric identities and the centro-antisymmetry,
Eq.(9.5). Higher derivatives are computed by repeatedly multiplying
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N m=1 m =2 m=3 m=4
8 0.201E+402 | 0.127E404 | 0.545E+05 | 0.237E+407
16 0.116E4-01 | 0.221E+03 | 0.218E4-05 | 0.160E+07
32 0.191E-02 0.134E+401 | 0.441E403 | 0.956E+05
64 0.262E-08 0.721E-05 0.901E-02 0.721E4-01
128 0.203E-10 0.467E-07 0.437E-04 0.196E4-00
256 0.554E-10 0.113E-05 0.128E-01 0.109E4-03
512 0.354E-09 0.201E-04 0.871E+400 | 0.304E+05
1024 0.182E-08 0.744E-03 0.153E4-03 | 0.214E+08
Accuracy || O(epmrN2) | O(epmN?) | O(emN®) | O(em N®)

with the differentiation matrix as
v =Du , ™ =D"u .

In Table 9.6 we list the maximum pointwise error as obtained for in-
creasing resolution and order of derivative for a = 1.1.

From Table 9.6 we recover an estimate of the accuracy like

ér[lalxl] uw™ (z) — Iyu'™ (z)| ~ O(eprN>™) as N — oo ,
ze|—1,

which is even better than what is obtained using a standard Cosine
transform and the backward recursion. It also illustrates well the care
that has to be exercised when initializing the entries of differentiation
matrices for polynomial methods.

For methods other than the Chebyshev methods the situation is
slightly more bleak. Certainly, the use of trigonometric identities can
only be used for the Chebyshev case. The centro-antisymmetry of D, on
the other hand, is shared among all the differentiation matrices. How-
ever, the effect of using this for more general polynomials remains un-
known. Nevertheless, using the even-odd splitting for computing deriva-
tives results in an error that scales somewhat like that seen in Ex. 52
also for Legendre differentiation matrices provided care is exercised in
computing the entries of D. This suggests that the use of the centro-
antisymmetry, which is implicit in the even-odd splitting, does indeed
result in a smaller condition number of the differentiation matrices. We
also emphasize that, whenever available, the exact entries of D("™) should
be used rather than computed by multiplying matrices.

For the general polynomial, but not for Chebyshev polynomials as
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the above techniques are far superior, one could also use the assumption
that the differentiation of a constant has to vanish, i.e.

N
> Di;j=0.
7j=0

One may then compute the diagonal elements of the differentiation ma-
trix as

N

Vi € [O,N] : D“ = _ZDij 5
j=0
i#i

such that the round-off errors incurred in the computation of the entries
are somehow accounted for in the diagonal elements. This technique,
however, should only be used when nothing more specific is available.

9.4 Convolution Sums and Dealiasing

The computation of nonlinear terms is a trivial task when using colloca-
tion methods as everything is performed in point-space. However, when
using a Galerkin or a tau method the situation is quite different. In this
section we shall briefly discuss methods for efficiently computing convo-
lution sums appearing from Galerkin or tau approximations of second
order nonlinearities and address the issue of aliasing introduced by such
techniques.

As we have seen previously, the use of Galerkin methods is essentially
restricted to Fourier methods, where, however, they play an important
role for e.g. studies of homogeneous, isotropic hydrodynamic turbulence.
Let us therefore consider the quadratic nonlinearity

w(z) = u(z)v(z) ,

where u(z) € L?[0,27] and v(z) € L?[0,2x], such that the usual contin-
uous Fourier expansions exist as

u(z) = Z U exp(inz) , v(z) = Z Up exp(inx)

where u,, and 0,, represent the continuous Fourier expansion coefficients.
If we also introduce the continuous Fourier expansion coefficients
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1 1

Wy = — w(z) exp(—inx) dr
2 1

the three sets of expansion coefficients are related through the convolu-
tion

o0
W, = E Up0p .

k,l=—oo
kl=n

In the case of u(z), v(z) and w(x) being approximated by finite sums

only, the convolution sum becomes

N/2-1
ne[-N/2,N/2=1]: dp= Y b .

TRy
The computational effort, however, involved in the computation of the
convolution is @(N?), which becomes prohibitive even for moderate N.
This should be contrasted with the collocation methods where the com-
putation of the nonlinear term is only O(N), however, the computation
of the derivative at the grid points is of O(N log, N). Thus, to be com-
petitive, an O(N log, N) method for computing the convolution sum is
required.

Such an approach is known as the transform method and involves the
use of the Fast Fourier Transform and therefore also a grid. Hence, even
though the Galerkin as such is grid free, we need to introduce a grid for
computational efficiency and with the grid comes the aliasing error.

The transform method relies on the speed of the FFT by transforming
@y, and 0, into physical space, i.e. point values of u(z) and v(z), multi-
plying the two functions in point space and transform the product back
to spectral space using the FFT. Thus, this approach requires three FFT
and one point space multiplication, in total yielding an O(N log, N) al-
gorithm. However, this approach also introduces an additional source of
error. To see this, assume that we use the even Fourier grid as

2r .
mJ:W] ) J€[0>N_1])

such that grid point value of u(x) and v(z) are given as
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N/2-1 N/2-1

Z U, exp(ine;) , v(z;) = Z Uy exp(ine;) .

n=—N/2 n=—N/2

Computing the expansion coefficients for the product, w(z), using the
FFT yields

1 Nl
=N Z u(z ;) exp(—inz;)
1 N—-1 [ N/2-1 N/2—-1
=N Z Uy, exp(ikz;) Z Uy exp(ilz;) | exp(—inz;)
J=0 \k=—N/2 I=—N/2
N/2—1 N/2—1 L Nl
= Z Z U 0; N Z exp(i(k +1— n)x])
k=—N/21=—N/2 7=0
N/2-1 N/2-1
=Y Y ww=at >
m=—o0 k,I=—N/2 ki=—N/2
k+l=n4+mN k+l=ntN

where the last reduction results from the orthogonality of the discrete
exponential function and m = {—1,0, 1} only since k,! < |N/2|. Hence,
not only do we obtain the required expansion coefficients for wy, but
we get an extra contribution due to the introduction of the grid. This
extra contribution is known as the dynamic aliasing error and implies
that the scheme no longer is a pure Galerkin scheme.

The removal of this extra term has been a source of considerable
discussion in the past, i.e. is it necessary to remove this error. At this
point in time it is safe to say it is in general not necessary to remove this
aliasing if the functions involved are well resolved. However, in special
marginally resolved cases and for very sensitive problems where extreme
care has to be exercised it may be necessary to remove this error and we
shall briefly discuss two ways of doing so.

The transform method is clearly only of interest for methods based on
series expansions for which there exists a fast transform, which in essence
limits the attention to the trigonometric polynomials and Chebyshev
polynomials. Indeed, using the fast Cosine transform, convolution sums
for Chebyshev expansions may also be computed efficiently through the
transform method. In this case the transformed variable involves the
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terms
1 oo N N
W, = 5 E E U0 + E Uy 0p
m=—00 k,1=0 k,l=0
k+l=n+2mN [k—1]|=n+2mN

The aliasing error only becomes relevant for m = {—1,0,1} and the
methods of removing the aliasing errors developed for the Fourier meth-
ods carries directly over to the Chebyshev case.

9.4.1 Dealiasing by Truncation.

Due to its simplicity, dealiasing by truncation is the most widely used.
The technique has it origin in using the FFT at M points rather than
N point where M > N. Let us introduce the M-grid as

27

such that the discrete expansions of u(z) and v(z) are given as

M/2-1 M/2-1
u(Z;) = Z Uy exp(ing;) , v(&;) = Z Uy, exp(ing;) .
n=—M/2 n=—M/2

However, the expansion coefficients, %, and v, are defined as

Y Un—

. Uy —N/2<n<N/2-1 . Op =N/2<n < N/2-1
un - . .
0 otherwise 0 otherwise

i.e. only the first £N/2 expansion coeflicients are considered while the
remaining are set to zero. We then consider the expansion coefficients
for w(z) as

M—1
. 1 N o
Wy, = — u(Z;)v(Z;) exp(—ind;)
M 4
Jj=0
o M/2-1 N/2—1
= E E ’LAI,klAJl = UA)n + E ﬁkﬁl )
m=—o00 k,iI=—M/2 k,l=—N/2
k+l=n4+mM k+l=nt+M

by explicitly using that @, and ©0,, are padded with zeros. We are only
interested in w,, for |n| < N/2 and we wish to choose M such that the
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aliasing term vanishes for these coefficients. This is ensured for all n by
requiring it to be the case for the worst case
N N _N
—_———>—==-1-M ,
2 2 7 2
yielding the condition on M as

MZ%N—I

explaining why this method also is known as the 3/2-rule.

A consequence of using truncation for dealiasing is that a significant
amount of extra work has to be done. Indeed, we see that M has to be
50% larger than N to ensure no aliasing and make the method equivalent
to a Galerkin method for the first N/2 modes.

The technique is most easily implemented by taking M to be a number
that allows for using the FFT. Prior to transforming 4, and 0, into real
space, the highest 1/3 of the modes are then forced to zero. Transform-
ing to real space, performing the multiplication and transforming w(z)
back to spectral space produces the M expansion coefficients for w(z)
and again the highest 1/3 of these modes are forced to zero before con-
tinuing. Hence, only 2/3 of the modes are active in the approximation,
making the application of the method of truncation rather expensive, in
particular in more than one dimension.

We would like to comment that the dealiasing using truncation is
nothing more than applying a filter as discussed previously, albeit with
a step-function as the filter function. Thus, dealiasing in a collocation
method can be implemented using the filter matrix with the special filter

o) = 1|n| < N/2
M/2) | 0 otherwise
Thus filtering u(z) and v(z) prior to the multiplication and also the final

product w(z) ensures that no aliasing error remains and the collocation
method is equivalent to the Galerkin method.

function as

9.4.2 Dealiasing by Phase Shift.

A second method of dealiasing employs the properties of Fourier trans-
forms associated with phase shifts. Rather than using a larger grid as in
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the method of truncation this method is based on computing the inter-
polation of u(z) and v(z) at two grids, shifted by half a grid cell. Thus,
in addition to computing the usual polynomials at z; we also compute
the polynomials at the grid points

fj:wje[O,N—l],
as
N/2—1 N/2-1
u(z;) = Z Up, exp(inZ;) = exp (z%) Z Up, exp(ine;) ,
n=—N/2 n=—N/2

and likewise for T(Z;). Note that both these transformations may still
be computed using the FFT since the phase shift only results in a mul-
tiplicative constant. If we now consider the expansion coefficients for w

we obtain
N-1
— 1 e Ny~ .
Wn = u(2;)v(z;) exp(—ind;)
Jj=0
00 N/2-1 N/2-1
. ™ A~ N N a
= Z exp (szN) Z R0 = Wy, — Z up0; .
m=—oo k,=—N/2 k,=—N/2

ktl=n+4+mN ktl=n+tN

Hence, the dealiased w,, are obtained directed by adding the aliased w,,
and the shifted w,, as

Using the method of phase shifting thus requires an additional FFT as
also W, needs to be computed besides the aliased w,. However, the
transforms are only of length N rather than 3/2N as for the truncation
method. Nevertheless, in one dimension the method of truncation is
cheaper than phase shifting, while in more than one dimension it be-
comes harder to decisively choose among the two different approaches.

9.5 On the Use of Mappings

Change of variables remains a very important tool in all branches of
physics and engineering and plays an equally important role in the ap-
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plication of spectral methods, in particular those based on expansions
in orthogonal polynomials.

The variety of useful mappings is large and we will only cover those
most often used, with the emphasis on one-dimensional methods. In
most cases, mappings are used to allow for treating problems in geome-
tries different from the standard interval. However, in the last section
we will discuss the use of mappings for improving on the accuracy of
high-order derivatives.

Let us consider the function, u(x) € L*[a,b], where a < b while a
and/or b may both be infinite. If we make a change of variables through
the mapping function, (&), as

(&) 1= fa,b] as z =(E) ,

where | = [€nin, Emax| represents the interval [0, 2] when dealing with
Fourier methods while it becomes [—1, 1] in the case of polynomial ex-
pansions, we have the differential

da = '(§)d¢ .

Hence the magnitude of ¢’ supplies a measure of how the nodes are
distorted relative to the standard grid given in I. For ¢’ being less than
one the grid is compressed whereas it is dilated when ¢’ is larger than
one. This provides a rough guide to which mapping may be appropriate
for a particular problem.

When using mapping in connection with spectral methods one must
compute derivatives in z, while the methods of computing the derivatives
hitherto were computed using the standard interval, |, only, i.e. with
respect to £&. However, using the chain rule for differentiation we directly

obtain
d_1d (&
de ~ ¢'de  da? - (WP \" e )

and in a similar fashion for higher derivatives.

The simplest example of a suitable mapping function is for a situation
where one needs to map the finite interval, [a, b], onto |, in which case
we have the well known result

p=p@=a+ 2 g g ="50

Emax - Emin
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As expected we find that all parts of the interval is mapped with the
same factor, ¢’ ().

Before discussing more general mapping functions let us briefly touch
on the subject of implementation. Let us for simplicity restrict the
attention to the case of polynomial expansions but note that everything
carries straight over to Fourier methods.

In the case of Galerkin or tau methods, we consider approximations
of the form

Prnu(p(€)) = Y anP{M ()
where
P ' " (@) (£)
e [ () P €ule) de

Within this formulation, we wish now to obtain an approximation of the
derivative of the mapped function, u(x), as

N
Pru () = —— S alP P(e)
n=0

where a;” signifies the expansion coefficients for the first derivative ob-

tained through the backward recursion. Now, in the case of Galerkin
and tau methods the unknowns are the expansion coefficients, ,,, for
which we need to obtain equations. Hence, we also need to expand the
mapping function, ' (£), as

1 N
= E b, P
PNQ/}’(&‘) nzoq/}npn (E) )

such that

N
Pru(@(©) = Y b PV (©OP(©)

n,[=0

being a convolution sum. Although the expression for the convolution
of the polynomials in general is available it is very complicated with the
exception of a few special cases, e.g. for Chebyshev polynomials. How-
ever, the expression for the expansion coefficients in general becomes
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very complicated and general mappings are, for this reason, rarely used
in Galerkin and tau methods except in cases where the mapping is par-
ticularly simple, e.g. the linear mapping where the mapping derivative
becomes a constant and the convolution reduces to a multiplication.
Another example where the mapping is reasonably simple is the case
where the mapping function, 1/¢'(), is a non-singular rational function
in £, in which case the convolution operator becomes a banded and very
sparse matrix operator as a consequence of the three-term recurrence
relations valid for orthogonal polynomials.

Let us now turn towards the use of mapping in Collocation methods,
where it becomes much simpler. In this case we seek approximations of
the form

N N
Inu(p(€) = D an P () = D u(e(E))(6)
n=0 7=0

where ¢; signifies the standard grid in I, the discrete expansion coeffi-
cients, @,, are found using a quadrature formula and [;({) represents
the interpolating Lagrange polynomial associated with the grid points.
In this case we wish to compute derivatives of u(z) at the grid points as

1 & 1
IN’U‘(l)(/(/}(El)) = 1/},(5) Zﬁgzl)Pr(La)(gl) = 1/},(5) Zu(¢(€]))Dl] )
t) n=0 v j=0

where D represents the differentiation matrix associated with 7;(¢) and
the grid points, &. However, since everything is done in point-space the
mapping just corresponds to multiplying with a constant at each grid
point. Hence, introducing the diagonal matrix

M =g (E)

the mapping is accomplished by multiplying the inverse of this matrix
onto the solution vector following the computation of the derivative at
the grid points. Indeed, when using the m-order differentiation matrix,
D(™) | for the computation of the derivative we simply obtain
1 1
W - @2 ( Mp@ _ M@ (1))
u M(I)Du , (MD)? MDD M'“'D u ,

where u represents the solution vector at the grid points and similarly
for u™ and u(® for the first and second derivative at the nodal points,
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respectively. Clearly, mapped higher derivatives may be obtained in
similar manner illustrating the particular ease by which mappings can
be introduced in this formulation. One should also that since M(™) ig
diagonal very little computational overhead is introduced.

9.5.1 Local Refinement Using Fourier Methods.

We shall first consider the use of mappings in connection with Fourier
collocation methods. However, prior to discussing useful mapping func-
tions, let us briefly concern ourselves with general properties that have to
be shared among the mapping functions such that the mapped functions
retain the spectral accuracy.

If we consider the general function, u(z) € L?[a,b] and the mapping,
¥(&) : | = [a,b], the continuous expansion coefficients become

Oty = / " w(1b(0)) exp(—in€)de

() ~uO)] + = [ 9O ((E)) exp(~in€)de

0

n
Hence, to maintain spectral accuracy we have to put requirements on
(&) similar to those on u(z), i.e. ¥(§) and its derivatives has to be
periodic and smooth to allow for spectral accuracy.

This said, let us now consider two mappings useful in connection with
Fourier methods. Many problems have solutions which are localized in
space, however, remain periodic. For such problems one may apply a
standard Fourier method, although it seems natural to cluster the grid
points around the steep gradients of the solution. This can be done by
mapping the equidistant grid to increase the local resolution.

One choice of a mapping function having this effect on a periodic
function defined on the interval £ € [—m, 7], is the Arctan-mapping given
as

_ L(1+tan? &%)

T = = 2arctan(L tan =
’(/}(f) ( 1 + L2 tan2 5—250

) 5 YO

§—&
2

where L < 1 is a control parameter for the amount of clustering that is
required around &,. Clearly, for L = 1 the mapping reduced to a unity
mapping. The best way to understand the effect of this mapping is to
recall that
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figure 9.1. Illustration of clustering of grid points around & = 0 using the
Arctan-mapping for different values of the mapping parameter, L.

dz = ' (§)d§

i.e. since d¢ is a constant on the equidistant grid we obtain clustering
where 1'(£) < 1 and stretching of the grid where ¢'(§) > 1. This is
illustrated in Fig. 9.1 where we plot the value of ¢'(&) for different
values of the mapping parameter, L.

We observe a clear clustering of the grid points around & = 0 and
find that the size L controls the amount of clustering with increasing
clustering around & for decreasing L.

Since v’ (£) consists of trigonometric functions periodicity of u(z) is
preserved through the mapping. This holds for arbitrary order of dif-
ferentiation. Moreover, the mapping function is smooth and introduces
no singularities in the domain. Consequently, we may expect that the
mapping preserves spectral accuracy of the approximation of a smooth
function.

An alternative to this mapping, which, however, has similar proper-
ties, is given as

(1 — %) sin(§ — &) )

T = ¢(§) = arctan <(1 + B2) COS(E — EU) + 28
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figure 9.2. Illustration of clustering bf grid points around £ = 0 different
values of the mapping parameter, 3.

_ 1-p?
1+ B2 42Bcos(é—&)

P'(€)

where || < 1 controls the clustering around &y € [—w,n]. For reasons
of comparison we plot in Fig. 9.2 the mapping derivative for several
values of 3. Note that the mapping becomes singular for = 1, while
B = 0 corresponds to a unity mapping. This mapping also preserves
periodicity and spectral accuracy of the approximation. Comparing the
two schemes as illustrated in Fig. 9.1 and Fig. 9.2 we observe that the
latter mapping leads to a less localized clustering around &, which in a
many cases is a desirable property.

9.5.2 Mapping Functions for Polynomial Methods.

Considering mapping functions for polynomial methods we shall con-
cern ourselves with problems utilizing the ultraspherical polynomials as
the Laguerre and Hermite polynomials are restricted to problems on an
infinite interval and only the linear mapping is of interest in these cases.

Let us therefore consider a function, u(z) € L2][a,b], expanded in
ultraspherical polynomials as
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N N
Inu(@(§) = D an Py (§) = 3 u(@(€))(¢) -

Jj=0

Performing the usual integration by parts procedure to study the rate
of decay of the expansion coefficients, it is easily established that ()
must be a smooth function to maintain spectral convergence and (1)
must be bounded to avoid effects from the boundary.

In the following we shall discuss mappings that allowing for the use of
ultraspherical polynomials, and in particular Chebyshev polynomials, for
the approximation of problems in the semi-infinite and infinite interval.
However, we shall also discuss a different use of mappings that results
in an increased accuracy by which derivatives may be computed.

9.5.2.1 Treatment of Semi-Infinite Intervals.

The straightforward way of approximating problems in the semi-infinite
interval is to use expansions of Laguerre polynomials. However, the lack
of fast Laguerre transforms and the poor convergence properties of these
polynomials suggests that alternative methods should be sought after.

The existence of the fast transform methods for Chebyshev methods
makes the use of this polynomial family very appealing. However, atten-
tion has to be paid to the approximation of the mapped function since
we have to impose a singular mapping in order to map infinity into a
finite value. An appropriate guideline is that uniform spectral conver-
gence may be maintained if the function, u(z) and the mapping function
x = (&), both are sufficiently smooth and the function, u(z), decays
fast enough without severe oscillations towards infinity.

A widely used mapping is the exponential mapping, ¢¥(§) : | = [0, 00|,
as

1-¢ , L
33—1/1(5)——LIH<T> ; 1/’(5)—1—_5 )

where L is a scale length of the mapping. We note that the grid is
distorted with a linear rate towards infinity and that no singular be-
havior at = 0 is introduced. This mapping has been given significant
attention due to its rather complicated behavior. It has been shown
that only for functions that decay at least exponentially towards infin-
ity may one expect to maintain the spectral convergence. This result,
however, is based on asymptotic arguments and good results have been
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reported by other researchers. The reason is the logarithmic behavior
which results in a strong stretching of the grid. This may behave well in
many cases, while in other situations it may result in a slowly convergent
approximation.

An alternative to the exponential map is the algebraic mapping given
as

_ptte e = —2E

where L again plays the role of a scale length. This mapping has been
studied in great detail and, used in Chebyshev approximations, the
mapped basis functions has been dubbed rational Chebyshev polynomials

defined as
r—L
TLa(z) = Tn (m)

z =1(§)

This family is defined for z € [0, oo[ and orthogonality as well as com-
pleteness may be established. Consequently, we may expect spectral
accuracy for approximation of smooth functions. On the other hand,
this is not a great surprise as the rational Chebyshev polynomials are
simply mapped Chebyshev polynomials. The advantage of using the
algebraic mapping is that the function, u(z), only needs to decay alge-
braicly towards infinity or asymptote towards a constant value in order
for the approximation to maintain spectral accuracy. This is contrary
to the exponential mapping which requires at least exponential decay.
Several authors have found that algebraic mappings are more accurate
and robust than exponential mappings, which is the reason for their
wide use.

One should observe that when applying a singular mapping it is
not always convenient to chose the Gauss-Lobatto points as collocation
points as they include the singular point. The proper choice may be the
Gauss-Radau points for the polynomial family.

As an alternative to using a singular mapping, one may truncate the
domain and apply a mapping. At first it may seem natural to just apply
a linear mapping after the truncation. However, this has the effect of
wasting a significant amount of resolution towards infinity where only
little is needed. If this is not the case, truncation becomes obsolete.

The idea behind domain truncation is that if the function decays expo-
nentially fast towards infinity, then we will only make an exponentially
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small error by truncating the interval. This approach yields spectral
convergence of the approximation for increasing resolution.

An often used mapping is the logarithmic mapping function, 1(¢) :
| = [0, Limax], defined as

exp(a(l —§)) — exp(2a)
1 — exp(2a)

T =P(§) = Lmax ) z/}I(f) =—ay(§) ,
where a is a tuning parameter.

One thing should be noted though. There is a complication about
using domain truncation in that for increasing resolution we need to
increase the domain size in order to avoid that the error introduced by
truncating the domain will dominate over the error of the approximation.

9.5.2.2 Treatment of Infinite Intervals.

When approximating functions defined on the infinite interval it may
seem natural to employ expansions based on Hermite polynomials. How-
ever, no fast Hermite transforms are known and the convergence rate of
Hermite expansions is rather slow suggesting that alternatives could be
useful.

As on semi-infinite intervals, we wish to develop singular mappings
which may be used to map the infinite interval into the standard interval
such that ultraspherical polynomials can be applied for approximating
the function. Similar to the guidelines used for choosing the mapping
function on the semi-infinite interval we can expect that spectral con-
vergence is conserved under the mapping provided the function, u(z),
is exponentially decaying and non-oscillatory when approaching infinity.
Clearly, the mapping function needs to be singular at both endpoints
to allow for mapping of the infinite interval onto the finite standard
interval.

As for the semi-infinite case, we may also construct an exponential
mapping function, ¥ (§) : | =] — oo, oo[ as

L

=) =Ltanh™ ¢ , (€)= m )

where L plays the role of a scale length. This mapping requires expo-

nential decay of the function towards infinity to yield spectral accuracy.
Alternatively, one may use an algebraic mapping as

£ L

V() = ——

T = =L——=
Y -y
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where L again plays the role of a scale length. This mapping has been
given significant attention and, used in Chebyshev approximations, a
special symbol has been introduced for the rational Chebyshev polyno-
mials as

for which one may prove orthogonality as well as completeness. The
advantage of applying this mapping is that spectral accuracy of the
approximation may be obtained even when the function decays only
algebraicly or asymptotes towards a constant value at infinity.

We note that the proper choice of collocation points on the infinite
interval may, in certain cases, not be the usual Gauss-Lobatto points
but rather the Gauss quadrature points.

9.5.2.8 Mappings for Accuracy Improvement.

As a final example of the use of mappings we shall now turn to a
slightly different, however important, problem of pseudospectral meth-
ods. In many problems in physics the partial differential equation in-
cludes derivatives of high order, e.g., 3rd order derivatives in the Korteweg-
de Vries equation and 4th order derivatives in the Kuramoto-Shivashinsky
equation. Additionally, such equations often introduces very complex
behavior, thus requiring a large number of modes in the polynomial ex-
pansion. For problems of this type the effect of roundoff error becomes
a significant problem as the polynomial differential operators are ill con-
ditioned as discussed in detail in Sec. 9.3.2. Even for moderate values of
m and N can this problem be disastrous and ruin the numerical scheme.

To overcome this problem, at least partially, one may apply the fol-
lowing mapping, ¥(§) : | = |, as

arcsin(ag)

fey o' 1
vi(E) = arcsina /1 — (af)? ’

where a controls the mapping. It may be shown that the error, e,

z =& =

arcsin «

introduced by applying the mapping, which is singular for £ = £a 1, is

_ Ine|
= cosh™* |
o = cos ( ~ > ,

i.e. by choosing € ~ e, the error introduced by the mapping is guaran-

related to o as
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figure 9.3. Illustration of the effect o% the mapping used for accuracy im-
provement when evaluating spatial derivatives at increasing resolution.

N m=1 m =2 m =3 m =4
8 0.155E-03 | 0.665E-02 | 0.126E+00 | 0.142E401
16 0.316E-12 | 0.553E-10 0.428E-08 0.207E-06
32 0.563E-13 | 0.171E-10 0.331E-08 0.484E-06
64 0.574E-13 | 0.159E-09 0.174E-06 0.111E-03
128 0.512E-12 | 0.331E-08 0.124E-04 0.321E-01
256 0.758E-12 | 0.708E-08 0.303E-03 0.432E4-01
512 0.186E-10 | 0.233E-05 | 0.143E400 | 0.587E+04
1024 0.913E-10 | 0.361E-04 | 0.756E+01 | 0.109E+07

teed to be harmless.

The effect of the mapping is to stretch the grid close to the boundary
points. This is easily realized by considering the two limiting values of
Q;

a— 0 Apinr — 1 —cos &
2 )

a— 1 Apinz — ~
where Apnx represents the minimum grid spacing. We observe that
for a approaching one the grid is mapped to an equidistant grid. In
the opposite limit, the grid is equivalent to the well known Chebyshev
Gauss-Lobatto grid. One should note that the limit of one is approached
when increasing NV, i.e. is it advantageous to evaluate high order deriva-
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N « m=1 m =2 m =3 m =4
8 | 0.0202 0.154E-03 | 0.659E-02 | 0.124E+00 | 0.141E+401
16 | 0.1989 0.290E-13 | 0.383E-11 0.236E-09 0.953E-08
32 | 0.5760 0.211E-13 | 0.847E-11 0.231E-08 0.360E-06
64 | 0.8550 0.180E-12 | 0.225E-09 0.118E-06 0.436E-04
128 | 0.9601 0.138E-12 | 0.227E-09 0.334E-06 0.282E-03
256 | 0.9898 0.549E-12 | 0.201E-08 0.262E-05 0.521E-02
512 | 0.9974 0.949E-11 | 0.857E-07 0.467E-03 0.180E+01
1024 | 0.9994 0.198E-10 | 0.379E-06 0.433E-02 0.344E+02

tives with high resolution at an almost equidistant grid. In Fig. 9.3
we plot the mapping derivative for different resolution with the optimal
value of a. This clearly illustrates that the mapping gets stronger for
increasing resolution.

Example 53.
Let us consider the function

u(z) =sin(2z) , ze[-1,1] .

We wish to evaluate the first four derivatives of this functions using
a standard Chebyshev collocation method with the entries given in
Eq.(9.5). In Table 9.7 we list the maximum pointwise error that is
obtained for increasing resolution.

We clearly observe the effect of the round-off error and it is obvious
that only very moderate resolution can be used in connection with the
evaluation of high order derivatives.

As previously, we apply the singular mapping in the hope that the
accuracy of the derivatives improve. In Table 9.8 we list the maximum
pointwise error for derivatives with increasing resolution. For informa-
tion we also list the optimal value for a as found for a machine accuracy
of epy ~ 1.0E — 16.

The effect of applying the mapping is to gain at least an order of
magnitude in accuracy and significantly more for high derivatives and
large N.
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Discrete Stability and Time Integration

Until now we have concerned ourselves with the spectral approximation
of the solution and the operator in the general initial value problem

ou(z,t)

5 = Lu(z,t) , ze€[-1,1] ,t>0,
B_u(-1,t) = g(t) , t>0
Biu(l,t) = h(t) , t>0

u(z,0) = f(x) , zel[-1,1 ,t=0 .

where By represents the boundary operator at z = %1, g(¢) and h(t)
the possibly time dependent boundary conditions and f(z) signifies the
initial condition.

Assuming that the boundary operator, B, is included in the spa-
tial operator, £, we consider in this chapter the properties of the semi-
discrete approximation

QN _ f o (un(a ), 2,t)
dt
with appropriate initial conditions, and shall discuss a number of prob-
lems central to the solution of the semi-discrete set of coupled ordinary
differential equations.
We shall confine the theoretical discussion to the case of linear oper-

ators yielding the semi-discrete, linearized and localized problem

duN

349
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We recall that in the semi-discrete situation, uy (z, t), represents a vector
of length N + 1, containing the expansion coefficients when a Galerkin
or a tau method is used and the grid point values in case a collocation
method is applied, while Ly is a matrix of order N + 1. Thus, in the
following we write the semi-discrete problem as

d
= =Lu(z,1) |
also known as the method of lines. This equation may naturally be
solved exactly as

u(z, t) = exp [Lt] u(z,0) = exp [Le] f(x) ,

through the introduction of the matrix exponential. However, it is,
with the exception of very simple operators, L, impracticable to apply
the matrix exponential for solving the time-dependent problem. Thus,
one often introduces an approximation to the matrix exponential with
the most frequent schemes being based on an explicit or implicit finite
difference scheme to approximate the solution over some time step At.
Essentially, the exponential, exp(z), is approximated either as a finite
Taylor series

m )
N B (LAt)®
exp(LAt) ~ K(L,At) = Y TR
i=0
or through a Pade approximation
Z?LO a; (LAt)Z

exp(LAt) ~ K(L, At) = ST (LAY
with the expansion coefficients, a; and b;, being found such that the
approximation agrees with the Taylor expansion. Certainly, for At being
sufficiently small such an approximation is expected to be valid.

At first it may appear strange that, while using a spectrally accu-
rate spatial approximation in space, we choose to use a finite difference
approximation in time with the plausible result that the global error is
going to be dominated by this latter term and, hence, the total scheme
becomes only accurate to some algebraic order of At. However, there
are several reasons for using such an approach. The simplicity of the
finite difference approximations to the matrix exponential is certainly
appealing. Moreover, using explicit methods the maximum time step is
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typically restricted in size and this bound often depends in a nonlinear
way of the spatial discretization thereby causing the temporal error to
become much smaller that the spatial error thereby recovering the spec-
tral accuracy. Additionally, since we are often solving problems with
several spatial variables, any reduction in memory requirements is most
pronounced in space as we only have one temporal variable. We shall
note that when applying a fully implicit scheme, which in some cases
have no restriction on the maximum allowable time step, significant care
has to be exercised to ensure that the time differencing error does not
dominate over the spatial approximation error. We should also note
that methods, being spectrally accurate in time, have been developed
but they are generally available only for the solution of simple linear
problems or require the solution of large, non-symmetric sparse linear
problems.

Let us now assume that the matrix exponential is approximated in
some appropriate way such that advancing from ¢ to ¢t + At amount to

u(z,t+ At) = u" = K(L, At)u” ,

where t = nAt, with At being the time step, and the matrix K(L, At)
represents the approximation to the matrix exponential. Applying K(L, At)
repeatedly yields the solution at t = nAt as

u" = [K(L, A" f .

Following the discussion on the Lax-Richtmeyer Equivalence Theorem
we say that the fully discrete scheme is strongly stable provided

| K (L, A)]" |2, < K(At)

where the matrix norm is defined in the usual manner. As sufficient,
but not necessary, condition for strong stability is that

IK (L, A8)l2 <1+ kAL,

for some bounded « and all sufficiently small values of At.

In the special case where K = K(L,At) is a normal matrix, i.e.
KTK = KK, strong stability is ensured in L? through the von Neu-
mann stability condition

max [Ar| <14 kAt
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where A\g represents the eigenvalues of K(L, At). In case K(L, At) is
non-normal, which is the case for most spectral approximations, von
Neumann stability is still a necessary condition for strong stability but
no longer sufficient.

Stability within this framework is also known as Lax stability, since it
represents the fully discrete version of the Equivalence theorem ensuring
convergence provided stability and consistency is given. However, al-
though playing an important role in the analysis of numerical methods,
is it impractical for long-time integration since it allows for exponen-
tially growing solutions and only ensures that the spatial and temporal
approximation can be refined sufficiently to ensure convergence at any
give time.

A more practical notion of stability is known as asymptotic stability
which amounts to requiring that for sufficiently small At we may obtain
that

IK(L, Atz <1,

ie. Kk =0.

10.1 Eigenvalue Spectra of Fundamental Operators

Although in general only supplying necessary conditions, it is clear from
the above discussion that the eigenvalues of K(L, At) play an important
role in the understanding of the stability of the fully discrete approxi-
mation to the initial boundary value problem.

Let us therefore consider the similarity transform of K(L, At) as

K(L,At) =S *AgS ,

where A x represents the diagonal eigenvalue matrix while S and S~! are
the matrices of the left and right eigenvectors of K(L, At), respectively.
Provided K(L, At) is normal S and S~! are bounded independent of At
and L, establishing the sufficiency of the von Neumann stability in this
case. In the more general case where K(L, At) is non-normal we can no
longer guarantee boundedness of S and S™! and conditions beyond the
von Neumann stability has to be considered.

However, if we restrict the attention to the von Neumann criteria it
is clear that

Ax =K(Ap,At)
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using the Cayley-Hamilton theorem for the matrix polynomial, K, where
A, represents the eigenvalues of the discrete approximation of the spatial
operator, £. Hence, the eigenvalues of the discrete approximation of
various operators plays an important role as they appear directly in Ag
and in the following we shall discuss the eigenvalue spectrum of various
discrete operators obtained using Fourier or polynomial methods.

10.1.1 Fourier Methods.

Obtaining the eigenvalue spectrum for Fourier approximations of linear
operators is simple. If we consider the Galerkin approximations, we
immediately get

LY = diag(—iN/2,...,—i,0,i,...,N/2) ,
and
L® = diag(-N?/4,...,-1,0,-1,...,—N?/4) ,

for the first and second order operator, respectively, directly supplying
the eigenvalue spectrum. Clearly, the spectrum for higher order deriva-
tives are obtained in an equivalent manner. We note in particular that
the maximum eigenvalue for the m-order differentiation is given as

N m
max [A(™)| = <5>

Since L(™) is normal the von Neumann stability criteria is both necessary
and sufficient to ensure stability.

The situation for the Fourier collocation method is the almost the
same, although slightly more complicated. Introducing the differentia-
tion matrix, D(™) or alternatively using the discrete expansion coeffi-
cients, @, for the computation of L we find that the eigenfunctions for
D(™) are given as 1, () = exp(inz) since

Vn € [-N/2+1,N/2 — 1] : D™, (x) = (in)™ ¢ (z) .

However, this leaves us with the final two eigenfunctions for n = £N/2
for which we obtain for, e.g. the first order operator D, that

d N .. (N
Dyinya(7) = ZN%IN {cos <§m> + i sin <§x>] =0 .
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Hence, these two most extreme modes picks up two extra zero eigen-
values making the spectrum different from that of the Galerkin method
due to the use of the slightly different space in which we seek solutions.
However, in practice the Galerkin and the collocation methods perform
in exactly the same way and it is safe to assume that the eigenvalue
spectra for the different methods are identical in any practical situation.

We note that in case the odd number of grid points, y;, is used that
eigenvalue spectrum becomes identical to that of the Galerkin method.

10.1.2 Polynomial Methods.

Contrary to what we found for the Fourier methods, it is no longer
possible to obtain simple and analytic expressions for the eigenvalue
spectrum when using polynomial methods for the approximation of the
spatial operators. In the following we shall discuss the eigenvalue spectra
appearing from the approximation of the first and second order spatial
derivatives using Legendre and Chebyshev polynomials, with the em-
phasis on approximate operators appearing from tau and collocation
projections.

10.1.2.1 Spectrum of the Advective Operator.

Let us first consider the behavior of the eigenvalue spectrum of the
advective operator

_du

EU—% s

subject to homogeneous Dirichlet boundary conditions.
Let us for simplicity first consider the Chebyshev collocation approx-
imation

Lu = Du ,

where D represents the Chebyshev-Gauss-Lobatto differentiation matrix
with the boundary conditions being imposed by removing the last row
and column of D. As D has no significant symmetry we can not obtain
the eigenvalue spectrum by analytical means, leaving us with no alter-
native to the numerical computation of the spectrum. In Fig. 10.1 we
illustrate the corresponding spectrum for various orders of discretization.

We observe that the real parts are strictly negative while the maxi-
mum eigenvalue scales as
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figure 10.1. Eigenvalue spectra of a Chebyshev-Gauss-Lobatto advection
operator for increasing resolution, NV.

max |A\M| = O(N?) |

with the estimate being asymptotically sharp. We note that, contrary to
the case for Fourier methods, the eigenvalue grows like N2 rather that
linear in N.

The spectrum for the Chebyshev tau approximation of the advection
operator is qualitatively the same as for the collocation approximation
although numerical studies show the numerical value of the maximum
eigenvalue is slightly smaller than obtained in the collocation approxi-
mation.

The situation when using Legendre polynomials to construct the ap-
proximation is slightly different. In Fig. 10.2 we show the spectrum
of the Legendre-Gauss-Lobatto differentiation matrix and observe that
although the spectrum is qualitatively different from the Chebyshev-
Gauss-Lobatto case in Fig. 10.1 we recover a similar scaling of the
maximum eigenvalue as

max |A\M| = O(N?) |

with all real parts of the spectrum being strictly negative, albeit with a
very small real part for the extreme eigenvalues.

The situation for the Legendre tau approximation is slightly differ-
ent, at least in theory. Indeed, it is possibly to show analytically that
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figure 10.2. Eigenvalue spectra of a Legendre-Gauss-Lobatto advection op-
erator for increasing resolution, N.

asymptotically the maximum eigenvalue scales likes
max | AV | = O(N)

in the Legendre tau approximation of the advective operator. On the
other hand, numerical studies suggest a quadratic dependence of N.
This discrepancy between theory and computation is caused by ill-conditioning
of the tau operator, which makes it extremely sensitive to round-off er-
rors, the effect of this being that in effect the maximum eigenvalue scales
like N2 in an actual implementation of the Legendre tau approximation.

One could think that the quadratic dependence of maximum eigen-
value on N is related to the minimal grid size in the Gauss-Lobatto grid,
which indeed is of O(N~2) for ultraspherical polynomials. However, al-
though tempting to make such a connection, care has to exercised as
the grid scaling is a consequence, rather that a source, of the applica-
tion of the ultraspherical polynomials with the associated eigenvalue,
An ~ n?, from the Sturm-Liouville problem. Nevertheless, the mini-
mum grid spacing in practical implementation of polynomial collocation
methods supplies a very good estimate of the inverse of the maximum
eigenvalue.

The ill-conditioning of the discrete approximations to the advection
operators, as we also experienced in the previous chapter, may cause
the eigenvalues to behave differently from what we have discussed so
far. This supplies yet another reason for exercising great care when
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Approximation max [A®)|/N? | max |x®)|/N?
Chebyshev Tau 0.300 0.047
Chebyshev Collocation 0.047 0.014
Legendre Tau 0.110 0.026
Legendre Collocation 0.026 0.006

implementing the differentiation matrices in order to minimize the effects
of the finite precision.

10.1.2.2 Spectrum of the Diffusive Operator.

Let us now consider the eigenvalue spectrum of the diffusive operator

Lu = pr
We first consider the case of homogeneous Dirichlet boundary conditions
enforced by setting the entries of the first and last row and column of
the differentiation matrices to zero in the collocation method while the
boundary conditions are implemented in the usual manner in the tau
method by having the final two rows enforcing the boundary conditions.

We first note that there is only little quantitative difference between
the Legendre and Chebyshev methods as well as the tau and collocation
approach. Indeed, the eigenvalue spectrum is in all cases strictly neg-
ative, real and distinct and bounded by the two constants, ¢; and cs,
as

_01N4S>\SCQ<O s
i.e. the maximum eigenvalue scales as
max |A?| = O(N?) |

asymptotically. This result can be confirmed through numerical experi-
ments, and in Table 10.1 we give the asymptotic values of ¢; for reference.
We note that the maximum eigenvalue is always smaller using colloca-
tion methods as compared to the use of tau methods independent of the
choice of polynomials.

The situation for Neumann boundary conditions is very similar to
that of Dirichlet conditions. Neumann conditions are implemented in the
collocation methods by exchanging the first and last row of the second
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order differentiation matrix with those of the first order differentiation
matrix.
As for the Dirichlet boundary conditions we obtain a scaling as

—aN* <A< <0,

with the exception of the zero eigenvalue introduced by the Neumann
boundary condition. Thus, the maximum eigenvalue scales as

max [A\?| = O(N?) |

asymptotically and in Table 10.1 we give the asymptotic values of ¢;.
Enforcing the Neumann conditions in a different manner, e.g. implicitly,
yields similar values of the maximum eigenvalue and the growth remains
to scale with N*.

10.2 Standard Time Integration Schemes

The actual choice of the time integration method is influenced by several
factors such as required accuracy, available memory and computer speed.
In the following we shall briefly discuss the most commonly used time
integration methods for integrating time dependent partial differential
equations with the spatial operators being approximated using spectral
methods and discuss the implications of the strong N dependence of the
eigenvalue spectrum on the maximum allowable time step.

We consider the initial boundary value problem approximated using
spectral methods as

du™
dt

= L(u",nAf) =L" ,

where u”™ represents the solution vector at t = nAt with At being the
actual time step and L™ is the spectral approximation to the operator
at t = nAt. We assume that the boundary operator is included in L"
and that proper initial conditions are supplied.

10.2.1 Multi-step Schemes.

The general multi-step scheme is of the form
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p p
Z Cki'u,nii = At Z Ban77l ,
i=0

i=0

where p refers to the order of the scheme. We may distinguish between
implicit and explicit methods by realizing that for 5y = 0 we obtain the
solution at t = nAt from knowledge of the solution at previous time
steps only, i.e. the scheme is explicit. Multi-step schemes in general
require that solutions at one or more previous time-steps are retained,
thus making such schemes memory intensive, in particular when ad-
dressing multi-dimensional problems. However, only one evaluation of
L™ is required to advance one time step, thereby reducing the computa-
tional workload. The importance of memory over computational speed
is problem dependent and it is very hard to give general guidelines.

Initially, one may not have the solution at the required number of
time steps backward in time. Thus, it is necessary to start out with a
few 1st order steps while retaining the results and, once sufficient steps
is known backward in time, a high order time differencing scheme can be
applied. A suitable choice for performing the initial steps is the forward
Euler method but other may also be applied. Since one is only doing
very few steps with this initial method, the question of stability may
in fact be neglected and even unconditionally unstable schemes can be
used for initializing multi-step schemes.

Let us as a first example consider the classic 2nd order explicit Leap-
Frog Scheme being defined as

u™tt = w4 2AL” .

Since the stability of the scheme is related to the eigenvalue spectrum
of L™, we shall consider the stability of the linearized problem

L" = Au" | (10.1)

to obtain necessary conditions for stability of the Leap-Frog scheme.
The analysis of a multi-step scheme is done by writing the scheme in

matrix form as
untt _[2XAt1 unm
u ) 1 0| \wurt)

where the matrix operator plays the role of K(L, At) introduced previ-



360 10. Discrete Stability and Time Integration

ously. In order for the solution to remain bounded we must require that
the eigenvalues, u, of the matrix operator advancing the solution by one
time step are less than or equal to one. The eigenvalues are easily found
as

=Mt £ /1 + N2A82 |

subject to the constraint |u| < 1. This implies that |AA¢| < 1 and AA¢
must be purely imaginary. Hence, the Leap-Frog scheme is only stable
when advancing purely advective problems being approximated using a
Fourier method, i.e. its use is rather limited. However, used in such a
situation, the time step has to be restricted as

pe L2 11

“max|]\D| N 7wAz’

i.e. the time step must decay linearly with the resolution in order to
maintain stability, much like the case of finite difference methods.

In the following we shall give numerous alternatives to the Leap-Frog
scheme, in particular methods suitable for the integration of approxi-
mations based on polynomials as in this case it should be clear that the
Leap-Frog scheme in inappropriate. We shall not perform a detailed
stability analysis of all the schemes as such an analysis is fairly trivial,
following the exact same approach as discussed above, and can be found
in most text books on the solutions of ordinary differential equations.

10.2.1.1 Adams Methods.
A popular choice of explicit time integration schemes are the explicit
Adam-Bashforth Methods of which the first reads
ut = u + AL"

also known as the 1st order forward Euler scheme. Performing the sta-
bility analysis using Eq.(10.1) yields the stability condition

I1+AA <1,

which represents the unit circle, centered at AAt = —1, i.e. the scheme
is stable as long as AAt is inside this stability region. Consequently,
using the forward Euler method for integrating an advective periodic
problem, approximated using a Fourier method, is inherently unstable,
since the imaginary axis is a marginal member of the stability region
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figure 10.3. Stability regions for Adam-Bashforth methods of order 2, 3 and
4.

only. However, approximating the operator using a polynomial basis
leads to eigenvalues with non-zero real and imaginary parts and, pro-
vided At is chosen sufficiently small, one may obtain stable schemes by
ensuring that AA# remains inside the stability region. This, however,
poses very strict constraints on At and should not be used except when
no alternative is available.

The 2nd order Adam-Bashforth scheme reads

At
u"t = u" + 7(3L” S T I
the still more accurate 3rd order scheme is given as

At
w'h = u” 4+ = (231" — 161" 4517

and the 4th order scheme becomes

At
u™t =" 4 57 (091" — 59L"! 4 37L"72 — 9L"73)

The stability regions for these methods may be obtained by the exact
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figure 10.4. Stability regions for Adam-Moulton methods of order 3 and 4.

same method as applied for analyzing the Leap-Frog scheme and in Fig.
10.3 we show the stability regions for these high order schemes. Note
that the stability region decreases for increasing order of the method,
thus placing stronger constraints on the maximum allowable time step.
One should also note that while the 1st and 2nd order schemes do not
include any part of the imaginary axis, this is no longer true for higher
order methods, thus rendering these methods well suited for approxima-
tions based on Fourier as well as polynomial methods.

A family closely related to the explicit Adam-Bashforth methods is
known as the implicit Adam-Moulton Methods, which, as it first mem-
ber, contains the scheme

u"t = u” + AL

)

also know as the 1st order backward Euler method. Performing a sta-
bility analysis for this scheme results in a condition as

1
— <1
1 — At — 7
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implying that the scheme is stable provided AAt is outside a unit circle
centered at AAt = 1, i.e. the scheme is A-stable. Since the eigenvalue
spectra of the approximated spectral operators all have strictly negative
real parts, it is clear that the backward Euler method is uncondition-
ally stable, i.e. independent of the size of At. However, one should
remember that the error is O(At) putting constraints on the time step
with respect to accuracy. A-stability is also a property of the 2nd or-
der Adam-Moulton method, also known as the Crank-Nicolson method,
being

At
u"tt =u" + T(L"Jrl +1")

which is 2nd order accurate and widely used for solving diffusion prob-
lems. High order Adam-Moulton methods may also be obtained to 3rd
order as

At
n+l _ .n Ln+1 L® — Ln—l
u u"+ 55 +8 ),
and the 4th order scheme is given as
n+1 n At n+1 n n—1 n—2
u =u +—24(9L + 19L" — 5L +L"%) .

Contrary to the lower order members of the family, the 3rd and 4th order
schemes are only conditionally stable with the stability regions being
shown in Fig. 10.4. One should note that the high order methods does
not include the imaginary axis except for the origin, thus rendering them
ill suited for Fourier and Legendre approximated advection problems.

Comparing the stability regions of the explicit Adam-Bashforth meth-
ods in Fig. 10.3 and those of the implicit Adam-Moulton methods in
Fig. 10.4 it is clear that the latter has a stability region being roughly
ten timers larger than the former. Moreover, the implicit methods have
a smaller truncation error, making them more accurate, however at the
expense of requiring the solution of an implicit set of equations.

A common way of combining the advantages of an explicit scheme
with the higher accuracy and increased stability region of an implicit
scheme is to use the Adam-Bashforth methods as a predictor to the
Adam-Moulton methods, yielding the Adam-Bashforth Predictor-Corrector
Methods of which the 2nd order scheme is
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figure 10.5. Stability regions for Adam-Bashforth Predictor-Corrector meth-
ods of order 2, 3 and 4.

A
u =u"+ {(3L" -
At
u"tt = u” + 5 (L7 +LY)

where L* = L(u*,nAt), i.e. the solution obtained using the predictor
is taking the role of the solution in the implicit corrector, yielding a
two-step explicit scheme. The widely used 3rd order predictor-corrector
scheme is given as

A
u* =u" + 1—2t(23L" — 16L" ! 4+ 5L |

At
u"t ="+ E(5L* +8L" — L")

while a 4th order scheme is obtained directly by combining the explicit
and implicit Adams methods discussed above.
Compared to the one-step explicit schemes, the predictor-corrector



10.2 Standard Time Integration Schemes 365

methods have a larger stability region, see Fig. 10.5, and are more
accurate although less than for the purely implicit scheme. We observe
in Fig. 10.5 that only the stability region of the 3rd order predictor-
corrector contains part of the imaginary axis, explaining the wide use of
this particular method for Fourier as well as polynomial based methods.

Contrary to the explicit one-step schemes, the predictor-corrector
schemes require two evaluations of L, which may be costly. This tradeoff
between higher accuracy and more computations makes it hard to gen-
erally state that the predictor-corrector methods are the best choice. In-
deed, for many problems the explicit Adams-Bashforth methods may be
a better choice. However, it is possible to change these two-step schemes
such that only one computation of L is required, known as partially cor-
rected schemes contrary to the standard fully corrected schemes. Indeed,
the partially corrected two-step schemes have considerably smaller er-
rors than the explicit one-step schemes, although also a slightly smaller
stability region that the fully corrected scheme. The partially corrected
3rd order predictor-corrector scheme is given as

At - . -
a"tt = u" 4 T3 (230" — 161"t 4+ 5L"72) |
n+1 n At T n+1 rn rn—1

where L = L(a",nAt), i.e. only after the predictor step does one
need to compute the time derivative thereby making the required com-
putational work similar to that of a one-step scheme, albeit with higher
accuracy.

10.2.1.2 Backward Differentiation Schemes.

As an alternative to the Adam schemes, one can use the Backward Dif-
ferentiation Formulas (BDF), being implicit schemes, the first of which
is the backward Euler scheme. The 2nd order scheme is given as

3utt —4u” + u ! = 2AL L

Comparing with the Adam-Moulton methods we observe that the solu-
tion, u', at the previous time steps rather than its time derivative, L",
needs to be stored to advance in time.

For some types of problems this has a significant advantage and BDF-
methods are widely used for solving e.g. stiff systems of diffusive prob-
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figure 10.6. Stability regions for BDF methods of order one to six.

lems. The 3rd order scheme yields
1u™ — 180" + 9u™! — 202 = 6AL"H! |
while the 4th order scheme is given as
25u"T! — 48u” + 36u" ' — 16u” % 4 3u”? = 12A¢L" .

In Fig. 10.6 we show the stability regions of the BDF methods and note
that the first and second order schemes are A-stable while this property
is lost for higher order schemes. A scheme is stable if AA¢ is outside the
stability region for all eigenvalues of the operator, since we are dealing
with implicit methods.

10.2.1.3 Semi-Implicit Schemes.

The advection-diffusion equation, or indeed the incompressible Navier-
Stokes equation, plays a very important role in many branches of science
and engineering and special schemes tailored for the efficient solution of
such problems has received significant attention. Purely explicit schemes
may be very expensive due to the requirement of a very small time-step,
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this particularly being true when using polynomial methods, where the
eigenvalues of the diffusive operator grows like N*. On the other hand,
the advective part of the equation is often non-linear making a purely
implicit solution difficult and costly.

If we consider the general discretized advection-diffusion equation

C(ll—'l: = L(u,t) = —=F(u,t) + G(u,t) ,
then the advective operator, F(u,t), is often non-linear while the diffu-
sive operator, G(u,t), is linear in u. This observation has lead to the
introduction of the Semi-Implicit Schemes where the non-linear part is
advanced in time using an explicit scheme while the linear part is dealt
with using an implicit scheme, thereby, at least partially, avoiding the
influence of the diffusive operator on the time step restriction.

The most straightforward semi-implicit scheme is obtained by using
the 2nd order Adam-Bashforth scheme for the non-linear part and the
Crank-Nicholson scheme for the diffusive part as

At At
utt ="+ 7(3F” —Fr ) 4+ 7((}’”r1 +G")

yielding a scheme in which only the linear part of the equation requires
to be solved implicitly. Since the Crank-Nicholson scheme is A-stable,
the total scheme has stability region as the explicit Adam-Bashforth
method, however, only for the advective part thereby avoiding the effects
of the diffusive operator on the time step. It is certainly possible to use a
higher order scheme for advective part, however, the scheme will remain
second order. To achieve higher order more elaborate schemes, known
as Stiffly Stable Schemes, needs to be considered.

The stiffly stable schemes are obtained by combining the BDF meth-
ods with an explicit multi-step scheme, specially tailored for stability
and accuracy, for advancing the non-linear part of the equation. The
1st order scheme, being nothing more than a combination of the forward
Euler scheme for the non-linear part with the backward Euler scheme
for the linear part, yields

u" Tt —u" = AtF" + AtG"L
The 2nd order scheme is given as

3u —du™ 4w = 2A¢(2F" — FT) 4 2AtGM Y
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while the even more accurate, and widely used, 3rd order scheme is given
as

N —18u"+9u ' —2u""? = 6At(3F" —3F" '+ F"~ )+ 6AtG" T .

The connection with the BDF schemes is clear and we note that these
schemes all are one-step schemes. It is generally found that the stability
is governed by the nonlinear term with a time-step restriction being
close to that of the explicit Adam-Bashforth methods although slightly
smaller time step in general is required.

10.2.2 Runge-Kutta Schemes.

A popular and highly efficient alternative to the multi-step schemes is
known as the Runge-Kutta Methods, given on the general form

ki =L(u" + At Z aijki, (n + ¢;)At)

i=1

™t = un + At Z bik; .

i=1

Such a scheme is termed an s-stage explicit Runge-Kutta scheme, where
the choice of the constants a;j,c; and b; determines the accuracy and
efficiency of the overall scheme.

For linear operators, L, the s-stage Runge-Kutta schemes are nothing
else than the Taylor expansion of the matrix exponential to order s. The
main difference between the Runge-Kutta schemes and the multi-step
schemes is that the former require more evaluations of L to advance a
time step while no information from previous time-steps is required as
is the case for multi-step schemes.

10.2.2.1 Standard Schemes.

A popular 2nd order scheme is found for ¢y = as; = % and by = 1
and zero otherwise. This scheme is known as the midpoint method and

yields

ki =L(u",nAt) =L1L"
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u" =" + Atk,

being a 2-stage scheme. An alternative 2nd order accurate, 2-stage
scheme is known as the Heun method

ki = L(u",nAt) = L"

At
u"tt =" + 7(’61 + ko) .

Stability of these schemes is established by considering the scalar equa-
tion

du

— =Au ,

dt
for which the general s-stage scheme can be expressed as a truncated
Taylor expansion of the exponential functions as

= ~  u" R

1!

s )
AAL)
unJrl _ Z (
i=1
and, consequently, stability is obtained provided

LN OViNAL
> B

i=1

<1

Y

for which the stability region for AAt¢ may be obtained.
A popular 3rd order 3-stage scheme is the Heun scheme given as

ki = L(u",nAt) = L"

At
u"tt = u" Z(kl + 3ks3) .
Note, that although being a 3rd order scheme only two storage levels is

required.
The classic 4th order accurate, 4-stage scheme is given as
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figure 10.7. Stability regions for Runge-Kutta methods.

u” + LAtk (n+ $)At)
u” + $Atks, (n + 1)At)

u™tl ="+ %(kl + 2k +2k3 + ky)

requiring four storage levels.

In Fig. 10.7 we display the stability regions for the three Runge-Kutta
methods

One should note that contrary to the fully explicit Adam-Bashforth
methods, the stability regions expand with increasing order of the Runge-
Kutta method. However, one should also remember that increasing the
order of the scheme also increases the amount of memory and computa-
tion required to complete the step.

Observe also, that the 2nd order Runge-Kutta scheme is only marginally
stable at the imaginary axis, thus rendering it ill suited for Fourier and
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Legendre based schemes for approximating advective operators.

10.2.2.2 Low-Storage Methods.

The requirement for several storage levels, e.g. four for the classical 4th
order Runge-Kutta method, leads to excessive memory requirement in
particular when dealing with multi-dimensional problems. However, by
defining the constants of the Runge-Kutta method properly it is possible
to arrive at methods that require only two storage levels, however, at
the expense of performing one extra evaluation of L. The introduction
of the additional step introduces extra degrees of freedom in the design
of the scheme such that the resulting schemes also have a larger stability
region making the work per time unit about the same at the classical
methods, albeit with less memory requirements.
The s-stage Low-Storage Method is given on the form

ug = u"
Vie [1 S] : kj = a]-kj,l + AtL('U,]‘, (n + Cj)At)
J ’ u; =uj_1 +bjk;
J — %1 gt
u"t =,

where the constants a;, b; and c; are determined to yield the desired
order, s — 1, of the scheme. For the scheme to be self-starting we require
that a; = 0. Note that we need only two storage levels containing, k;
and uj, to advance the solution.

A 4-stage 3rd order Runge-Kutta scheme is obtained using the con-
stants

a1:0 blzlclzo
3
_ 11 _ 5 _ 1
a2——ﬁb2—502—§
— 5 — 3 —_ 5
(7,3——§ b3—gC3—§
— 1 — 8
0,4——1 b4—ZC4—§

The constants for a 5-stage 4th order Runge-Kutta scheme is given as
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_ __ 1432997174477 _
a =0 by = 9575080441755 1 — 0
@ — _ 67301805773 p _ 5161836677717 __ 1432997174477
2 =~ T 1357537059087 2 — 13612068292357 2 — 9575080441755
(2 — _ 2404267990393 5 1720146321549 . _ 2526269341429
3 = T 2016746695238 3 — 2090206949498 3 — 6820363962896
(4 — _ 3550018686646 5 ~_ 3134564353537 . _ 2006345519317
4 = T 2001501179385 4 — 4481467310338 4 — 3224310063776
a- — _ 1275806237668 5 _ 2277821191437 __ 2802321613138
5 = T 842570457699 ~° — 14882151754819 O — 2924317926251

These constants are accurate up to 26 digits, being sufficient for most
implementations.

The stability regions for these low storage methods are similar to those
of the classical methods, although slightly larger. In particular, both low
storage schemes contain the imaginary axis as part of the stability region.
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Norms, Spaces, and Inequalities

In the following we shall briefly review a number of definition and con-
cepts from approximation theory in linear spaces. We do not attempt to
give a complete picture of the underlying theories, but rather to provide
a simple and very selective introduction to issues of relevance to the
development and analysis of spectral methods.

For a more thorough introduction to linear approximation theory and
the modern terminology from functional analysis we refer to one of the
many excellent texts on the topic, e.g., [?].

A.1 Normed Linear Spaces

Consider a normed linear space, V, endowed with the norm || - ||, of
functions, u. A function w is said to belong to V if ||u|| is bounded.
This, on the other hand, also defines V in terms of all functions, u, as

V={ullull <oo} .

We assume, for simplicity, that V is defined over the field of real numbers,
R. However, most of the subsequent results also hold for the field of
complex numbers.

The norm, || - ||, enables the definition of linear spaces in which all
elements u € V, subject to ||u|| # 0, are normalized such that w/||u|| is
unity. Such spaces are termed normed linear spaces and, by the defini-

377
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tion of a norm, we immediately recover

Positive definite —|lul| >0, |lu|=0cu=0
Triangular inequality — [|u + v|| < ||ul] + ||v]]
Homogeneous — ||au|| = |al||ul|

Additional useful bounds are given as

2luv]| < [lull® + [lvll*

[ lull = ol | < flu £+ off < flull + loll-

for u,v € V.

A.2 Banach Spaces

Let us use the norm, || - ||, to define a metric, d(u,v) = ||u — v||, such
that the distance between elements in V can be measured. Let us fur-
thermore introduce the Cauchy sequence, {u,}52, € V, defined through
the condition

Ve > 03IN Vm,n >N : dlup,um) <¢€ ,
or, equivalently,

lim d(un,um)=0 .
m,n— 00
If, indeed, any Cauchy sequence in V is convergent to an element in V,
the normed linear space, (V,|| - ||), is termed complete.

The completeness of (V,|| - ||) has the important consequence that
any vector, u € V, can be approximated arbitrarily close by elements
contained entirely in V, i.e., there exists a Cauchy sequence for which
lim;,— 00 d(u, uy,) = 0, where closeness is measured using the norm, || - ||.

Complete normed linear spaces are also known as Banach spaces and
play an important role in many areas of analysis, e.g., a prominent
member is any finite dimensional normed space, e.g., RY , endowed with

N 1/p
lullp = (ZIWI”)

=0

the p-norm
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A.2.1 The Spaces of Continuous Functions, C"™[D].

A particularly important example of a Banach space is the space of
continuous and continuously differentiable functions, denoted by C™[D]
where D is a bounded subset of R. If we, for simplicity, restrict ourselves
to functions of one variable and define

dn

u™ =DMy = el

then the space C™[D] defined on D C R is a Banach space with the norm

_ (n)
lull = 37 max D™l .

n<m

Hence, C™[D] is the space of function, defined on D that have at least m
continuous derivatives. C™[D] is clearly complete since every sequence
will converge to a continuous function, i.e., an element in the space itself.

We note that the restriction of the above definitions of C™[D] to
functions of one variable by no means is necessary and generalizations
to multiple dimensions is straightforward.

A.2.2 The L?[D] and L% [D] Spaces.

The LP[D] spaces are defined as consisting of functions, u(x), for which
|u(x)|P is Lebesgue integrable, and endowed with the norm

1/p
lull oo = ( [ |u<a:>|Pd:c> ,
where 1 < p < 00

A generalization of the LP[D] spaces involves the weighted L? [D]
space, endowed with the norm

lell g ) = ( / |u<a:>|pw<:c>da:)1/p ,

where 1 < p < oo and w(z) € L'[D] is a strictly positive weightfunc-
tion.The weighted L? [D] spaces play a central role in the analysis of
spectral methods based on polynomials.

The definition of the L°°[D] is enabled through the norm
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[lull Lo (p) = sup [u(@)] .
zeD

Note that there is no such thing as a weighted L> norm.
The generalized triangle inequality in L? [D], known as Minkowskis
inequality and valid for 1 < p < oo, reads

lu+ vl e o) < llullz o) + [vllee o) >

where u,v € L? [D].
A result, exclusive to L2 [D] spaces and known as the Holder inequal-
ity, takes the form

/DU(w)v(w)w(w) da| < Jull Loy [0l g, o) 1wl Ly, o)

provide that

where p,q,r > 1.
It is also worth recalling a few relations between the different L? [D]
spaces. In particular, they form a sequence of Banach spaces since

1<g<p<oo : LEID]C LL[D] ,

i.e., L1 [D] is the largest and L>°[D] the smallest of the spaces.
The norms associated with the L? [D] spaces are all equivalent for the
same weight, w(z), as

V1<p,q<oo3dCi,C> : Cillullrzp) < llullzyp) < Collullrz o

provided only that u are in L2 [D] as well as L% [D].

A.2.3 Dense Subspaces

Assume that (V,||-||) is a Banach space and let S C V be a subset of V.
We shall term S dense in V if any element u € V can be approximated
by a sequence, u,, € S, such that

lu—up|| >0, n—o0 .
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Hence, any element in V can be approximated arbitrarily well by ele-
ments in S as measured through the norm associated with V.

As a prominent example, we have that C°[D] is dense in L? [D] since
for any u € L2 [D] there exists a sequence, u,, € C°[D], such that

1
/|u—un|2d:r§—2 ’
D n

i.e. any function in L2 [D] can be represented arbitrarily well by a se-
quence of continuous functions.

A.3 Hilbert Spaces

A Banach space endowed with an inner product norm is known as
a Hilbert space, e.g., L2[D] constitutes a Hilbert space, H, with the
weighted inner product

o)z = [ u(@) T@)(e) do

and the associated weighted norm

2 oy = ( / |u<m>|2w<m>dm)l/2

Here ©(x) refers to the complex conjugate v(x), which is introduced
to ensure symmetry of the inner product for functions defined on the
complex field, C.

The Hilbert space plays a key role in modern numerical analysis due to
its similarity with the more familiar notion of an Euclidean space. This
enables the use of geometric intuition e.g., the validity of the triangle
inequality can be appreciated in terms of the geometry of a triangle.

Moreover, the Cauchy-Schwarz inequality, which is a special case of
the Holder inequality, on the form

/Du(fﬂ)v(m)w(m)dm <lullzz o lvllz2 D) >

has a clear equivalence in the scalar product in an Euclidean geometry.
Taking this notion further, we shall call two functions u,v € H or-
thogonal provided

(f,9)r2p=0&fLlg .
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For such functions, the Pythagorean theorem holds on a general Hilbert
space as

u Lo & [lutolizp = lullzz o + 0720 -

It is also this geometric interpretation of the Hilbert spaces that makes
it natural to talk about projections onto finite dimensional spaces in
that it has a simple analogy in the projection of vector components onto
perpendicular basis vectors within an Euclidean geometry.

Expansions of functions, u € H, using orthogonal basis functions,
or € H, play a special role in the development of spectral methods.
Such orthogonal expansions,

Zum ;A = (U o)z » Ve = okllz o)
has the important property

[ee]
lull2 10y < D wlikl®

k=0

known as Bessel’s inequality.
If, furthermore, the basis ¢y () is complete in H, i.e., if

N
k=0

and
A}i_f>noo lu —unllzzp) =0 ,

one recovers

lJull7 2[D] = kalukl

known as Parsevals identity.

A.4 Sobolev Spaces

Let us finally introduce the classical Sobolev spaces which provide a
powerful framework in which to study linear operators.
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We define the Sobolev space, H]'[D], of functions u as
H]'[D] = {u € L;,[D]| Vn € [0,m],u™ € qu[D]} ,

where m is an integer.
The H,'[D] space is endowed with the inner product

U, V) grm :m u™ ()0 (2)w(x) de
(u,0) o) 2/ (@) @)w(w) do .

and the norm

m 1/2
lull o) = <Z ||U(n)||%gv[o]>
n=0

The Sobolev spaces form a hierarchy of Hilbert spaces in the sense that
H™HD] ¢ H™[D] C ... C HY[D] = L%[D]. Moreover, it is clear that
f e C™D] = f € H™[D], i.e., C™[D] is a dense subspace of H™[D]
as any function u € H™[D] can be approximated arbitrarily well by an
element in C™[D] as discussed in Sec. A.2.3. Conversely, if u € C™~![D]
then it is also true that u € H™[D], i.e., H™[D] ¢ C™'[D].

As for the L [D] norms, the Sobolev norms are all equivalent, i.e.,

V1<p,q<o003C,C; : Cillullpsp) < llullmsp) < Collullaz o

provided only that u are in H?[D] as well as H[D].

The definition of the Sobolev spaces given above is for functions of
one variable only. However, the developments as well as the definitions
generalize straightforwardly to problems in multiple dimensions.

Let us finally state a couple of inequalities that shall become useful
in the subsequent analysis. Assume that D = [a,b] signifies a bounded
interval on R and that we consider a function, v € H'[D]. We have the
Sobolev inequality

1\ 1/2 1/2
o < (24 522 ) Tl i,

Here, and in what remains, we shall by H™[D] refer to the Sobolev space,
H"D], with w(z) = 1 for brevity. This Sobolev inequality is important
as it relates the LP[D] spaces with the H'[D] Sobolev space.

Also, we shall find it useful to recall the Poincaré inequality for a
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function u € H'[D] where again D = [a,b] is assumed bounded. Then
there exists a constant C' such that

lullrz o) < Cllu™ |l rz o)

connecting the function with its derivative.

A.5 Notation for Periodic Functions

In working with periodic functions, it is natural to slightly modify the
meaning of the spaces and norms discussed above.

We shall define a function, u(z), as being periodic in the interval
[0, 27] if «(0) and u(27) both exist and are equal, i.e., u(0) = u(2x).

Based on this, we define the space, C}'[0, 2], as the space of functions
for which u(",n < m is continuous and periodic.

In a similar fashion, we define the Sobolev space, H;*[0, 27], endowed
with the inner product

. 1/2
(U)U)H;"[O,Qﬂ'] = (Z ||u(n)||%2[0,2ﬂ']> )
n=0

and the norm
||U’||%I;"{O,27r] = (uau)H;"[O,Zn] )

as the space of periodic functions for which ||u|| Hn(0,27] 1S bounded,

i.e., it coincides with the space of functions, u € C;n_l[O, 27| for which
ul™ € L0, 27].

A.6 Linear Operators and Operator Norms

Let us consider the operator, £ : V — V, where V is a Banach space.
The operator is termed linear if

L(au + bv) = alu + bLv ,
where u,v € V and a, b are scalars.

For linear operators, we define the subordinate norm

c
el = sup VN — G zal , wev
o 1l =1
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The operator is bounded if there exists a constant, C, such that
1 ull < [I£][[Jull < Cllul]

for all w € V. Conversely, is no such constant exists, the operator is
termed unbounded.

Restricting the attention to V being a Hilbert space, i.e., we can define
an inner product (-, -) associated with the norm, we have that

(Lu,v) = (u, L) ,

where £* is termed the adjoint operator.
If there exists a constant, C', such that

L+L<CT ,
in the sense that
(u, (£ + L*)u) < Cllul®

we shall call £ a semi-bounded operator.
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B

The Gamma Function

Let us briefly review some properties of the FEuler-Gamma, function,
['(z), defined as

[(z) = /000 t*Lexp(—t)dt ,

which is analytic for > 0 and with a pole at = 0. However, integra-
tion by parts immediately yields the recursive formula

Mz +1) =2l(z) ,
i.e., the pole at x = 0 is simple.
For z being an integer, this simple recurrence yields the important
identity
F'n+1)=n!.
Useful formulas, of which many more can found in [?], include

r'(2z) = %QQw—lr(x)r(m +3) .,

known as the duplication formula, and the relation with binomial coef-
ficients

T\ x! . Dz +1)
(k)_k!(x—k)!_F(k+1)F(:n—k+1) , @> k-1

Special values of I'(x) include
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r)=1, I'(z)=vr,

while a useful asymptotic expression, known as Stirlings formula, reads

z® 1 1 139
T(z) ~ Var exp(—2) " |14 — - . .
(¥) = V2mexp(=z) 7= { " 12z T 28822 T 5184028 ) |zl = 00

Recalling the close connection to the Beta function,

)

we recover

! o _ o« IF(O‘+1)F(B+1)
/_1(1—t) (1 +t)° de = 20+P+ et 31D
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A Zoo of Polynomials

C.1 Legendre Polynomials

The Legendre polynomials, P,(z), are defined as the solution to the
Sturm-Liouville problem with p(z) =1 — 22, ¢(z) = 0 and w(z) =1 as

d
dx

(1 - 2?) dpgf) 4+ 1)Pa(z) =0 ,

where P, (z) is assumed bounded for z € [-1,1].

The Legendre polynomials are given as Py(z) = 1, Pi(z) = z, P2(x) =
1(32? — 1), Py(z) = (52 — 3z) and are orthogonal in LZ[—1,1] with
as w(z) =1 as

2
—bOmn -
2n + 1

/11 P, (z)P,,(z)dz =

C.1.1 The Legendre Expansion

The continuous expansion is given as

N 1
u(@) = S anPalz) , itn = 2”2“ Klu(m)Pn(m) do .

The discrete expansion coefficients depend on what family of Gauss
points are chosen.
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Legendre Gauss Quadrature

2

zj ={z|Pn+1(2) =0} , u; = , j€o,...
’ T (=2 [Py ()
The normalization constant is given as
.2
Tn = m+1’
resulting in the expansion coefficients as
- Ly
'7n =0
Legendre Gauss-Radau Quadrature
vi ={yIPn(y) + Pn41(y) =0},
2 -
v = { W+D* J=0
;=
i mvoop J € LN
The normalization constant is given as
.2
Tn = m+1’
yielding the discrete expansion coefficients as
o1&
L3
Legendre Gauss-Lobatto Quadrature
2 1

zj = {z|(1 - 2*)Py(z) =0} , w; = N(N +1) [Px(z;)]?

The normalization constant is given as

%Z{%"“"e[ .
¥ J=N

from which the discrete expansion coefficients become
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C.1.2 Recurrence and other Relations.

Here we give a number of useful recurrence relations.

(n+ 1)Pyy1(z) = (2n + DzP,(z) —nP,_1(z) .
Pu(#) = =P\ (1) = =——Pi_,(x) , Po(a) = P(a)

n 2n+1 n+1 2n+1 n—1 9 0 1 .

We also have

Pl(flj) n = 0
5t Poi1 (2) — 5t Pai (@) 00> 2

Po(~2) = (=1)"P,(z) .

C.1.3 Special Values.

The Legendre polynomials have the following special values.

Pa@] <1, [Ph(a)] < gnln+1)

(£1)nt!

Po(£1) = (£1)" , Pl(x1) = n(n+1) .

The values of P,, at the center x = 0 behaves as
(n—1)!
2 .

(T3 202

Finally, we obtain the results for integration as

Py (0) = (=1)" » Pant1(0) =0 .

1
/ P, (x) dx = 260, -

-1
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C.1.} Operators.

In the following we will consider the following question for Legendre
expansions. Given a polynomial approximation as

flz) = Zdnpn(m) , Lf(z) = Zi)npn(x) )

where L is a given operator, what is the relation between a,, and b,. We
will give the result for the most commonly used operators, L.

d = .
E:%: b, =02n+1) p;rl ap .
p+n odd

o0

d? . 2n+1 R
ﬁ:w: bn:T Z (p(p+1) —n(n+1))a, .

p=n+2
p+n even
A n+1
L= b, = A1 + Q
R S L I S

Finally, if we have

i) = Y a0 Palo) |
X
n=0
then
1 ale L @ — qla=1)

C.2 Chebyshev Polynomials

The Chebyshev polynomials of the first kind, T}, (), appear as a solution
to the singular Sturm-Liouville problem with p(z) = v1 — 22, q(z) =0
and w(z) = (V1 —22)" ! as

e (Ve L rw) =0,

where T),(z) is assumed bounded for z € [—1,1].
The Chebyshev polynomials may be given on explicit form as
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Ty (x) = cos(narccosz) .
Thus, To(z) = 1, Ti(z) = z, Ta(x) = 22> — 1, Tz(x) = 42° — 37 etc.
The Chebyshev polynomials are orthogonal in L2 [—1,1]

1 1 T
Th(2)Th () ———=dz = —¢cnémn )
[1(>(Lﬁ? .

where

o = 2n=0
™7 ] 1 otherwise

C.2.1 The Chebyshev Expansion.

The continuous expansion is given as

7 iy = 1ua: a:il
u@) = wnTu(@) = | @l =

where as the details of the discrete expansion depends on what family
of Gauss points are chosen.

Chebyshev Gauss Quadrature

27+1
zj:—cos<(J+ )ﬂ-> , uj = il , J€][0,...,N] .

2N +2 N+1

The normalization constant is given as

. _Jmn=0
= lzne,...,N]

with the discrete expansion coefficients being
1N

Up = ZU(Zj)Tn(Zj)Uj :

Tn e



8 C. A Zoo of Polynomials

Chebyshev Gauss-Radau Quadrature

2jm snpr J =0
j=—cos| ——] , v; = L
Yj <2N+1> J {213+2]e[1,...,N]

The normalization constant is given as

. _Jmn=0
= lznelt,...,N]

yielding the discrete expansion coefficients as
1N
n

Ty = u(y;)Tn(yj)vj -

Jj=0

Chebyshev Gauss-Lobatto Quadrature

—cos (M) = [N I=0N
Tj = COS<N> ,U’J—{% je,...,N—1]

The normalization constant is given as

5 — ng[].,N—].]
= rj=0,N ’

resulting in the discrete expansion coefficients being

| X
Up = Zu(mj)Tn(mj)wj .

Tn =0

C.2.2 Recurrence and other Relations.

The number of recurrence relations is large and we will only give the
most useful ones.

Tha1(z) = 22T, (x) — Tha () .

1, 1, -
Tn = an-H (ZU) o an—l(x) ’ T()(Zl?) - Tl(x) ’
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Other useful relations are

2T%(z) = 1 4 Ton(x) .

2T (2)Tm (z) = T|n+m\(w) + T\nfm\(x) :

T (z) n=>0
/Tn(x) do = { H(To(@) +1) 1 n=1

5ty Int1(2) = sr=gy Tn-1(2) m 2 2

Tp(~z) = (—1)"Tp(z) .

C.2.3 Special Values.

From the definition of the Chebyshev polynomials we may make the
following observations.

To(z)] <1, |Ty(z)] <n? .

d? n? — k2

qg—1
— T, (£1) = (£1)"¢
gz D = GO ]

with the special cases
To(£1) = (£1)™ |, Tl (£1) = (£1)""n? |
The values of T}, at the center z = 0 behaves as

T5,(0) = (=1)" , T5p41(0) =0 .

T (0) =0 , Thyr(0) = (=1)™n .

Finally, we obtain the results for integration as

1 2
Tn d _ —nE—1 n even
/ Tnlz)do {0 n odd



10 C. A Zoo of Polynomials

C.2.4 Operators

In the following we consider the following question for Chebyshev ex-
pansions. Given a polynomial approximation as

flz) = Z anTn(z) , Lf(z)= Z gnTn(m) )

where L is a given operator, what is the relation between a,, and b,. We
give the result for the most commonly used operators, L.

d - PR
L=— : b,=— a, .
dx Cn p;_l Par
p+n odd

_w n= — Z p(pz—n2)dp
pim oven
E:d—3 b= i p(P*(®* —2) — 2p°n* + (n* — 1)Ha, .
dx? den S, P
p+n odd
d* 7 1 S 2.2 2 4. 2 2 4 2/ 2 2
L=— 1 b, = p(p*(p°—4)"—=3p*n“+3p“n*—n“(n“—4)%)a, .
" e, 2 PP (n*—)2)a
p+n even
o 1 R R
L=x: b, = 5 (cnflanfl + anJrl)
9 N 1 . N N
L=x": b, = Z (Cn72an72 + (cn + Cnfl)an + an+2)
Finally, if we have
d4 =

el — nQky
(@) = L0 To(o)

then

cn,lﬁéqll - 11521 = 2nalt~Y .
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C.3 Laguerre Polynomials

The Laguerre polynomial, L, (z), is defined as the solution to the Sturm-
Liouville problem with p(z) = zexp(—z), ¢(z) = 0 and w(z) = exp(—x)
as

d dL,(z)

—zexp(—1) I

. + nexp(—2)La(z) = 0

where Ly, (x) is defined for € [0, oo].

The Laguerre polynomials are given as Lo(z) = 1, Li(z) = 1 — x,
Ly(z) = 2 — 20+ 1, Ly(x) = —2® 4+ 327 — 32 + 1 and the Laguerre
polynomials are orthogonal in L2 [0, 0c0] with as w(z) = exp(—z) as

/000 Ly (x) Ly (z) exp(—x) dz = O -

C.3.1 The Laguerre Expansion

The continuous expansion is given as

N 00
u(x) :ZﬂnLn(m) , ﬁn:/o u(z)Ly(z) exp(—z) dx .

The discrete expansion depends on what family of Gauss points are
chosen. Here we only consider the Gauss and the Gauss-Radau points
as they are the most commonly used, as no quadrature point is situated
at infinity.

Laguerre Gauss Quadrature
zj = {z|Ln4+1(2) =0},
1 , -1
Ui =N [Ln(z) L (z)]

with the discrete expansion coefficients being
N
Up = w(zj)Ln(zj)u; -
j=0
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Laguerre Gauss-Radau Quadrature

yi ={ylyo =0, Ly, (y) =0} ,

vj = # -1 7=0
vt Lnv+1(y;) Ly (y5)] 7~ J € [1,N]

with the discrete expansion coefficients being

N
i = Y u(yj)Ln(y;)vj .
7j=0

C.3.2 Recurrence and other Relations.

Here we give a number of useful recurrence relations.

(n+ 1)Lpt1(x) = 2n+1—x)Ly(x) —nlyp—1(x) .
Ly(z) = Ly,(2) = Lyyq(2) , Lo(z) = —Li(z) -

C.3.3 Special Values.

The Laguerre polynomials have the following special values.

|Ly(x)exp(—z)| <1 .
Lo(0)=1 .

C.3.4 Operators.

Consider
d4 =
ﬁ“(m) => WP L,(x) ,
n=0
then
N N . (g—1
“qu) = “an)rl - ’u’gqurl '
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C.4 Hermite Polynomials

The Hermite polynomial, H,(z), is defined as the solution to the Sturm-
Liouville problem with p(z) = exp(—2?), q(x) = 0 and w(z) = exp(—x?)
as

d o  dHp, (z) 5 _
I exp(—z°) . + 2nexp(—z°)Hyp(z) =0

where Hp(z) is defined for z €] — o0, oo].

The Hermite polynomials are given as Hy(z) = 1, Hi(xz) = 2z,
Hy(z) = 422 — 2, H3(z) = 8z — 12z, with the polynomials being or-
thogonal in L2 [—o0, 0] with w(z) = exp(—z?) as

/_00 Hy(x)Hy, () exp(—2?) de = 2"n!/T0mn -

C.4.1 The Hermite Expansion

The continuous expansion is given as

N A A 1 o) )
)= P ale) o= | w@H. @ ep(-a) s .

Only for the Gauss points is it convenient to introduce the discrete ex-
pansion coefficients, since this set of quadrature points does not include
the endpoints.

Hermite Gauss Quadrature

zj ={z|Hn+1(2) =0} ,

uj = 4ym2N (N + 1) [Hyo 1 (z)] >, G€00,...,N] .

The normalization constant is given as

n = 2™n!/T
leading to the discrete expansion coefficients given as

N
Uy = U(Zj)Hn(Zj)uj .
=0
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C.4.2 Recurrence and other Relations.
Here we give a number of useful recurrence relations.
H, i (x) =2zH,(z) —nH,_1(x) .

1

Il = 501

Hi (@) Ho(w) = 5HI()

Ho(~2) = (~1)"Ha(z) .

C.4.3 Special Values

The Hermite polynomials have the following special values.

|H,(z)exp(—2?)| <1 .

Hzn11(0) =0 , Hn(0) = (_I)H% '

C.4.4 Operators

Consider

then
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