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1 IntroductionThe classical orthogonal polynomial bases most commonlyused in Numerical Analysis originate as eigenfunctions ofsingular Sturm-Liouville problems. The derivatives of suchpolynomials form an orthogonal basis as well; in fact theyare also classical orthogonal polynomials. As a result of theGauss contiguity relations for Hypergeometric Functions[1], elements of the original basis have a simple expres-sion in terms of elements of the derivative basis, involvingat most three terms of contiguous degrees. Consequently,although the matrices representing di�erentiation to vari-ous orders in terms of an orthogonal polynomial basis arealmost full upper triangular matrices (only exception arethe Hermite polynomials), those representing integrationare banded, of bandwidth 2n + 1, with n the order of in-tegration. This, together with the fact that multiplicationby a monomial is also a tridiagonal matrix leads to simple,banded preconditioners which simultaneously band classesof matrices of the form PDm, with P the operator of mul-tiplication by a polynomial p(x) and Dm the operator ofm-fold di�erentiation. This allows the formulation of ef-�cient algorithms for the solution of di�erential equationswith polynomial coe�cients in any of the classical poly-nomial bases. In Sec. 2 we establish the above facts anddiscuss how they can be used in the context of the Lanc-zos � -method to construct a spectrally accurate solution ofa di�erential equation with general polynomial (and ratio-nal) coe�cients inO(M ) operations withM the truncationorder. The appeal of the method is due not only to thee�ciency of solution, but also to the excellent conditioningof the resulting matrix problems [6]. This latter property,established under certain general assumptions in Sec. 3permits the extension to problems with arbitrary nonsin-gular coe�cients as well as certain nonlinear problems bythe use of iterative methods, and we present examples inSec. 4.In Sec. 5 we show how the ideas can be extendedto higher dimensional problems. The pre-conditioningscheme presented here has the advantage that it can beextended easily to treat problems in multidimensions. Ad-ditional dimensions are included in the banded matrix for-mulation through tensor products, which amounts to re-1



2 ICOSAHOM 95placing entries in banded matrices by blocks which arethemselves banded. A natural way of deriving such block-banded forms for the higher dimensional case is by inter-preting integration and di�erentiation as change of basistransformations among related polynomial families. Ef-fectively, then, we consider expansions in each variable interms of a basis of derivative polynomials of order equalto the maximum order derivatives in that variable presentin the given equation. The numerical solution of severalsimple test cases is presented. As an alternative to �nite-di�erence based time stepping schemes for time dependentproblems, we apply our method to problems in one spacedimension plus time. Functions are expanded in a doublespectral expansion, in both the space and time variables.The problems are solved by inversion of the block-bandedmatrix resulting from the application of integration pre-conditioners of appropriate order in each variable. Theoperation count for a problem discretized to a N �M res-olution is min(O(M3N );O(N3M )) for a single solutionbut it is lower if the same matrix is inverted several times,say as a result for solving with di�erent forcing functionsetc, in which case the cost is min(O(M2N );O(N2M )).These numbers reect the alternatives available when de-riving the block-banded forms for the di�erential opera-tor. Analogous estimates also hold for higher dimensionalproblems. Finally, in Sec. 6 we present some concludingremarks and further connections with previous works.In a previous paper [6] we examined the use of the spec-tral integration operators as postconditioners for linear dif-ferential operators with polynomial coe�cients in arbitrarybases of classical orthogonal polynomials. In that form, themethod was a generalization of the method of treating adi�erential equation by expanding the highest derivativein terms of Chebyshev polynomials originally introducedby Clenshaw [4]. The integration preconditioner for theChebyshev polynomials is also analyzed by Greengard [11],while the recurrence relation for the derivatives of the Ja-cobi polynomials has also appeared in a recent review byFornberg [7].2 The methodThroughout, we assume that we are working with a familyof polynomials fQkg10 which are orthogonal and completeover the interval (a; b) (here a and/or b can be in�nite) withrespect to the weight w(x). In the cases of interest, theseare the eigenfunctions of a Sturm-Liouville (SL) problem,(p(x)Q0k)0 + �kw(x)Qk = 0;(1)so that the Q0k form an orthogonal family as well, withweight p(x) which satis�es p(x) ! 0 as x ! a; b. We

will assume that the functions under consideration possesssu�cient di�erentiability properties over (a; b) and can beexpressed as a series involving the Qk. See [3] for a discus-sion of the convergence properties and the introduction ofrelevant function spaces.2.1 Integration operators and derivativebasesWe write hQl; Qmiw = R ba QmQlw(x)dx = hm�lm , withhm the norming constants of the Qm [1]. We set Qn(x) =Pn0 Knmxm. It is well known that all orthogonal poly-nomial families share a three-term recurrence of the form[1]: 1Xl=�1Qk+lak+l;k = xQk ; k = 0; 1; � � �(2)This follows since, if l < k � 1, deg(xQl) = l + 1 < kand, by orthogonality, hxQk; Qliw = hQk; xQliw = 0. Bymatching powers we easily see that [14]:an;n�1 = Kn�1;n�1Kn;n ; an;n+1 = hn+1hn an+1;n;an;n = Kn;n�1Kn;n � Kn+1;nKn+1;n+1(3)the second relationship following sincehn+1an+1;n = hxQn; Qn+1iw = hxQn+1; Qniw = hnan;n+1:In many important cases, including the classical orthogo-nal polynomials (i.e. Jacobi, Chebyshev, Legendre, Gegen-bauer, Hermite and Laguerre polynomials) there also holdsa relation of the form1Xl=�1Q0k+lbk+l;k = Qk ; k = 0; 1; � � � :(4)Here, as well as in (2), we introduced Q�1 = 0. In fact:Lemma 2.1 Suppose that the eigenfunctions of the SLproblem (1) are polynomials. Then their derivatives,fQ0kg11 also constitute an orthogonal family with respect toweight p(x) where it is assumed that p(x) > 0 for x 2 (a; b)and p(a) = p(b) = 0. Moreover, the expression of Qk(k > 1) in terms of the Q0k involves at most only fQ0kgk+1k�1,i.e. it has the form (4).Proof: Integrating by parts we seeZ ba Q0kQ0lp(x)dx = QkQ0lpjba � Z ba Qk(Q0lp)0dx= �k Z ba QkQlwdx = �khk�kl



Integration Preconditioners 3since p(x) vanishes at the end-points, and the orthogonal-ity of the Q0k follows from that of the Qk. We introduceh0k�1 = �khk for the norming constants of the Q0k, indexingaccording to the degree of the corresponding polynomial,namely deg(Q0k) = k � 1. Now, since the fQ0lgk+11 areindependent, we have that Qk = Pk+11 Q0lbl;k and in or-der to establish (4) we must show that hQk; Q0lip = 0 forl = 1; : : : ; k � 2. ClearlyhQk; Q0lip = QkQ0lpxjba � Z ba (xQ0kQ0lp+Qkx(Q0lp)0) dx= �hQ0k; xQ0lip + �l hQk; xQliw = 0where the �rst integral vanishes due to the orthogonalityof the Q0k since deg(xQ0l) = l � k � 2 < k � 1 = deg(Q0k),while the second integral vanishes since deg(Qk) = k >k � 1 � l + 1 = deg(xQl).Note: for the classical orthogonal polynomials, the deriva-tives of arbitrary order are also classical orthogonal poly-nomials. This follows easily from general properties of theHypergeometric functions F (a; b; c; z) [1]. For instance, forthe Jacobi polynomials we haveP (�;�)n (1� 2z) = (�+ 1)nn! F (�n; n+ �+ � + 1;�+ 1; z) :Since ddzF (a; b; c; z) = abc F (a+ 1; b+ 1; c+ 1; z);(5)it follows thatddxP (�;�)n (x) = n + �+ � + 12 P (�+1;�+1)n�1 (x) :(6)Similarly, for the Laguerre and Hermite polynomials wehave ddxL(�)n (x) = �L(�+1)n�1 (x) ; ddxHn = 2nHn�1:In all cases, di�erentiation can be seen as a change of basis,always within the set of classical orthogonal polynomials.We let A, B be the coe�cient matrices in (2,4) respectively.The relation between the two sets of coe�cients is foundfrom the following:Lemma 2.2 The coe�cients bm;n in (4) are found fromthose in (2) as bn+1;n = 1n+ 1an+1;n ;bn�1;n = �1� (n � 1)�nn�n�1 �an�1;n;

and bn;n = 1n+ 1an;n � 1n(n+ 1)  n�1Xl=1 al;l � K1;0K1;1! :Proof: Since the Q0k are orthogonal, they must satisfy arelation of form (2):1Xl=�1Q0k+l+1a0k+l;k = xQ0k+1 ; k = 0; 1; � � �(7)Since Q0n+1(x) = Pnm=0K0nmxm = Pn0 (m +1)Kn+1;m+1xm, i.e. K 0n;m = (m + 1)Kn+1;m+1, it followsfrom (3) that a0n+1;n = n+ 1n+ 2an+2;n+1 ;a0n�1;n = nn+ 1 �n+1hn+1�nhn an+1;n;a0n;n = nn+ 1 Kn+1;nKn+1;n+1 � n+ 1n+ 2Kn+2;n+1Kn+2;n+2 :Di�erentiating (2) and using (7) there results:Qk = 1Xl=�1Q0k+l �ak+l;k � a0k+l�1;k�1� ;and the claim follows after some algebra.Note: The computation of the bi;j from the above expres-sions is not very practical, and was only given to establishthe connection to the ai;j. A more direct calculation inthe case of the Jacobi polynomials follows from their con-nection to the hypergeometric functions [14]. Indeed, dif-ferentiating (2) for the Jacobis, multiplying (6) by x andexpressing the latter in terms of the P (�+1;�+1)k using (2)we �ndb(�;�)n+1;n = a(�;�)n+1;n � n+ �+ � + 1n+ �+ � + 2a(�+1;�+1)n;n�1 ;b(�;�)n;n = a(�;�)n;n � a(�+1;�+1)n�1;n�1 ;b(�;�)n�1;n = a(�;�)n�1;n� n+ �+ � + 1n + �+ � a(�+1;�+1)n�2;n�1 :In Appendix A we show that similar relations for thederivatives resulting in a tridiagonal integration operator(as well as a tridiagonal monomial multiplication) hold forall hypergeometric and conuent hypergeometric functionsas a result of the Gauss contiguity relations, and this canbe used to give an alternative direct derivation of the re-currence coe�cients ai;j and bi;j.



4 ICOSAHOM 95The nonzero elements of the matrices A, B for the clas-sical orthogonal polynomials are given in Table 1, togetherwith other relevant quantities, using the standard notation[1]. The relations for the Gegenbauer polynomialsC(�)n canbe constructed from those of the general Jacobis sinceC(�)n = �(�+ 1)�(2�+ n+ 1)�(�+ n+ 1)�(2�+ 1)P (�;�)nwhere � = � = � � 1=2.2.2 Reduction to banded form via integra-tion preconditioningOur main result can be stated as follows:Theorem 2.1 Consider the orthogonal polynomial familyfQng10 and assume that the Qk satisfy (4) for some matrixB = (bij). Then, the matrix representing the di�erentialoperator L = nXk=0pk(x)Dk(8)with deg(pk) = �k, the degree of the polynomial coe�cientof Dk, becomes banded upon left multiplication by Bn[n] withbandwidth R = maxk(2�k+2(n�k)+1) where 0 � k � n.(In the sequel we use L both for the operator and for itsmatrix representation. Also, arrays are indexed from 0 toN , the maximum order of truncation. An array G whose�rst k rows have been replaced by zeroes is denoted byG[k]. Similarly f̂[i] will denote the vector f̂ with its �rst icomponents set to zero.)Example: The following ordinary di�erential equationarises when one solves the 2-D Helmholtz equation on anannulus:u(x)� ��D2 + 1x+ aD � k2(x+ a)2 I�u(x) = �fThe inner radius of the annulus is a�1 > 0 ,k is an integer(representing the Fourier mode), and the range of x is�1 �x � 1. Multiplying through by the factor (x+a)2 we arriveat an equation with polynomial coe�cients which can betransformed to nine-diagonal form via left multiplicationby the matrix B2[2] [5]. This example is further discussedin the next section, where conditioning is considered.Note: In conjunction with the Lanczos � -method [10],or alternatively by making use of proper subspaces wheredi�erentiation is invertible [6], the above idea can be in-corporated into the design of algorithms for the e�cientand accurate solution of di�erential equations with poly-nomial coe�cients. When the � -method is used, the �rst

n rows which after left multiplication by Bn[n] are null, arereplaced by row vectors associated with the � -constraints.These alter the matrix but do not a�ect the order of com-plexity of the solution algorithm, apart from an increasein the bandwidth which remains � R+ n.We establish the above result in a series of lemmas. Wede�ne the function evaluation functional at the point x,qx, as the row vectorqx = (Q0(x); Q1(x); � � �) :Also we introduceq(k)x = �Q(k)0 (x); Q(k)1 (x); � � �� ;the operator of evaluating the k-th derivative. Clearly, thefQ(k)n g1k form an independent set of polynomials which,for the classical orthogonal polynomials, can be shownto be orthogonal with a weight related simply to w(x).If we write f̂ (0) � f̂ = (f̂0; f̂1; � � �)T for the vector ofthe expansion coe�cients of a function f(x) in the givenbasis and f̂ (k) = (f̂ (k)0 ; f̂ (k)1 ; � � �)T for the vector of theexpansion coe�cients of the function f (k)(x) (denotingthe k'th derivative of the funcion f(x)) we have thatf (k)(x) = q(k)x f̂ (0) = qxf̂ (k). Then the relations (2), (4)can be written asxqx = qxA and qx = q(1)x B = q(1)x B[1](9)where A, B are the recursion coe�cient matrices for (2),(4) respectively.The matrix B has the formB = 26666664 b0;0 b0;1 0 0 : : :b1;0 b1;1 b1;2 0 : : :0 b2;1 b2;2 b2;3 00 0 b3;2 b3;3 . . .0 0 0 .. . . . . 37777775 :(10)The very �rst row of B will always be set to zero. Thusthe elements b0;0 and b0;1 are irrelevant and will never beused. The basic recursion (4) remains unchanged regard-less of how the �rst row of B is de�ned since Q(1)0 (x) = 0for polynomial families.We haveLemma 2.3 The operator Pn of multiplication by a poly-nomial pn(x) is expressed in the basis Qn by a banded ma-trix, of bandwidth 2�n + 1.Proof: Consider an expansion f(x) = qxf̂ (0). Multiply-ing by x, one obtains xf(x) = xqxf̂ (0) where xqx denotes



Integration Preconditioners 5xqx = (xQ0(x); xQ1(x); � � �). Invoking (9) one can substi-tute for xqx to obtain xf(x) = qxAf̂ (0). Thus A is the ma-trix which transforms the vector of expansion coe�cientsfor f(x) into the vector of expansion coe�cients for xf(x).The matrix A is tridiagonal since the recurrence relation(2) is a three-term recurrence relation. Extending this ar-gument, it is evident that An is the matrix that transformsthe vector of expansion coe�cients for f(x) into the vectorof expansion coe�cients for xnf(x). Since A was tridiago-nal An is obviously banded with bandwidth 2n+ 1. Thusmultiplication by a polynomial pn(x) becomes the opera-tion of multiplication by pn(A).Note: If the family has a simple convolution, as is thecase for the Chebyshev polynomials for which 2TmTn =Tm+n + Tjm�nj, then it is convenient to expand the poly-nomial pn(x) in terms of the basis thus simplifying the con-struction of the matrix Pn. Speci�cally, one �rst expandspn(x) = Pk=nk=0 ckTk. For purposes of implementation, letus consider a truncated Chebyshev expansion of order N,that is f(x) = TNx f̂ (0) where TNx is the row vector TNx =(T0(x); T1(x); � � � ; TN (x)). The product is pn(x)f(x) =Pk=nk=0 ckTkTNx f̂ (0) where TkTNx represents the vectorTkTNx = (Tk(x)T0(x); Tk(x)T1(x); � � � ; Tk(x)TN (x)). Thevector TkTNx can be expressed in the form (TkTNx ) =TNx ATk (accurate up to the N+1'th coe�cient) where ATkis the N + 1 by N + 1 matrixATk � 12 2666666666666640 � � � 0 1 0 � � � � � � 0... 0 1 0 .. . . . . ...0 1 0 .. . . . . . . . ...2 0 .. . . . . 00 1 .. . . . . 1... . . . . . . . . . 0... . . . . . . . . . ...0 � � � � � � 0 1 0 � � � 0377777777777775where ak0 = 1, a0k = 1=2 etc, which follows from2TmTn = Tm+n + Tjm�nj. Note AT0 reduces to the iden-tity matrix. As expected, ATk has a bandwidth of 2k + 1.Thus pn(x)f(x) = Pk=nk=0 ckTkTNx f̂ (0) can be written aspn(x)f(x) = TNx �Pk=nk=0 ckATk� f̂ (0) where Pk=nk=0 ckATkis sum of matrices ATk each with bandwidth less or equalto 2n+ 1. This equation illustrates that multiplication bypn(x) translates into multiplication by a banded matrix forChebyshev polynomials.We also have the related obvious consequence of Leib-nitz's rule:Lemma 2.4 The commutator of the operator Dk with theoperator P of multiplication by a polynomial p(x) is given

by�P;Dk� � PDk �DkP = kXm=1(�1)m � km �Dk�mP (m):The properties of the Bk[k] are established in lemmas (2.5-2.6):Lemma 2.5 Let f 0(x) = Pk f̂ (1)k Qk(x); then B[1]f̂ (1) =f̂ (0)[1] and the �rst element of f̂ (0), f̂ (0)0 , is undetermined.Proof: We have that f(x) = qxf̂ (0) and f 0(x) = q(1)x f̂ (0) =qxf̂ (1). Also, by assumption, q(1)x B = qx. Combining we�nd q(1)x �f̂ (0) � Bf̂ (1)� = 0:Since the Q0k are independent and orthogonal, the relationclaimed follows. Clearly, the �rst element of f̂ remainsundetermined, since Q00 � 0.Corollary 2.1 A similar relationship holds for the n-thderivative coe�cients of f(x). Recall that q(1)x B = qx from(9). Similarly, one has q(i+1)x B = q(i)x . One can generate,using repeated applications of q(i+1)x B = q(i)x and recursivesubstitutions, q(n)x Bp = q(n�p)x(11)where p � n. Setting n = k and p = k, in (11) one obtainsqkxBk = qx. Arguing as in Lemma 2.5 it is seen thatf (k)(x) = q(k)x f̂ (0) = qxf̂ (k) = q(k)x Bkf (k)using qkxBk = qx for the last equality. Using the secondand last expression in the above equation, one obtainsq(k)x �Bk f̂ (k) � f̂ (0)� = 0! f̂ (0)[k] �Bk[k]f̂ (k) = 0and, again, this relation gives the coe�cients of f(x) interms of those of its k-th derivative, with the componentsf̂0 through f̂k�1 remaining unde�ned. Recall that the �rstk components of q(k)x are zero, since the k'th derivativeannihilates the polynomials of order �rst through k � 1.We then haveLemma 2.6 If D is the matrix of di�erentiation in thefamily, then B[1]D = I[1], the identity with its �rst row setto zero.Proof: Indeed, by de�nition, Df̂ (0) = f̂ (1), so thatqxf̂ (1) = qxDf̂ (0) from which q(1)x B[1](f̂ (1) � Df̂ (0)) =0 using (9). Thus q(1)x (B[1] f̂ (1) � B[1]Df̂ (0)) = 0 orq(1)x (f̂ (0)[1] � B[1]Df̂ (0)) = 0 by Lemma 2.5. One can nowwrite (I[1] � B[1]D)f̂ (0) = 0 thus concluding the proof.It then follows that:



6 ICOSAHOM 95Corollary 2.2 If Dn is the matrix representing n-fold dif-ferentiation in the family Qn, then Bl+n[l+n]Dn = Bl[l+n] .Proof: By the de�nition of the di�erentiation matrix D.q(k)x f̂ (0) = qxDk f̂ (0)(12)Setting p = n in (11), one has q(n)x Bn = qx. Substitutingthis expression for qx into (12), one obtainsq(k)x f̂ (0) = q(n)x BnDkf̂ (0):(13)Setting p = n � k � 0 in (11), one has q(n)x Bn�k = q(k)x .Substituting this expression for q(k)x in (13), one obtainsq(n)x Bn�kf̂ (0) = q(n)x BnDk f̂ (0):(14)Now the �rst n components of q(n)x are zero. However, theremaining components of q(n)x are composed of orthogonalpolynomials and are therefore independent. Thus, one hasBn�kf̂ (0) = BnDkf̂ (0) except for the �rst n components.Since f (0) is an arbitrary vector, one has Bn�k = BnDkexcept for the �rst n rows. This equation can be statedconcisely in the form Bn�k[n] = Bn[n]Dk or letting n = n + land k = n, in the form Bl+n[l+n]Dn = Bl[l+n] .We now give the proof of our main assertion:Proof of theorem: Following lemma (2.4) we rewrite thedi�erential operator L asL = nXk=0 kXm=0(�1)m� km �Dk�mP (m)k= nXr=0Dr nXk=r(�1)k�r � kr �P (k�r)k= nXr=0DrSrwith deg(Sr) = �r = maxr�k�n(�k � k + r). Then, sinceby cor.(2.2) Bn[n]Dr = Bn�r[n] ,Bn[n]L = nXr=0Bn�r[n] Srand the bandwidth is obviously2 max0�r�n ((n� r) + �r) + 1 = R :Replacing the �rst n-rows (containing zeroes) by appropri-ate constraint coe�cients, originating from the boundary,initial or other conditions imposed on the solution of theODE Lu = f , will transform the matrix into a banded formwith n additional (generally nonzero) rows. This matrixstill factors similarly to a banded matrix, with bandwidthR+ n.

3 Conditioning and ConvergenceIt is well known that spectral di�erentiation operators suf-fer the dual defects of full upper triangular matrix repre-sentations with very poor conditioning. Above we haveshown how integration preconditioners band spectral dif-ferentiation matrices. In this section we show that theyproduce well-conditioned linear systems, and exploit thatfact to give good error estimates for general ordinary di�er-ential equations. In the following section we will show thatthe favorable conditioning properties lead to the rapid con-vergence of iterative methods for spectral approximationsto general variable coe�cient and nonlinear equations. Inparticular we study the preconditioned, discrete system:TN v̂ = b;(15) 0@I[n] + n�1Xj=0Bn�j[n] Sj1A v̂ = Bn[n] �FN ;(16)under the simplifying assumption that the lead coe�cientis 1. Here TN v̂ = T v and the matrices Sj are Galerkin ap-proximations to multiplication by the polynomials, sj(x).Throughout we assume that the polynomial family is oneof the symmetric Jacobi (Gegenbauer) families scaled sothat: supk kQkk!infk kQkk! = �Q <1:(17)We denote by AN the coe�cient matrix of this systemand assume that �FN is computed by interpolation of fat the Gauss or Gauss-Lobatto points associated with thetruncated orthogonal system.In [6] a post-conditioning scheme based on the integra-tion operators is analyzed. The main di�erence here is theinclusion of the T -conditions in the matrix. As the T -conditions typically involve point evaluations of functionsand their derivatives, we cannot expect TN to be boundedin l2. Therefore, we introduce the space hr of in�nite vec-tors satisfying:kZk2hr = 1Xl=0 jZlj2(l + 1)2r <1:(18)For �nite truncations, the norm is simply de�ned by thetruncated sum. It is associated with the inner product(Y; Z)hr = Y TD2rZ, where Dr is the diagonal matrixwhose jth diagonal entry is jr . Given any matrix C wehave: kCkhr = kDrCD�1r k2:(19)Note that for integer r � 0, and Z the expansion coe�-cients of a function, z, we have, for positive constants G0,



Integration Preconditioners 7G1, �G1:G0hz; (L+ 1)rzi � kZk2hr � G1hz; (L+ 1)rzi� �G1kzk2Hr;! ;(20)where L = �DpD. (Here, h�; �i is the unweighted L2 in-ner product.) We now state our assumption on the T -conditions:Assumption 3.1 There exists r0 � 0 and a constant, CT ,such that, for all N , r � r0, and N + 1-vectors V ,jTNV j � CT kV khr :Moreover, for some integer r � r0, r � n � 1.We illustrate Assumption 3.1 with the standard exam-ples of Chebyshev approximations and Dirichlet or Neu-mann boundary conditions. In the former case,TNV =Xl (�1)�lVl;(21)where �l = l or �l = 0, depending on the boundary. Choos-ing r0 > 1=2 we have, for all r � r0:jTNV j �  1Xl=0(l + 1)�2r0!1=2 kV khr :(22)For Neumann conditions,TNV =Xl (�1)�l l2Vl:(23)Choosing r0 > 5=2 we have, for all r � r0:jTNV j �  1Xl=0(l + 1)4�2r0!1=2 kV khr :(24)We now state a number of results concerning the indi-vidual operators in (16). In many cases the proofs can befound in [6, Sec. 4] or constructed in obvious analogy withproofs given there, We will avoid repeating the details ofthe arguments in [6]. The primary additional facts we willuse are:Lemma 3.1 For any r > 0 and integer k there exists aconstant K(k; r) independent of N such that, for any N �N matrix, C, with bandwidth k,kCkhr � K(k; r)kCk2:Proof: We need only consider the matrix DrCD�1r . Itsnonzero elements are multiplied by (i + 1)r(j + 1)�r withi � j � k. Clearly this factor is uniformly bounded aboveby a function of k and r, completing the proof.

Lemma 3.2 For any r � 0, s > r, Z 2 hs and ZN thein�nite vector obtained by setting all but the �rst N + 1components of Z to 0, we have:kZ � ZNkhr � (N + 2)r�skZkhs :Proof: We have:kZ � ZNk2hr = 1Xk=N+1(k + 1)2rjZkj2� (N + 2)2(r�s) 1Xk=N+1(k + 1)2sjZkj2;(25)which implies the stated estimate.We note that by (20) we can replace the right-hand sideby a multiple of the Hs;! norm of z. This inequality is,then, stronger than can be obtained for the Hr;! norm ofz = zN . (See [3, Ch. 9].) However, we must generallyuse a larger r than Sobolev's inequality would require tobound T . The example of Neumann conditions illustratesthis.Theorem 3.1a. For any r > 0 the operators Bl[n] : hr ! hr , l =1; : : : ; n, are compact and, for some constants, gl;r ,kBl[n]Ukhr � gl;rkUkhr�l :b. For any r > 0, kSjkhr , j = 0; : : : ; n� 1 are uniformlybounded in N .Proof: The matrices Bl[n] and Sj are banded. Bounds ontheir l2 norms are given in [6] and, by Lemma 3.1, extendto their hr norms. As the compactness is proved by ap-proximating Bl[n] by its �nite truncations, it can also beextended. We also have an estimate for the entries of Bl[n]:j(Bl[n])kmj � �k�l:(26)Therefore,kBl[n]Uk2hr = 1Xk=n(k + 1)2rj(Bl[n]U )kj2� �gl;r 1Xk=0(k + 1)2(r�l)jUkj2;(27)from which the desired estimate follows.We are now in a position to prove:



8 ICOSAHOM 95Theorem 3.2 Suppose that w = 0 is the only solution ofthe homogeneous system, Lw = 0, T w = 0 and that Tsatis�es Assumption 3.1. Let r be an integer satisfyingr � r0 and r � n � 1. Further suppose that, for somep � 1, f 2 Cp((a; b)). Then:a. There exist constants, C0 and C1, and an integer, N0such that for any N > N0 and vector, y, with kykr =1: C0 � kANykr � C1:b. The matrix AN � I approaches a compact operator onhr.c. There exists a constant, C, and an integer N0, suchthat, for all N > N0:h(u� vN ); (L+ 1)r(u � vN )i � CN�2�kfk2!;p;� = p� (1=2)max(0; r� n):Proof: The upper bound on AN and the compactness ofAN�I follow directly from Theorem 3.1. The lower boundfollows from the analysis in [6, Sec. 4], which we outlinehere for completeness. First, de�ne the compact operator,~K : hr ! hr , in the following way. Given Z 2 hr letz =Pk ZkQk, sjz =Pk �Z(j)k Qk. Then( ~KZ)i = ( (T z)i � Zi; i = 0; : : : ; n� 1(Pn�1j=0 Bn�j[n] �Z(j))i; i � n:(28)If, for some Z 6= 0, (I + ~K)Z = 0, it can be easily shownthat a nontrivial solution of the homogeneous problem ex-ists, violating the hypotheses of the theorem. By the Riesz-Schauder theory, k(I+ ~K)�1khr is bounded. We next showthat AN � I approximates ~K. In particular, let( �KNZ)i = � ((AN � I)ZN )i; i = 0; : : : ; N;0; i > N:(29)Here, ZN is the N + 1-vector containing the �rst N + 1components of Z. Let � > 0 be given. Given any vector, Z,kZkhr = 1, and positive integer M , let ZM now denote thein�nite vector obtained by setting all but the �rst M + 1components of Z to zero. Now, for M = M (�) su�cientlylarge, we have, for all N ,k ~K(Z � ZM )khr < �2 ; k �KN (Z � ZM )khr < �2 :(30)Moreover, if N > M + n + q, where q is the maximumdegree of the polynomials, sj , ~KZM = �KNZM . Therefore,for N > M (�) + n + q,k ~K � �KNkhr < �:(31)

Choosing � su�ciently small, and, hence, N0 su�cientlylarge, we conclude using the Banach lemma that (AN )�1is uniformly bounded for N > N0.Standard ode theory implies the existence of a solution,u 2 Cp+n((a; b)). Set e = u � vN , EN = UN � VN ,�F = FN � �FN and uN the polynomial whose expansioncoe�cients are given by UN . We then have:ANEN = RN ;(32) RN = � TNUN � TuBn[n];N (�F ) +WN � ;(33) WN = � n�1Xj=0(Bn�j[n];NSj;NUN � (Bn�j[n] SjU )N ):(34)From our bounds on AN and A�1N and Assumption 3.1 weconclude, kENkhr � 1C0 kRNkhr ;(35) kRNkhr � �C �kBn[n];N (�F )khr + kU � UNkhr� ;(36)where in U � UN , UN denotes the in�nite vector obtainedby extending the �nite vector by 0. By Lemma 3.2 and(20) we have:kU � UNkhr � G2N r�p�nkfkHp;! :(37)Using (20) and the properties of the integration operatorswe obtain: kBn[n];N (�F )khr � G4kfN � �fkHl;! ;(38) l = max(0; r� n) � 1:(39)By the results of Bernardi and Maday on interpolationerror, [2], we have:kfN � �fkHl;! � N (l=2)�pkfkHp;! :(40)Therefore, sincekU � VNkhr � kENkhr + kU � UNkhr ;(41)combining these inequalities and applying (20) yields theerror estimate. This completes the proof.We note that these results fall short of those proved in[6] for the post-conditioning scheme, both in terms of therestrictive assumptions on the coe�cients and in the con-vergence rates. We hope to improve these in future work.Numerical experiments show that the results on condition-ing hold for a number of important operators with variablelead coe�cients. In the following tables we display the con-dition numbers in the norms h0, h1 and h2, of truncatedapproximations to the Dirichlet problem for the cylindricalPoisson, cylindrical Helmholtz and helical Poisson opera-tors:



Integration Preconditioners 9Truncation Poisson Helmholtz Helical8 12.6 1264 22916 20.6 3788 30032 31.9 9550 39964 51.2 19580 537128 90.0 39320 737256 156. 78700 1020Table 1: h0 Condition Numbers: PreconditionedTruncation Poisson Helmholtz Helical8 11.4 1321 111016 11.7 2777 110832 11.9 3844 110864 12.0 4084 1108128 12.1 4133 1108256 12.1 4154 1108Table 2: h1 Condition Numbers: PreconditionedPoisson Operator: r2 @2@r2 + r @@r � k2;Helmholtz Operator:r2 � ��r2 @2@r2 + r @@r � k2�;Helical Operator:(�2r4+r2) @2@r2+(��2r3+r) @@r �k2(1+2�2r2+�4r4):Here, k = 3, � = :001, � = 1:5, and 1 � r � 3.Truncation Poisson Helmholtz Helical8 47.9 3,568 10,87016 47.9 7,678 10,70032 47.9 10,070 10,70064 47.9 10,570 10,700128 47.9 10,610 10,700256 47.9 10,620 10,700Table 3: h2 Condition Numbers: Preconditioned

Truncation Poisson Helmholtz Helical8 3:774� 103 9:584 5:886� 10416 5:533� 104 59:98 8:948� 10532 8:427� 105 922:4 1:374� 10764 1:314� 107 14; 400 2:148� 108128 2:075� 108 2:273� 105 3:393� 109256 3:298� 109 3:613� 106 5:393� 1010Table 4: h0 Condition Numbers: UnpreconditionedTruncation Poisson Helmholtz Helical8 4:293� 103 80:81 9:098� 10416 4:978� 104 66:20 1:102� 10632 6:480� 105 867:4 1:450� 10764 9:225� 106 12; 400 2:070� 108128 1:387� 108 1:865� 105 3:114� 109256 2:150� 109 2:891� 106 4:827� 1010Table 5: h1 Condition Numbers: UnpreconditionedClearly, the condition numbers grow with N in the h0norm but remain bounded in h1 and h2. This is consistentwith the analysis above. Finally, we display the growth ofthe condition numbers in these norms for the unprecon-ditioned systems, demonstrating dramatic e�ects of thepreconditioning.4 General Variable Coe�cientsA well-known di�culty with spectral methods is that mul-tiplication by arbitrary functions is represented by full ma-trices. Therefore, direct solution of the linear systems fol-lowing from the Galerkin approximation to general di�er-ential equations may be expensive. Similar considerationsapply to the solution of nonlinear equations. On the otherTruncation Poisson Helmholtz Helical8 6:409� 103 2; 269 2:335� 10516 6:469� 104 906:4 2:362� 10632 7:802� 105 3; 887 2:885� 10764 1:068� 107 53; 750 3:961� 108128 1:575� 108 7:931� 105 5:844� 109256 2:417� 109 1:217� 107 8:968� 1010Table 6: h2 Condition Numbers: Unpreconditioned



10 ICOSAHOM 95hand, multiplication in point space may be accomplished inO( �N ) operations, where �N is the number of points wherethe product is required. This fact is exploited by pseu-dospectral methods. In this section we show how to com-bine the integration preconditioners with pseudospectralapproximations to multiplication by smooth functions toiteratively compute approximate solutions to variable co-e�cient and nonlinear equations. For families with a fastinterpolation algorithm, such as the Chebyshev family, thecomplexity of the algorithm will be O(N lnN ), where Nis spectral truncation order.We consider:Lu � 0@Dn + n�1Xj=0Djcj(x)1Au = f; x 2 (a; b);(42)subject to the constraints,T u = d:(43)Here, the functions cj are assumed to be smooth (C1 forconvenience). As before, we approximate u by a �niteexpansion, u � v = NXi=0 v̂iQi(x):(44)Multiplication by cj(x) is approximated, in spectral space,by the following recipe: �rst, evaluate the expansion atsome interpolation points, xk, k = 0; : : : ; �N . Second, mul-tiply at the interpolation points by cj(xk). Finally, use thenew data at the interpolation points to construct expan-sion coe�cients. We denote by Cj;N the matrix represent-ing this process. Note that Cj;N is usually never formed.For our examples, its action is computed by fast trans-forms in O( �N ln �N ) operations. We may choose �N > N toavoid aliasing errors, but always �N � N for some �xed as N ! 1. Interpolation points will be at Gauss orGauss-Lobatto points associated with the family. We as-sume the following result on the uniform boundedness ofthe matrices, Cj;N :Assumption 4.1 There exists a constant, G, and an in-teger r > r0, r � n � 1, such that:supj;N kCj;Nkr � G:We expect that this assumption can be proven under ap-propriate assumptions on the functions cj and the choiceof nodes.Our �nal speci�cation of the discrete system is:TN v̂ = d;(45)

0@I[n] + n�1Xj=0Bn�j[n] Cj;N1A v̂ = Bn[n]F̂N :(46)Let AN denote the coe�cient matrix of the system above.Note that its �rst n rows contain approximations to theconstraints and its �nal N + 1 � n rows contain the ap-proximation to the di�erential equation. Using Lemma4.1, we can prove the following result on conditioning andconvergence. As the proof is essentially identical to theproof of Theorem 3.2, we omit it here.Theorem 4.1 Suppose that w = 0 is the only solution ofthe homogeneous system, Lw = 0, T w = 0 and that Tsatis�es Assumption 3.1. Let r be an integer satisfyingr � r0 and r � n � 1 and suppose that Assumption 4.1holds for this choice of r. Further suppose that, for somep � 1, f 2 Cp((a; b)). Then:a. There exist constants, C0 and C1, and an integer, N0such that for any N > N0 and vector, y, with kykr =1: C0 � kANykr � C1:b. The matrix AN � I approaches a compact operator onhr.c. There exists a constant, C, and an integer N0, suchthat, for all N > N0:h(u� vN ); (L+ 1)r(u � vN )iC � N�2�kfk2!;p;� = p� (1=2)max(0; r� n):4.1 Solution by IterationAlthough Theorem 4.1 establishes the good conditioningof the discretization matrices and the rapid convergenceof the approximations for smooth f , the matrix AN is fullso its factorization requires O(N3) operations. However,if a fast transform is available, multiplication by AN canbe carried out in O(N lnN ) operations. In this section weexploit this feature along with the conclusions of Theorem4.1 to develop an e�cient iterative solution algorithm.Here we consider Broyden's method, due to its ease ofimplementation for both linear and nonlinear problems andto the availability of convergence results which are directlyapplicable to our problem [15]. For completeness we listthe algorithm as we use it, which involves only storage ofand computation with a small number of vectors of dimen-sion N + 1 [16]:Broyden's Method for the Linear System, AN v̂ = ŶN :1. Initialize: v̂1 = s1 = r0 = ŶN , 1 = hs1; s1i.



Integration Preconditioners 112. Until phrk; rki < � do:rk = ŶN �AN v̂k; z(1)k+1 = rk;For j = 2; : : : ; k do:z(j)k+1 = (I + �1j�1sj 
 sj�1)z(j�1)k+1 ;�k+1 = hsk; z(k)k+1i:Choose �k+1 2 (0; 2) such that k � �k+1�k+1 6= 0;sk+1 = � kk � �k+1�k+1� z(k)k+1;k+1 = ��1k+1hsk+1; sk+1i;v̂k+1 = v̂k + sk+1:Here, h�; �i denotes some inner product and 
 is the outerproduct of vectors de�ned by the inner product. We choose�k+1 = 1 unless k��k+1 is small. Note that if p iterationsare needed the total work is O(pN lnN + p2N ).Hwang and Kelley [15] have shown that if an operator,A, is such that A � I is compact, then Broyden's methodas described above produces a q-superlinearly convergentsequence of iterates. By part b of Theorem 4.1, this applies(uniformly in N ) to our operators AN if we use the hr innerproduct with r � r0. Therefore, for any � > 0, the numberof iterations required to produce a residual with hr normsmaller than � is bounded independent of N . Hence, thesystem can be solved in O(N lnN ) operations.To illustrate this result we use Chebyshev expansions tosolve: D2u+ sinx � u = f(x); x 2 (�1; 1):(47)The function f and the Dirichlet boundary conditions arechosen so that, u = 1p� e�(x�x0)2=�;(48)is an exact solution. No dealiasing was used. The resultstabulated are for � = 5 � 10�4 and x0 = 1=2 and, forN � 128, � = 10�14. (The solution for N = 64 was solarge that an absolute residual of 10�14 was unattainable.In that case only we use � = 5� 10�14.)Clearly, the number of iterations is independent of Nwhile the error rapidly decreases. We note that the re-sults presented are for the l2 inner product. The conver-gence does not follow directly from the theory discussedabove, because the T -conditions are unbounded in thisnorm. However, due to their low rank, this did not harmthe convergence. Tests with the h1 inner product showsimilar behavior. We expect that the properties of ANwill lead to rapid convergence of other iterative schemes.For GMRES, this follows from [17].

N No. of Its. Max. Error64 33 1:1� 103128 23 1:2256 23 2:5� 10�5512 23 1:0� 10�11Table 7: Linear Test Problem4.2 Nonlinear ProblemsThe method may also be generalized to solve semilinearequations. In particular we consider:Dnu+ F (u;Du; : : : ; Dn�1u; x) = 0; x 2 (a; b);(49)with nonlinear constraints:T (u) = 0:(50)The discrete equations are formulated in spectral space byapproximating F via the same recipe as above. That is,F̂ (v̂) is computed by �rst evaluating v and its derivatives inpoint space, then evaluating F at these points, and �nallyinterpolating the point values to obtain F̂ . Similarly, TNis computed by evaluating T (v). The discrete system afterpreconditioning is given by:TN (v̂) = 0;(51) I[n]v̂ + Bn[n]F̂ (v̂) = 0:(52)Broyden's method may be applied to the nonlinear dis-crete problem by simply de�ning the residuals, rk, usingequations (51-52). Generally, a good initial approxima-tion, v̂0, is needed. Linearizing about a smooth solution,the discrete system has the same properties as for the lin-ear variable coe�cient equations discussed above. There-fore, the results of Hwang and Kelley [15] imply local, q-superlinear convergence of the iterates with the number ofiterations required to attain a given tolerance bounded in-dependent of N . That is, the nonlinear discrete problemcan be solved in O(N lnN ) operations for a su�cientlygood initial approximation and assuming that I is a suf-�ciently good approximation to the Jacobian. (Of course,di�erent initial approximations to the Jacobian, which arelow rank perturbations to I, could also be used.)To illustrate these results we solve the well-knownreaction-di�usion equation:D2u+ �eu = 0; x 2 (�1; 1); u(�1) = 0:(53)For � < �c two solutions exist. Here, :87 < �c < :88.In our example we chose � = :87 and an initial guess of



12 ICOSAHOM 95v̂ = 0. The exact solution which we are approximating isgiven by: u = ln0@A0@1�  tanhr�A2 x!21A1A;(54) A = 2:801710482773216533343 : : : :(55)We solved the problem for N = 16; 32; 64; 128;256; 512with � = 10�14. Again, no dealiasing was employed. Inall cases the iterates converged in 67 to 70 iterations, con-�rming the N -independence of the iterative scheme. Asthe solution is smooth, the error was already 1:8 � 10�9for N = 16 and on the order of 10�14 for �ner discretiza-tions.5 Higher dimensional problemsThe complexity of the spectral di�erentiation operator hasmade the direct use of spectral methods in more than onedimension impractical. Standard treatments of commonlyoccuring problems, such as the Poisson [12] and Helmholtz[13] problems have been approached through diagonaliza-tion methods. These techniques perform well but havethe disadvantage that an expensive matrix multiplicationmust be performed to transform from eigenvectors of theoperators back to physical variables which is necessary,e.g. for the solution of nonlinear problems. Also, thetreatment of time dependent problems is typically pursuedthrough a �nite-di�erence discretization in time, which in-rtoduces stability problems and limits the time-accuracy ofthe method. As an exeption to the latter we must mentionthe work of Tal-Ezer et al. [18] who employ a Chebyshevdiscretization of the time-evolution operator. As discussedin the monograph by Canuto et al. [3], the extension tomultidimensions is open for several interesting problems inmore than two space dimensions.The simplicity and generality of the integration precon-ditioner method can be exploited to produce block-bandedforms and improve the conditioning of problems in higherdimensions treated by spectral � -methods. The straight-forward extension is based on the use of preconditionersconstructed by tensor products of integration operators ineach variable, and it allows for the use of di�erent basisfunctions in each variable. We consider a problem in a rect-angle inRm. For simplicity we will only consider boundaryconditions of Dirichlet type. We let x = (x1; : : : ; xm) be acoordinate system such that the sides of the domain underconsideration are parallel to coordinate planes. We will

consider expansions of the formf(x) =Xi fiQi;where the expansion basis is formed as a product of (pos-sibly di�erent) m orthogonal polynomial bases and i =(i1; : : : ; �m) is a multi-index,Qi(x) � Qi1;1(x1) � � �Qim;m(xm) :We now let L =Pk Lk be a linear di�erential operator inthe xi ; i = 1; : : : ;m with polynomial coe�cients in theindependent variables. As before, rational function coef-�cients can also be allowed, provided no singularities arepresent in the domain and we reduce to polynomials bymultiplying by the least common multiple of the denomi-nators.The Lk have the formLk = mOi=1 Lki;with the Lki a linear di�erential operator with polynomialcoe�cients in the variable xi, i.e. an operator of the formassumed in Theorem (2.1). Letni = maxk order(Lki) :Then the extension of theorem (2.1) to multidimensionscan be stated as follows:Theorem 5.1 The Galerkin representation of the di�er-ential operator L in the basis Q is transformed into block-banded form via left multiplication by the operatorB = mOi=1 Bni[ni ];i;where B[1];i is the operator of integration for the familyfQkig1k=0. The resullting operator has the formBL =Xk mOi=1 Bni[ni ];iLki :The proof follows from repeated application of theorem(2.1).We illustrate the use of theorem (5.1) by some simpleexamples. We limit the discussion to two space dimen-sions or one space dimension plus time, as we are basicallyinterested in demonstrating the tensor product technique.Questions of conditioning and e�cient implementation bythe use of sparse matrix solvers will be pursued elsewhere.



Integration Preconditioners 13In the following examples we use exclusively Chebyshevpolynomial expansions, again for simplicity of exposition.Other bases could have been employed in principle, and theonly added complication would have been the loss of thefast cosine transform. Thus, the preconditioners employedwill be tensor products based on powers of the Chebyshevintegration operatorB[1] = 2666666666664 0 0 0 0 : : : 01 0 �12 0 : : : 00 14 0 �14 0 : : : 0... . . . . . . . . . ...... 12i 0 � 12i ...... . . . . . . ...0 : : : 12M 0 3777777777775 :Here B[1] is a M �M matrix.Example 1: the uni-directional wave equationWe consider the problem@u@t + @u@x = 0 ; (x; t) 2 [�1; 1]2 ;(56)where u = u(x; t) and the boundary conditions are givenas u(x;�1) = h(x) ; u(�1; t) = v(t) :(57)Here L1 = L1;1L1;2 and L2 = L2;1L2;2 assume the formsL1;1 = I, L1;2 = Dt, L2;1 = Dx, and L2;2 = I. Theintegrator for L is B[1]NB[1].The matrix BL for the wave equation is26666666666664 0 0 0 0 : : : 0I[1] B[1] �I[1]2 0 : : : 00 I[1]4 B[1] �I[1]4 0 : : : 0... . . . . . . . . . ...... I[1]2i B[1] �I[1]2i ...... . . . . . . ...0 : : : I[1]2M B[1] 37777777777775 :Note that the entries are (N+1)�(N+1) blocks. The samewill apply to the matrix operators given in both subsequentexamples.The tau conditions areMXi=0(�1)iuij = vj ; j = 0; : : : ; N;NXj=0(�1)juij = hi ; i = 0; : : : ;M;

Truncation Abs error8� 8 1:2� 10�216� 16 4:6� 10�632� 32 1:0� 10�14Table 8: Wave equation - Exact solution: e(2(x�t))2with one redundant condition at the point (�1;�1).Table 5 lists the absolute error for the uni-direction waveequation for various truncations. In this, as in the twosubsequent examples, a homogeneous solution is chosen,and the boundary conditions are constructed by evaluatingthat function at the appropriate boundaries.Example 2: the Laplace equation in a rectangleConsider now the problem@2u@x2 + @2u@y2 = 0 ; (x; y) 2 [�1; 1]2 ;(58)where u = u(x; y), f = f(x; y) and the boundary condi-tions are given asu(x;�1) = h�(x) ; u(�1; y) = v�(y) :(59)For Laplace`s equation L1 = L1;1L1;2 and L2 = L2;1L2;2become L1;1 = I, L1;2 = D2x, L2;1 = D2y, and L2;2 = I andintegrator is B[2]NB[2].For Laplace's equation BL is the sum of the followingtwo matrices266666664 0 0 0 0 0 0 � � �0 0 0 0 0 0 � � �I[2]4 0 �I[2]2(1�3) 0 I[2]4�6 0 00 I[2]4�6 0 �I[2]2(2�4) 0 I[2]6�8 00 0 I[2](2i)(2i+2) 0 �I[2]2(i)(i+2) 0 I[2](2i+2)(2i+4)0 0 0 . .. 0 .. . 0 377777775+26666666664 0 0 0 0 0 0 0 � � �0 0 0 0 0 0 0 � � �0 0 B2[2] 0 0 0 0 � � �0 0 0 B2[2] 0 0 0 � � �0 0 0 0 B2[2] 0 0 00 0 0 0 0 B2[2] 0 00 0 0 0 0 0 B2[2] 00 0 0 0 0 0 0 .. . 37777777775 :The tau conditions can now be inserted:n=NXn=0 umn(�1)n = ĥ�m;



14 ICOSAHOM 95Truncation Abs error (k = 2) Abs error (k = 8)8� 8 3:2� 10�5 84:616� 16 5:8� 10�14 8:5� 10�232� 32 4:3� 10�14 1:8� 10�11Table 9: Laplace's equation - Exact solution: ekysin(kx)n=NXn=0 umn = ĥ+m;m=MXm=0 umn(�1)m = v̂�n ;m=MXm=0 umn = v̂+n :Again, the number of tau conditions exceeds the numberof zero rows in BL. However, the tau conditions are notall independent, and four of them need to be discarded,corresponding to redundant speci�cations at the four cor-ners of the domain. This leaves 2(M + 1) + 2(N + 1) � 4conditions which matches the number of zero rows in BL.Table 5 lists the computed errors using this matrix for-mulation of Poisson's equation.Example 3: the advection-di�usion equationFinally we consider the problem@u@t + c@u@x = � @2u@x2 ; (x; t) 2 [�1; 1]2 ;(60)where u = u(x; y), f = f(x; y) and the boundary condi-tions are given asu(x;�1) = h(x) ; u(�1; t) = v�(t) :(61)For this equation L1 = L1;1L1;2 and L2 = L2;1L2;2 be-come L1;1 = I, L1;2 = Dt, L2;1 = cDx��D2x, and L2;2 = Iand integrator is B[1]NB[2].The composite matrix BL is the sum of the followingthree matrices2666666666664 0 0 0 0 0 0 0 � � �0 0 0 0 0 0 0 � � �0 cB[1]4 0 �cB[1]4 0 0 0 � � �0 0 cB[1]6 0 �cB[1]6 0 0 � � �0 0 0 cB[1]8 0 �cB[1]8 0 00 0 0 0 cB[1]10 0 � cB[1]10 00 0 0 0 0 . .. 0 . ..0 0 0 0 0 0 . . . 0 3777777777775

Truncation (c = 2; � = 1:3) (c = 5; � = :5)8� 8 5:6� 10�3 :1216� 16 3:6� 10�5 2:7� 10�332� 32 1:5� 10�9 2:1� 10�7Table 10: Advection-di�usion with x0 = �0:8 ; t0 = �1:05Exact solution: exp(� (x�x0�c(t�t0))24�(t�t0) )=(t� t0) 12�� 266666666664 0 0 0 0 0 0 0 0 � � �0 0 0 0 0 0 0 0 � � �0 0 B[1] 0 0 0 0 0 � � �0 0 0 B[1] 0 0 0 0 � � �0 0 0 0 B[1] 0 0 0 � � �0 0 0 0 0 B[1] 0 0 00 0 0 0 0 0 B[1] 0 00 0 0 0 0 0 0 B[1] 00 0 0 0 0 0 0 0 . . . 377777777775+266666664 0 0 0 0 0 � � � 00 0 0 0 0 � � � 0I[1]4 0 �I[1]2(1�3) 0 I[1]4�6 0 00 I[1]4�6 0 �I[1]2(2�4) 0 I[1]6�8 00 0 I[1](2i)(2i+2) 0 �I[1]2(i)(i+2) 0 I[1](2i+2)(2i+4)0 0 0 . .. 0 .. . 0 377777775 :The tau conditions that must be imposed are:n=NXn=0 umn(�1)n = ĥm;m=MXm=0 umn(�1)m = v̂�n ;m=MXm=0 umn = v̂+n ;and, again, there are two redundant tau conditions at thepoints x = �1 ; t = �1.Table 5 gives the absolute errors computed for theadvection-di�usion equation.6 ConclusionsThe methods discussed in this article are quite useful inderiving e�cient, spectrally accurate algorithms for thetreatment of initial-boundary value problems in simple ge-ometries with more than one nonperiodic directions. Sep-aration of variables e.g. for the Laplace operator, leads



Integration Preconditioners 15to equations, which can be easily transformed to form (8).As one may require the repeated solution of such equationshigh accuracy and e�ciency are clearly essential. The badconditioning of spectral di�erentiation operators is avoidedby the integration preconditioning method, and this per-mits the treatment of problems at very high order of trun-cation that may otherwise be impractical. More complexgeometries may be accessible as well: if a rational mapto a rectangle is available, then the essential features ofthe method are preserved. Even if that is not feasible, thegood conditioning of the resulting problems allows e�cientiterative treatments to be applicable.We must remark, however, that the preconditioners dis-cussed in this note, although quite general, might proveinappropriate for certain problems with singular behav-ior. The speci�c structure of a given di�erential oper-ator might lead to simpler preconditioners and to morenatural reduced forms for the system. An example is of-fered by the Laplace operator in disk geometry; indeed,in solving 4u = f in 0 � r � 2 ; 0 � � � 2�, usinga Fourier/Chebyshev expansion in the azimuthal and ra-dial directions respectively (with �1 � x = r � 1 � 1),we are led to the equation for the n-th Fourier modeh((x+ 1)D)2 � n2i û = ^(x + 1)2fn. The method discussedabove would lead to a pentadiagonal, ill-conditioned oper-ator. However, closer examination of the matrix elementsreveals that under left-multiplication by a certain tridiag-onal preconditioner [19] (see also [3]) we get a tridiago-nal system which can be solved quite naturally by usingtechniques developed for the study of 3-term recurrencerelations [9], and di�culties relating to the coordinate sin-gularity at x = �1 are easily bypassed.We note that Tuckerman [19] gives a theorem on thetransformation of matrices into banded form through leftmultiplication by preconditioners whose form depends oncertain properties of the matrix elements. As is also men-tioned in [3], preconditioners that lead to banded form havenot been readily available, and have had to be searched forin a case-by-case basis. The main appeal of the methodpresented here is its generality, achieved through the con-struction of the preconditioner from the basic recursionsof a family, and its identi�cation with integration opera-tors. Indeed, the preconditioner depends only on the basisused and the order of the di�erential operator L, not on itsspecial explicit form, which can be quite complex. Also,if the coe�cients (or the solution) exhibit rapid variationover small neighborhoods, a rational coordinate mappingcan be introduced to handle the situation with no substan-tial increase in algorithmic complexity while avoiding theneed for considering very high-order truncations. In [6]

we employed a variant of the present method, using inte-gration postconditioning, to e�ciently resolve shock-layerbehavior through a low-order rational map. Naturally, asthe Poisson equation in the disk suggests, problems withan underlying singularity may necessitate exploiting fur-ther properties of a given problem and special, tailor-mademethods may need to be invented in place of the general-purpose technique presented here.AcknowledgmentPartially supported by DOE Grant DE-FG03-92ER25128;part of this work was performed at Ris� National Labora-tory, DK{4000 Roskilde, Denmark. The work of the sec-ond author was partially supported by NSF Grant DMS-9304406. The authors would like to acknowledge manyhelpful conversations with J.P. Lynov.
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Integration Preconditioners 17(b� a)F (a; b; c; z)+ aF (a+ 1; b; c; z)(68) �bF (a; b+ 1; c; z) = 0 :The following equations are required in the derivation ofequation (63): Equation (68) evaluated the points (a; b; c),(a+1; b; c), and (a; b+1; c); Equation (65) evaluated at thepoints (a+1; b�1; c�1), (a; b; c�1), and (a�1; b+1; c�1);and Equation (67). After involved algebra, one obtains the�rst recurrence relation (63) with� = a(c� b)(b� 1)(b� a)(b� a� 1) ;� = (a+ b+ 1)� 2c(b � a� 1)(b� a + 1) ; = b(c � a)(a � 1)(b� a)(b� a+ 1) :The derivation of the second recurrence relation (64)requires the following equations: Equation (68) evaluatedat the points (a�1; b; c) and (a; b�1; c) and Equation (66).After some involved algebra, one can generate the secondrecurrence relation (64) with~� = 2(c� b)a(b� a)(b � a� 1) ;~� = (a+ b� 1)(a+ b+ 1� 2c)(b � a+ 1)(b� a � 1) ;~ = 2(c� a)b(b� a)(b� a+ 1) :B Conuent Hypergeometric Re-currence RelationsConuent hypergeometric functions satisfy the di�erentialequation z d2udz2 + ( � z)dudz � �u = 0We show that the conuent hypergeometric functionssatisfy recurrence relations analogous to the recurrence re-lations for hypergeometric functions. There are two typesof conuent hypergeometric functions. Each one is treatedseparately.We start with the �rst conuent hypergeometric func-tion. It satis�es the following equations:d�dz (�; ; z) = � �(�+ 1;  + 1; z);(69)

( � �� 1)�(�; ; z) + ��(�+ 1; ; z)(70) �( � 1)�(�;  � 1; z) = 0 :Using Equation (70) evaluated at (�+1; +1), (�+1; ),and (�; ), and Equation (69), one can derive�(�; ; z) = �0(�; ; z) +  � ��� 1�0(�� 1; ; z):(71)A similar recurrence relation can be derived for conu-ent hypergeometric functions of the second kind. Thesefunctions satify the following two equationsd	dz (�; ; z) = ��	(�+ 1;  + 1; z);(72) 	(�; ; z)� �	(�+ 1; ; z)� 	(�;  � 1; z) = 0:(73)Using (73) evaluated at points (�+1; +1) and (�+1; )and Equation (72), one can generate	(�; ; z) = 11� �	0(�� 1; ; z) + 	0(�; ; z):(74)In addition to the recurrence equations developed above,both types of conuent hypergeometrics satisfy a recur-rence of the formzf(�; ; z) = c1f(�� 1; ; z)+ c2f(�; ; z) + c3f(� + 1; ; z):The �rst conuent hypergeometric functions satisfy( � �)�(�� 1; ; z) + (2��  + z)�(�; ; z)(75) ���(� + 1; ; z) = 0:This equation can be rearranged into the formz�(�; ; z) = (�� )�(� � 1; ; z) +(76) ( � 2�)�(�; ; z) + ��(�+ 1; ; z):The conuent hypergeometric functions of the second kindsatisfy	(�� 1; ; z) � (2��  + z)	(�; ; z)+ �(��  + 1)	(�+ 1; ; z) = 0;(77)which can be rearranged into the formz	(�; �; z) = 	(� � 1; ; z)�(78)(2�� )	(�; ; z) + �(��  + 1)	(� + 1; ; z):



18 ICOSAHOM 95Family Chebyshev Tk Legendre Pk Gegenbauer C(�)k Jacobi P (�;�)k Hypergeometric F (a+ k; b� k; c)Q0 1 1 1 1 -Q1 x x 2�x 12 ((�� �) + (�+ � + 2)x) -ak�1;k 12 k2k+ 1 k + 2� � 12(k+ �) 2(k+ �)(k + �)(2k + �+ � + 1)(2k+ �+ �) 2(c� a� k)(b� k)(b� a� 2k)(b� a� 2k + 1)ak;k 0 0 0 � (�2 � �2)(2k+ �+ � + 2)(2k+ �+ �) (a+ b� 1)(a+ b+ 1� 2c)(b� a� 2k + 1)(b� a� 2k � 1)ak+1;k 12 k + 12k+ 1 k + 12(k+ �) 2(k+ 1)(k+ �+ � + 1)(2k+ �+ � + 2)(2k+ �+ � + 1) 2(c� b+ k)(a+ k)(b� a� 2k)(b� a� 2k � 1)bk�1;k � 12(k � 1) � 12k + 1 �12(k+ �) �ak�1;kk + �+ � �ak�1;kk + a� 1bk;k 0 0 0 �2ak;k�+ � �2ak;ka+ b� 1bk+1;k 12(k+ 1) 12k+ 1 12(k+ �) ak+1;kk + 1 ak+1;kk + 1� bw(x) (1� x2)�1=2 1 (1� x2)�� 12 (1� x)�(1 + x)� (1 + x)c�1(1� x)a+b�cp(x) (1� x2)1=2 (1� x2) (1� x2)�+ 12 (1� x2)w(x) �(1 + x)c(1� x)a+b�c+1(a; b) (�1;1) (�1; 1) (�1;1) (�1; 1) (�1; 1)hk �=2(�; k = 0) 22k+ 1 �21�2��(k + 2�)k!(k + �)[�(�)]2 2�+�+1�(k + �+ 1)�(k+ � + 1)(2k + �+ � + 1)k!�(k + �+ � + 1) -�k k2 k(k + 1) k(k + 2�) k(k + �+ � + 1) (a+ k)(b� k)Table 11: Recursions for polynomial families of Hypergeometric type (a0;k = 0; for the Tk, a1;0 = b1;0 = 1)Family Hermite Hk Laguerre L(�)k Conuent (�rst) �(a; b) Conuent (second) 	(a; b)Q0 1 1 - -Q1 2x 1 + �� x - -ak�1;k k �(k + �) a� b+ k 1ak;k 0 2k + �+ 1 b� 2a� 2k b� 2a� 2kak+1;k 12 �(k + 1) a+ k (a+ k)(a� b+ k + 1)bk�1;k 0 0 b� a� ka+ k � 1 11� a� kbk;k 0 1 1 1bk+1;k 12(k+ 1) �1 0 0w(x) e�x2 x�e�x xb�1e�x xb�1e�xp(x) e�x2 x�+1e�x xbe�x xbe�x(a; b) (�1;1) (0;1) (0;1) (0;1)hk p�2kk! �(�+ k + 1)k! - -�k 2k k �(a+ k) �(a+ k)Table 12: Recursions for Conuent Hypergeometric functions


