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Introduction

In this dissertation we study the Hamiltonian character of certain singular solutions
of the Euler equations. In particular, we approximate the well-known Hamiltonian
dynamical system of N point vortices with a family of smooth flows indexed by e,
whose energies converge as € — 0 to within a constant from the sum of the Hamilto-
nian of the system of N point vortices and a function independent of the locations of
the vortices. Thus we solve the problem of the derivation of the energy of the point
vortices from the kinetic energy of shrinking vorticity patches using a combination of
asymptotic and geometrical methods.

In the first chapter, using no geometry, we establish the equivalence of the Euler

equations in their velocity form:
[BUIS @, + (T V)0 = VP,

or their vorticity form:

[VORT]{ & = V x (¥ x &),

with the Hamiltonian system

with a properly defined bracket operation. The approach is classical, the smoothness



of the solutions we consider is not addressed and the Hamiltonian setting we are in
is not clear.

In the second chapter, we introduce a more powerful and precise description of
(eU]. The space of solutions we are dealing with is defined and it turns out that its
geometrical structure provides an enviroment for expressing the canonical Hamilto-
nian character of [ru]. We show that [ru] are equivalent to a Hamiltonian evolution
on the Poisson manifold A’ ,, the dual of the Lie algebra of D,,;, the group of dif-
feomorphisms of the fluid region onto itself. And we compute the Kirillov symplectic
form on an orbit of the coadjoint action of D, on A? .

In the third chapter, we present the problem we solve. We study the Hamiltonian

system of N point vortices of Kirchoff:

ax, 1 & r Y, =Y,
dt 2t = (X = X;)?2+ (Yo, — Y)Y
j#Em
[KIR] de B 1 N . X,, _Xj
dt 21 = (X, — X;)2+ (Yo, — V)
Jj#EmM

where (X,,,Y,,) is the position of the mth vortex and I';, is its intensity, and 1 < m <
N. We describe several integrals of the motion and compute the values of the bracket
associated with the symplectic structure in R*¥ on all pairs of them, demonstrating
the integrability of the motion of 1,2,3 point vortices and 4 point vortices with zero
total circulation.

We observe that the energy of a vorticity distribution that approximates the singu-
lar one corresponding to point vortices blows up failing to converge to the Hamiltonian
function of [xk7rR. And we analyze a method of deriving [k7r] from [EU], although a
basic assumption in this method is unjustified till the next chapter. This derivation
works also for the other constants of the motion we describe.

In the fourth chapter, we give a solution to the problem of the energy. We prove

that a family of solutions of [Ev] indexed by €, whose vorticities converge initially as



€ — 0 to a linear combination of ¢ functions, will keep that property for an interval
of time whose length we estimate. And we show the convergence of the symplectic
structure of the coadjoint orbits where the vortex patch approximation lives to a
symplectic structure that is essentially the same one in [k71R]. In this way we present

a complete derivation of [k1r] from [EU).



Chapter 1

The Euler equations

In this chapter we take a classical approach to the Euler equations and show a way of
understanding their Hamiltonian character. In this approach velocity and vorticity

are both vector fields but we allow very different types of singularities in them.

1.1 The classical approach.

We begin with Euler equations for the velocity field ¢ of an ideal incompressible fluid

in a region Q) C R? :

-

V.7 =0,
[E2U){ T, + (7- V)T = VP, (1.1)
v || 092
The incompressibility condition
V-7=0 (1.2)

and such that



We call @Z the stream vector. It follows that the vorticity

S VX7 (1.5)
is such that
& =-V¥ (1.6)
since
V x (VX ) = =V + V(V - 1). (1.7)
Using the vector identity
le s o = LG
§Vu =ux (Vxu)+ (u-V)u (1.8)

we can rewrite the second equation in [EU] as
T +&xT=V(P—=v?). (1.9)

And curling we obtain

—

B =V x (T x @) (1.10)

Therefore the vorticity fields of solutions of [Evu] satisfy the following equations on

Q: .
b=V X1,
[VORT]{ & = V x (T x &), (1.11)
7| o0

On the other hand, solving a Poisson equation, we can obtain the stream vector

J from the vorticity &, namely

JC) 17r / |7 ﬁ”_lﬁ(ﬁ) dV (y) (1.12)

T = — T — W V .

ir Jo Yy ) Y),

assuming that the vorticity has no normal component at 9€). And curling we get
v(7) __1 / |7 — ﬁ”_g(ﬁ_ j) x &(y) dV (v)) (1.13)

(T) = T T w . )

ar Jo Yy ) Yy Yy
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In order to explain in what sense we say that the Euler equations are Hamiltonian

we define the point-value functionals A%, for 1 <4 < 3, by the formula

Aifii] = [ i) 05— 7) av () (1.14)

So AL acting on a field @ produces the value of the ith component of the field at the
point 7, i.e.

AL[T] = u(T). (1.15)
Since the functionals A%, 1 < i < 3, are linear in @ we have that

SAL L

Given two functionals F, G we define another functional {F, G} by

(F.GY) = [ (@) [(Vx 20y x (Fx @ avi@. ()

This definition of the bracket was implicit in Arnold [?] and explicitly given in
Kuznetsov and Mikhailov [?]. The kinetic energy of the fluid is a functional of the
velocity that can be expressed as a functional of the vorticity as follows. We have

that
2/ Z) dV (Z) 2/ G(Z) - (7)) dV(Z), (1.18)
because

V=7 (Vx)=-V-@Tx)+1-(Vx7) (1.19)

and the integral of the first summand gives a surface integral over 0f2 that is assumed

to be zero. Thus expressing the stream vector J in terms of the vorticity & we obtain

87r/ / (&) - 3@ |17 = g7 dV(#) dV (7). (1.20)

Next we compute the variational derivative of H.

Proposition 1.1.1
oH -
=

o7 _ 1.21



Proof:

(o) = LHE+e] (122)
= = [A@-([a@ -t av@ave) (1)

= (1, 7). (1.24)

Q.E.D.

Now we are able to demonstrate the Hamiltonian character of the Euler equations.
Theorem 1.1.1
The equation
Gy =V x (U x J) (1.25)
(i.e.

0w

E(f’ to) = V x (T(T, 1) x (T, t0)) (1.26)

for all Z and all ¢ ) is equivalent to the Hamiltonian equations

L] = AL, myE, (1.27)
dt .

for 1 <i < 3, and for all Z and all ¢y , where &*(%) = &(&, t).

Proof:
d i ot T 1 5 5 5 . . &uz N
5% "] T lim - Q(wz-(y,to +h) —wi(y,to)) 0(§ — ) dV () = 5 (7, t0). (1.28)
And we have that
- AL = o
-  O0H. > o Y
(V x 5)(?/) = (V x ¥)(9) = 9(y). (1.30)



Therefore

(AL e = [ 5@ (9 x 5614;) ‘(¥ ‘;_g)](@ W o (131)
= [86)- (¥ x 87— 9)2) < T@]av () (1.52)
= [9x (7 e [0 x @) V(@) (133)
= | V-0~ ®)a x @5 x d@) dV (@)
+ [ 3G - D)@ -V x [@(7) x 3@) aV () (1.34)
= &V x (07 x 3(2)). (1.35)
Q.E.D.

The ideas for this proof are in Morrison [?].

In this classic approach to the Euler equations it is not clear what type of singular-
ities can be allowed in the vorticity field . And the Hamiltonian formalism presented
above does not make much sense when the vorticity is singular. However, we intend
to study how the symplectic structure of certain singular solutions relates with the
Hamiltonian character of the Euler equations. In order to get a more geometrical
language to deal with the Euler equations, in the following sections of this chapter
we address the question of the spaces on which the solutions live, the concept of
variational derivative and the exact definition of what we mean by the expression

“Hamiltonian structure”.

1.2 The spaces.

We begin by describing the appropiate configuration space for ideal incompressible

fluid flow in a region 2. Such configuration space is D,,;, the group of volume pre-



serving diffeomorphisms of 2 onto itself. A curve in D, through the identity
{n() :t€0,7],7n(0) = Ia} (1.36)

describes a fluid motion, namely 7(t)(p) is the position at time t of that particle which
at time zero was at p € (.

The phase space is the cotangent bundle T#D,,; of D,,. Since the Euler flow is
invariant under the action of D,y on itself by right (or left) multiplication we can
reduce the phase space to the cotangent space of D,,; at the identity, i.e. to the dual
of the “Lie” algebra of D,,. There are two possible ways in which D, can be made
into a Lie group. The first is the obvious one and it does not work: we consider the
elements of D, to be C'*° diffeomorphisms and make D,,; a Fréchet manifold, i.e. an
infinite dimensional manifold modelled in locally convex, Hausdorff, complete vector
spaces. But the differential calculus available in Fréchet spaces does not provide tools
like the Implicit Function Theorem necessary to perform the geometrical constructions
outlined by Arnold [?]. The second way to proceed is to consider the elements of D,
to be diffeomorphisms of Sobolev or Holder class. It turns out that if the Sobolev
class W*P, or Holder class C**¢ is high enough so that such diffeomorphisms are at
least C, then they form a C° Banach manifold and we have the usual existence and
uniqueness theorems for solutions of differential equations. But even so only right
translation is smooth, whereas left translation and taking inverses are continuous
maps. Thus W*PD,, (or H*™*D,,) is a topological group with a structure of a
Banach manifold with respect to which right translation is smooth. We need to go
a step further and consider the inverse limit as the differentiability class goes to oo,
obtaining an ILB-Lie group (inverse limit of Banach) structure on D,.

The task of getting the right definition for D, was accomplished by Ebin and
Marsden [?] in 1970 but the study of the groups of diffeomorphisms and their dif-

ferentiable structures has continued to be an active area of research to the present



[7].

The Lie algebra A, of the Lie group D,,; consists of the divergence-free vector
fields on ) and its bracket turns out to be minus the usual bracket for vector fields,
i.e.

(9uz (%Z-
; 1.37
= 3 (5 - S (137

i,7=1

And the elements of its L2—dual A* , are the linear functionals

vol
[ A — R (1.38)

for which there exists F € L?(Q) such that

£(@) = /QU~ Fav. (1.39)

The elements of the dual space corresponding to smooth elements of L?(Q) are in
one-to-one correspondence with the classes of one-forms modulo exact one-forms on
Q. Note that by this passage to the dual generalized functions enter into the picture
naturally.

By the Hodge Decomposition Theorem the quotient module

A(Q)/EN(Q) (1.40)

is isomorphic with the divergence-free vector fields on 2. We describe this isomor-

phism with the following notation:

AN Q)/EN Q) = Ay (1.41)

o] —

where [a] stands for the class of the element o € A'(Q2). Note that if we define AL as
the one-form such that

AL (W) € T - 1w, (1.42)

10



we have a map
A 25 AL(Q)
A

(1.43)

<L
S

such that
(A = [a]. (1.44)

If © is simply-connected, to each element of the smooth part of A’ , there corre-

sponds a unique closed two-form on €2 and conversely:

AYQ)/EY Q) — E?*(Q
(€)/E(€) (©) (1.45)
[a] —  da
In this language a careful computational distinction is made between the velocity and

the vorticity: the distinction between one-forms modulo exact differentials and exact

two forms.

1.3 The variational derivative.

Given a smooth function

F:- A7, — R (1.46)
we define
OF
— € Ay 1.47
5a] © (1.47)
by the equality
DF((a))- o] = [ (S0 o)V (1.48)
of) -lol = | Sl o .
where ( , ) is the pairing between A, and its dual. We denote the divergence-free
velocity field m by v, and the corresponding one-form by A}, where [a] is clear
o

from the context.
So the variational derivative of a functional with respect to a given velocity field

is the Riesz representative of the linear form DF([a]).

11



Any smooth function

F: AN (Q)/E'(Q) — R (1.49)
induces a smooth function
F:E*(Q) — R (1.50)
defined by
F(w) = F([6A™w)) = F([a), (1.51)

where w = da and A stands for the Laplace-Beltrami operator. The derivative of F

at w corresponds to an element

oF
S € EXQ) (1.52)
defined by )
oF =1 1 F F 1.53
<5w’77>2_3i%2{ (w+en) — F(w)}. (1.53)

And since we have that

lim L{F(w+en) — Fw)} = lim~{DF(SAw]) - (l5An]) + o(e)} (1.54)

— DF(SA) - [5AY) (1.55)
-/ (%,[(M‘ln])dv (1.56)
— (AL 0A7, (157
— (Al ), (1.58)

oF
we see that 50 is the stream two-form corresponding to the velocity v and we denote
w
it by Ai} when w is clear from the context.
So we see that there are two different variational derivatives associated with a

functional on A? , : one of them is in A,, and the other one is a closed 2-form, i.e.

one is a velocity and the other one is a stream function.

12



1.4 The Lie-Poisson bracket.

In A*

o as in the dual of any Lie algebra, we have a natural Poisson structure, i.e.

we have a bracket

{104

) X CF(A,

) = C%(40) (1.59)

such that:
(i) { , } is bilinear and skew-symmetric,
(i) {F{G,H}}+{H,{F,G}} +{G,{H, F}} = 0 (Jacobi’s identity),
(ili) {FG, H} = F{G, H} + G{F, H} (Leibniz’ identity).
To define { , } in C™(A;

*) we use as in the classical approach the variational

derivative. We define the bracket by

(F.GHlal) = [ (- 77} leDav (1.60)

Q

where the bracket between the variational derivatives is the one of the Lie algebra
Avol-

The bracket { , } coincides with the classic one defined above:

(RO = = [ (55 5ol fahav (161)
_ A(L%(?[Z],[a])dv (1.62)
_ —/Q(%,L%[a])dv (1.63)
= —(AL, LAl (1.64)
= (LA, A ) (1.65)
= <Lv~GaAffF A, (1.66)
— (GLgAL ALY, (1.67)

13



Q
- /dA}, A Lz AL
Q

a Ve

— /Q dAL Ai(os)dAL + /Q AL A d(i(0)A L

_ /Q AL A i(u)A2Z,

_ / dAL A AL
Q

Uy UV XVUG

w-(VxE)x(VxE)dV

/ - OF - 0G
Q
where & is the vector associated with the two-form do.
We have Jacobi’s identity.
Proposition 1.4.1
For any F,G, H in C*(A*

vol

) we have that

{Fv{G7H}}+{Gv{HvF}}+{H={F7G}}:0

Proof:
(F (6 ) = [0 S laav
0{G,H} .
and 5ol is such that
S v =ty 4G, 1Y (o] + e8]) ~ (G, ()
And we have that
(G.H (ol + ) = [ (5t o sty e o] + ()Y
oG o
To compute m we use the definition, namely
DG(lal + 8- 1] = [ (e DAV

14

)

(1.68)
(1.69)
(1.70)
(1.71)
(1.72)
(1.73)

(1.74)

(1.75)

(1.76)

(1.77)

(1.78)

(1.79)

(1.80)



So we have

DG(lo] +€[8]) - Iv] = hml{G([OfHE[ﬁHTM)—G([QHEW])} (1.81)

T—0 T

— lim ~{DG(a] + [8]) - Tl ] + o)} (1.82)

T—0 T

— lim 2{(DG([a] + €[8)) — DG([a])) - 7] ]

T—0 T

+DG([o]) - T[y] +o(7)} (1.83)

— lim = {re(D*G([a)) - [8)) - [7] + ofe)7

T—0 T

+7DG([a]) - [y] +o(7)} (1.84)

= e(D*G([o]) - [8]) - [y] + DG([a]) - [y] + ole). (1.85)

2

)
Therefore, if —G[ﬂ] stands for the element of A, that depends linearly on [3] and

such that

we have that

Hence

Oa]?

[ el b v = (076l - [8) - ) (1.86)

oG 852G Ye.
§([a] + €[3]) - 65[@]2[6] T 5ol +o(e). (1.87)

52G 6?H

(G Yol +elg) = @ [ (57516 5l o] + elg)av

e () g o) + l3pav

6G  6*H
e [ (5 sl fol + oDav

0G O0H
+ (S g o +eoDaV +ol). (189)

Integrating by parts we have that

[ pav = [0 2 faav

15



/ )dv
/ 5@ 5H
526
= g gapldh oDV
L T8 (o) av

d[a)? [o]
[ G ol 19Dy
5°G

[ G ol (9Dav
Therefore
oG, H} G 0H 0G O0H

In consequence

FAG o) =[50 L ey

dla]” dla]
= — [ s B oD e

16

(1.89)

(1.90)

(1.91)

(1.92)

(1.93)

(1.94)



+ [ (G s (s Dl v

SF  6G 6H
/Q([a[a]’[a[a]’ 5[@]]’ [a])dV (1.95)

a))dv (1.96)

OF
+ [ U e sl DV (1.97)

Since the Lie bracket of A, satisfies Jacobi’s identity and the second derivative

of a smooth function at a point is a bilinear symmetric form we are done.

Q.E.D.
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Chapter 2

The Hamiltonian structure of the

Euler equations

We describe the Hamiltonian structure of the Euler equations via the Lie-Poisson

bracket of A*

*- In his seminal paper of 1966, Arnold [?] started a geometrical way of

looking at the Euler equations. In 1970, Ebin and Marsden [?] described precisely the
manifold where Arnold saw the geometry. And in 1983, Marsden and Weinstein [?]
formalized the geometrical approach to the Hamiltonian structure using the theory

of Poisson manifolds.

2.1 The kinetic energy.
We consider the kinetic energy as a function

H: A, —R (2.1)
defined on A'(Q)/E(Q2) by the formula

H(la]) = %(A—lda,da>2. (2.2)

18



This function agrees with the classic kinetic energy because

%(A‘lda,dah = %(5A‘1da,a>1 (2.3)
_ %<A;Q,Aga>l (2.4)
— %/QA}TQ/\*A}L} (2.5)
_ %/QA}IQ/\A?IQ (2.6)
_ %/Qﬁa-ﬁadv. (2.7)

We compute the variational derivative of H in the following way:
1
H([a]+€8]) — H([a]) = §<A_1doz + €A, da + edf),
—%(A‘lda, da), (2.8)
1, 4 1, 4
= €{§<A da, df)s + §<A dp,da)s} +o(e). (2.9)

Hence

DH([a])- 8] = (A 'da,dB)s (2.10)
= (0A7Yda, B) (2.11)
= [ Gag 10 (2.12)
so we see that
SA  da = Ay, (2.13)

i.e. the variational derivative of the kinetic energy produces the one-form associated
with the velocity field of the vorticity da.

The induced function

H:E*(Q) — R
w —  H([0A w)]

(2.14)

19



0H

has associated with its derivative at w the element o € E*(Q). And as we show
w

in 1.3 such element is none but the stream two-form corresponding to the velocity

created by the vorticity w. This is Proposition 1.4.1 cast in our geometrical language.

2.2 The Hamiltonian structure.

We describe the Hamiltonian character of the Euler equations via the Lie-Poisson

bracket in A*

o1~ We formulate Theorem 1.1.2 in the Poisson manifold A}, and reduce

its proof to integration by parts and the use of some vector identities.
If M is a symplectic manifold with symplectic form T we say that X, a vector

field on M, is Hamiltonian iff there exists a smooth function
H:M — R (2.15)

such that
i(X)Y =dH (2.16)

So the Hamiltonian vector fields are the ones that make the following diagram com-

mutative:

Vee(M) 5 Av(M)
N (2.17)
(M)
If (P,{, }) is a Poisson manifold then we say that X, a vector field on P, is

Hamiltonian iff there exists a smooth function
H:P— R (2.18)
such that

X ={ H} (2.19)

20



The Poisson structure on P induces a pairing between functions and certain vector
fields; the Hamiltonian vector fields are precisely those that are paired with a function
through the Lie-Poisson bracket.
Vec(M)
N (2.20)
C>(M)
Theorem 2.1

The Euler equations are equivalent to the Hamiltonian system

F,={F H} (2.21)

*

where F: A¥ , — R is any smooth function on A? .

Proof:

By the Chain Rule we have that

2 (o)) = DF(lo)) - o], (222
On the other hand,
(FHY() = [ (G sl v (2.23)
- /Q(L%%, [a])dV (2.24)
- Q(%, Lgao])dV (2.25)
— —DF(a)- Lyg [o]. (2.26)
Hence (2.13) is equivalent to
DF([a]) - {[o)s + L g [a]} = 0. (2.27)
Since this is true for all F we have that
o)+ Lga o] = [0] (2.28)

21



But

o+ Las[o] = [AL]+[LaAL] (2.20)
= [AgJe + [i(da)dAg,] + [d(i(da)Ag,)] (2.30)
= [Az )+ [Ngrawa] T A ) (2.31)
Therefore 2.28 is equivalent to
T, + (V X o) X @y + VU = VP. (2.32)
Q.E.D.
2.3 The coadjoint representation.
We consider the map
Dvol — Dvol
(2.33)
noo— gl
Its pull back at the identity I, € D, is the map
(R,-1 L)
D = (2:34)
that we denote by Ad7. In this way we obtain a map
D 25 Aut(Ar)
(2.35)

v Ad:.

The map Ad* is called the coadjoint representation of D,, on A’ ;. Associated with

the coadjoint representation we have the coadjoint action :

Dy x A%, — A

vol

(v, w) s Ad!(w).

(2.36)

It turns out that
Ad(w) = 7"w. (2.37)

22



Therefore the coadjoint orbit through w € A*  is the set

vol
O, ={n"w:n € Dyy}. (2.38)

Since we know by Kelvin’s theorem that the vorticity is transported by the flow, we
see that a vorticity that starts in O, remains in it.

We know from the Kirillov theory of orbits [?, ?] that the coadjoint orbits are
symplectic manifolds and we have an explicit definition of their symplectic forms as
g

follows. Let w € A7, and let w; be a vector tangent the orbit of w at w. Since A}, i

*

Yol s SO wy € A¥ . The vector

a vector space we identify its tangent space at w with A
w; can be represented (in many ways) as the velocity vector of the motion of w under
the coadjoint action of the one-parameter group expp (71t) with velocity vector
U7 € Ao In other words, every vector tangent to the orbit of w in the coadjoint

representation of D, can be expressed in terms of a suitable vector v; € A, by the

formula

wr = ady (w). (2.39)

Then the value of the symplectic two-form T, on a pair of vectors wy,ws tangent to
the orbit of w is obtained in the following way: we express w; and ws in terms of the

algebra elements v and v5 by the formula 2.39 , and then get the scalar
Tw(wl, WQ) = <w, [171, 172]) (240)

Proposition 2.3.1

The symplectic structure Y, on T,,Q,, is given by
Yo (Luyw, Luyw) = /w(ul,u2)dv (2.41)

Proof:
We have that
ady (W) = Ly w. (2.42)

U1

23



and
(w, [00,7]) = — [ - (71, TaJaV (2.43)

where da = w. Since [t, Uy] = Ly Us we get integrating by parts:

Yo(Low, Low) = / Lu, T - TodV (2.44)
- /[i(ﬁl)da+di(ﬁl)a]~ﬁ2dv (2.45)

- / i(@)da - TdV (2.46)

- / (), T)dV. (2.47)

Q.E.D.
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Chapter 3

The vortices

The point vortices were known to be a Hamiltonian system since last century [?, 7, ?].
Such a system has some constants of the motion that can be obtained by noticing
certain symmetries of the Hamiltonian function. When the number N of vortices is at
most three the system of point vortices is Liouville integrable. For N = 4 some extra

conditions, like zero total circulation, are to be satisfied in order to get integrability.

3.1 Systems of point vortices.

The motion of a system of N point vortices on the plane is described by the 2/N-

dimensional system

X LS Yo =Y

dt 2t = (X — X;)2 + (Y — Y))2
%_ii\f;&; XX, (3.1)
dt 2w = (X — Xj)2+ (Yo, — ;)%

where (X,,,Y,,) is the position of the mth vortex and I',, is its intensity, and 1 <

m < N. This system will be refered to from here on as the Kirchoff vector field. If

1 N
Hy=~— 3 Tul;log V(X — X)2 + (Yo — Y52, (3.2)
™

m,j=1
J#m

25



the system above can be written as

dX,, OH,

modt Y,
Fde__aHv (3.3)
"dt 90X,

which is a Hamiltonian system in the symplectic manifold R?" with symplectic form
N
Z Ly dY,, AdX,. (3.4)
m=1
The velocity of each point vortex is computed by adding the velocity fields due
to all the other point vortices and assuming that the point vortex does not act on
itself. This renormalization assumption needs to be justified. Without it the velocity
becomes singular. Namely, if we consider the system of point vortices as a singular

solution of the Euler equations corresponding to an initial vorticity

N
W(Z0) = > Tno(7 — X,u(0)) (3.5)
m=1
that at time t becomes
N —
(@, 1) = 3 Tud (& — Xon(1)) (3.6)
m=1

we encounter two singularities: one in the velocity and one in the energy. More
precisely, the expression of the velocity in terms of the vorticity in two dimensions is

the following:

1 Yy—Y =@ r—2xy 7

v(7) = J Jw(Zo)dA(Z). (3.7)

2r o[ Z—2o [P || 7 —To [
To obtain the Kirchoff vector field from the Euler velocity we proceed as follows. We

consider the functional Fz defined by

Fy[v] = lim A de(To — T)v(Zo)dA(Zo) (3.8)
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where d, is such that

2 if g2 4 y? < e
de(7) = (3.9)
0 otherwise.

Using (3.6), the expression (3.7) for the velocity gives

a7 1 X y—Ynt) - r—X,t) o
= § Lonl i— — . 3.10
or 2 R 7= Kott) P (310)

Hence we see that the velocity is singular at Xm (t) for 1 < m < N. But if we evaluate

the velocity at X,,(t) through the functional F %() We obtain:

t

) _%g‘:m!l g((t? )?8 ||2f H))(((()) jg((())”j]
o 4 RO
| :z)o _))g:((?”ﬂ] (Zo) (3.11)
) _%%Fj[!| )?Y:((zs>)— )}Z'/j((?) R ))Z(:(( ;:jg?(%)HQ i
—g—ﬁg% -/ " (sin 67 — cos 67)d6 (3.12)

0

This procedure we have just described amounts to first evaluating the velocity
field for a smooth vorticity supported in circular regions of radius € and then letting
e — 0. Although it produces what we want, we cannot infer anything about the ¢
function vorticity distribution because to do so the limit process should not depend
on how we approximate the ¢ functions. Moreover (3.6) is an assumption that needs
to be proved; we do so, for an interval of time, below. Note also that the singularity

in the Hamiltonian cannot be avoided using this idea.
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3.2 The constants of the motion.

We have three integrals of the motion besides the Hamiltonian.

Tx = 3
X — ZFmYmJ

m=1

Ty = 3
Y — ZFmXﬂw

m=1

N
RE YT, (X2 +Y2).

m=1

(3.13)

(3.14)

(3.15)

They can be obtained, from the finite dimensional point of view, by observing that

the Hamiltonian is invariant, respectively, under translations parallel to the X-axis

Jtranslations parallel to the Y-axis and rotations.

The Lie-Poisson bracket associated with the symplectic form

is the following:

(P.Q} = 1

N
ST Ty dYp A d X,

m=1

N oP 0Q

0oQ OP

0Xx,,0Y,, oY, aXm]‘

(3.16)

(3.17)

We have the following double-entry table of values for the Lie-Poisson bracket on

H,Tx,Ty,R and T_)%"—T}Q/

{. } R |H| IR +T¢ Tx Ty
R 0 |0 0 2Ty —2Ty
H 0 |0 0 0 0
T2+T2| 0 |0 0 2Ty 3, T | 2Tx 2, T
Tx | —-2T%| 0 | 2Ty 3, T 0 S S A
Ty 2Ty | 02T T | 00 0
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Table 3.1: The Lie-Poisson bracket.

Therefore the problem of the motion of N point vortices in the plane is Liouville
integrable for N < 3, and for N = 4 if Y}, ', = 0. For some special cases of
N = 4 there is a proof of nonintegrability due to Ziglin [?], but its validity has been
questioned by Holmes and Marsden [?].

Note that the some of the constants of the motion described above come from

integrals of the Euler equations, namely the following table indicates such correspon-

dence:

/wdA > Dim
/wsz S 2

/ TzwdA Ty

/ ywdA Tx

/(x2 + y*)wd A R

Table 3.2: The constants of the motion.

The Hamiltonian is the only constant of the motion that we cannot obtain from the
corresponding integral of the Euler equations. If we use the expression for the energy
in terms of the vorticity we face the problem of multiplication of ¢ functions. In the

next chapter we provide an asymptotic way of getting rid of the infinity in the energy.
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Chapter 4

The desingularization of the point

vortices

In this chapter we present a desingularization of the system of N point vortices.
We understand the term “desingularization” when applied to the system of N point
vortices to mean that there exists a family of solutions of Euler equations parametrized
by € < 1 such that their Hamiltonians as € — 0 converge to a Hamiltonian that is
a sum of the Hamiltonian of the system of N point vortices and a function that
is independent of the locations of the point vortices. Such a family of solutions is

2 as an approximation to

constructed by considering N vortex patches of measure €
the N point vortices. And for each one of these solutions we take its kinetic energy
plus a linear combination of other integrals of the motion as its Hamiltonian. As
€ — 0 the coefficients of this linear combination of integrals of the motion blow up as
the negative of the kinetic energy so that the Hamiltonian has a finite limit.

The Poisson structure of the Euler equations converges as ¢ — 0 to a Poisson
structure whose associated symplectic structure agrees with the symplectic structure

on the non-smooth coadjoint orbit of N point vortices . The part of the finite limit of

the Hamiltonian depending on the locations of the point vortices gives through this
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symplectic structure the Kirchoff vector field.

4.1 The vortex patch approximation.

We use the following approximation to the system of N point vortices. We consider
N patches of vorticity initially supported in N disjoint open regions {A™}_, such
that meas A™ = €2, i.e. N
Z “2Loxar (2), (4.1)
where y, stands for the characteristic function of the set A.
We introduce, for 1 < m < N, the center of vorticity, M "(t), and the second

€

moment, [*(t), by

NP (1) 2 / ZAA(T), (4.2)
M) S [ 7 = 8 | dAW), (4.3)

where AT} is the evolution of the region A" under the Euler flow. The Euler flow is

the one whose characteristics satisfy

dé.
= (7t ), 1),
2 XN - -
37 0) = =530, [ Ve x (log || 7= 7| K) dA@), (4.4)
7j=1 e,t

fe(o,f0> Zg-

We prove that for an interval of time (0,7") the flow and the limit process as ¢ — 0
commute, i.e. w.(Z,t) converges as ¢ — 0 to a linear combination of ¢ functions at
X.n(t) for 1 <m < N, where X,,(t) solves the Kirchoff problem.

Theorem 4.1.1

Let X,, stand for ll_I)I(l) M™(0) for 1 < m < N. Suppose that

lim/f T)w(Z,0)dA = Z L f(X ), (4.5)
m=1

e—0
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for any continuous, bounded function f: R? — R. And suppose that
. . — — — T = y 1 . > >
mininf{|| ¥ — 7 ||: ¥ € A;, 7 € Al} = Smin || X; — X; [|>0, (4.6)
i#j 2 i#j
and

1(0) < Dyé? (4.7)

€

for some D,,, and 1 < m < N. Then there exists a time 7" such that for all ¢t € [0,7T)

liy M™(t) = X, (t). (4.8)
Moreover,
N —
lim [ f(@wd@.0)dA = 3 T f(Xon(1). (4.9)
- m=1
Proof:

We consider the motion of the initial patch A* under a velocity that is the sum
of the self-induced velocity of the patch itself, i.e.

[, 2

2T Am,

Ve x (log || & = 7 || k) dA(), (4.10)

plus a field F that remains regular as € — 0, i.e.

N
F@n*e? T, /A R, (% — §)dA(). (4.11)
A

More precisely, we introduce the regularized Euler evolution and its corresponding
vortex model in the following way. The characteristics or particle paths of the regu-
larized Euler evolution satisfy:

dze

= T(A(LE)Y), Fe AT, (4.12)
R Fm€_2 — — - e —
05 t) = ——2 [ Vex (log | &~ 5| K) dA®
N —
T [ R E = 7)aAm) (4.13)
e
5&(0750) - fO7 (414)
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where Aﬁt stands for the image at time t of the initial region A7 under the regularized

Euler evolution; and where the regularized kernel I?n is defined by

E\(#) = V x (g,(2)K), (4.15)
where
" 1 S »
9(@) =~ log || Z|| if || Z]=n, (4.16)
s
and such that
> — Q —
| DK, (%) ||< 2 for all ¥ € R?, (4.17)

where () is a positive constant. Note that, so long as the distances between patches
remain sufficiently large the regularized Euler flow agrees with the Euler flow. And

the regularized vortex model is the following:

o S TR (nlt) — 5(0)
JJ¢T}‘L (418)
Z,(0) = X,,..

We denote by M, (¢) and I™(t) the same quantities as M™(t) and I™(t) with AT,
replaced by AZ@ We prove first the following lemma:
Lemma 4.1

Let )?m stand for lir% J\7[6m(0) for 1 <m < N. Suppose that

li_r}% f(@)we(Z,0)dA(Z Z Lo f(X (4.19)

for any continuous, bounded function f:R? — R. Then for all ¢ > 0
hmM (t) = Zn(t), (4.20)

e—0

where Z,(t) for 1 < m < N solves the regularized vortex problem. Moreover,

e—0

lim / F(@)0u (7, 1) dA(T) = 2_31 Ty f (Zn(1). (4.21)
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where

N
W (7, t) = Z e‘QFmXA;nt(f). (4.22)
m=1 ’
Proof of Lemma 4.1:
We have that
d =m dz.
M () = / dz (7,1)dA(T)
t mat (4.23)
= [ FE0.0dA@),
because
/A [ Ve (log | & = || K)A@)AA®) = 0. (4.24)

Because of the area-preserving character of the flow we have exchanged the integration

over A with the integration over A”(¢). For the same reason we have that
N () = 2 / F(7,1)dA(3). (4.25)

Note that
= /- Q — —
| F'(Z,t) — F(y,t) Hé? =7, (4.26)

i.e. F satisfies a Lipschitz condition in its first variable, where Q = (N —1) max,, |T|.

We want to prove that /A\Z”t is in a small neighborhood of the point M, (t). And

we use the second moment I™(t) to measure the spread of f\g”t around M, (t).

We have that
L) =S [ E T 1) P dAG)
t Az, . (4.27)

because

/m F-(| Vazx(logl|l Z— 7| KIA®)) dAE) = 0. (4.28)
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Hence

- - m

/\

GOL <200 [ 5@ - O FEE 0.0 - FOL 0),0)1dA@)
2@ 9 oL 7 2
7 Il [ AE D = M () I dA@)

€

= ?\fem(t)\,
(4.29)
so that
1 (6)] < |1 (0", (4:30)
where ¢ = 2@.
We proceed to estimate the distance between Z,,(t) and M, (t):
I M () = Za() | < (| M(0) = X, |
+[ ZmnK (1, (5) = 5(s))
J#m
— I (Zn(s) = Z(s)) || ds
t N . = m
[ TR O () = 2(5)
i
_? / F(,5)dA() || ds (4.31)
since am
= m - tdM
M_ (t) = M™(0) + < (s)ds, (4.32)
o dt
and
" t N
Zn(t) = X + ; > K, (Zna(s) — Z(s))ds. (4.33)
Jem
And since
e Q- -
I K (7) = 5 (9) [I< P 12— (4.34)
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it follows that

- m
~

| M (8) = Za(®) | < 1| MI(0) = X |

+
WE
i
3| O
c\w
=
~ 3
=

|

l\z
i
a
V)

=1 /’7 0 €,8

Jj#Em
S I [ 5 — ML) | ds
L/ = 0

J#Em

N t = J
F2 G I [ IAL() = 7 dA(ds. (435)
i

And using the Cauchy-Schwarz inequality we obtain that

_ zm ., o 1 <
e[ NN () - 7] dA@) < TVl

Therefore

where I' = maxy, |I'x|. So we have that

2k = =
mec | M (1) = (1) || < max || M4(0) - 5y |

P t -k
+—2/O ma || M (s) — Zi(s) | ds

PN
I

where P =TQ(N — 1)N.

sup{y/|IZ(s (0,t)}

(4.36)

(4.37)

(4.38)



Finally, Gronwall’s inequality gives that

2k t — —
max || M, (£) — Z(t) | Se%mguMﬂm—Xm

Lt al £y
—2 Z \/7 sup{y/|IZ (s P2 ,(4.39)
therefore
-k
max | M (t) — Zx(t) || — 0 as € = 0 (4.40)
because by hypothesis
| M*(0) — X, |— 0 and I*(0) — 0. (4.41)

This finishes the proof of Lemma 4.1.
To finish the proof of the theorem we note that the regularized vortex model

coincides with the Kirchoff point vortices up to the time
T, = inf{t: min || Z(t) - 5(t) | < n}. (4.42)
Z?]
And the regularized Euler evolution coincides with the real one up to the time

T, L inf{t : min dist(A’ AL) <} (4.43)

€t
0.
Hence we are done once we show the existence of a positive n for which
min(7},, iIelf T.,) > 0. (4.44)
Given X'm for 1 <m < N, we can find a time 7™ for which

min inf{] Xit) = X;(t) | 0<t<T*}y>b>0, (4.45)
1#]

b S
and, hence, choosing n = 3 we have that X,,(t) = 2, (t) for t € [0, T7].
We proceed to estimate the velocity field in order to estimate how patches ap-

proach each other.
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-m
~

Let C7'(t) be the circle of radius d centered at M, (t). Then defining A™(t) by
AZ() = AL ORI CF (1) (4.46)

we have that

—
~

[0 = |Fm\6_2/m | &M, (t)|* dA(@)
An () (4.47)
> [l 2d*meas A™(t).
From the proof of Lemma 4.1 we know that

i8] < |17 (0)]en". (4.48)

This together with the hypothesis

[I7*(0)] < Dpne® (4.49)
gives
117 (8)] < Dpe® e, (4.50)
Therefore it follows that
D, s
meas A7 (t) < 2T |€4e,72t, (4.51)

for t <T™.
The velocity field at any point ' outside Cgj(t) and inside C7*(t) is the sum of

three fields: the first field is the one generated by the vorticity inside C7'(¢), i.e.

(T 1) = ——2 % (log || = 7 || K)dA(®7); 4.52
B(E 0= =5 [ Vex log ]| 7= 71 KJdA®) (4.52)

the second field is the one due to the other patches, i.e.

-2 N

— /= € =, — — e —
Uo(Z,t) = ~5- > T N Vzx (log || Z— 7 || k)dA(Y); (4.53)
Jj=1 €,t

i#m
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and the third field is the one due to the vorticity outside C7*(t), i.e.

|

W@ t) = 5 [ Ve log | 7~ || K)iAGm).

2

The first field ¢; is estimated in the following way:

|Fm‘€_2
< / —
2 Jopw | -7 ||
|Fm‘€_2
<

I o1(Z,2) ||

dA(Y
2nd A, )

_ I
J— d .

The second field v5 is estimated in the following way:

RNV D ol iy S
Vg, < . - = Y
?':1 27 Ai,t H r—=y H
Jj#EM
< i ¥
=t

j#m

The third field v3 is estimated in the following way :

VU3 flf,t S / = S dA Yy
I3 0 2 Japw | T -7 || @

T, —2 1
S )
2 Jeo, o || 7 ||

< |Tpn|e 2y /meas A™(t),

where C7 stands for the circle centered at the origin and of radius

meas A7 (t)
—

To =

Using the inequalities obtained above we get

where K7 stands for max,, \/ Dy, [Tl
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(4.55)

(4.56)

(4.57)

(4.58)

(4.59)



Hence the velocity field outside CJ3(¢) is estimated in the following way:

I 9z.0 1< St Z‘” Enl,

J#m

(4.60)

We are now able to estimate the minimum distance between patches after a time
t: two points in two different patches will get closer in time t by less than twice the
estimate of the velocity times ¢, and we still have to take away a term due to rotation

of each patch around its center of mass. More exactly, choosing € so small that

maxsup{ || Zn(t) = M, (¢) ||: t € (0,T)} < 2 (4.61)
b
and putting d = 100’ we conclude that for e sufficiently small
: K, < N-1)I' T
min inf{dist (Ais,Aﬁ g 0<s <t} > é—5al—275(—16" r —i-!%——), (4.62)
i#j ’ 2 d n d

where I' = rnn%x\f‘ m|- Hence we can choose t so small that the right hand side of the

. o b
last inequality is equal or greater than 3= n.

Q.E.D.

This proof is due to C. Marchioro and M. Pulvirenti [7]

4.2 The desingularization of the energy.

We consider at each time t € (0,7") a vorticity distribution consisting of N circular
patches of radius % centered at Mem(t) This vorticity is close to the one with
arbitrary patches, so it is known that their respective energies are close to each
other [?]. We obtain the asymptotic form of the energy for the circular patches and
“substract the infinities ” to get the Hamiltonian.

More precisely, if the vorticity w is a linear combination of circular vortex patches,

i.e.

N
=Y e TuXerw, (4.63)

m=1
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where C”(t) stands for the circle of radius % and centered at M™(t), we have that
s

the stream function v being a solution of the Poisson equation

V) = —w, (4.64)
is itself a sum
N
m=1
where 1), satisfies for 1 <m < N
V2¢m p— —E_QFmXan(t). (466)
In consequence, we have that
N
U= Z Uy, (4.67)
m=1
where for 1 <m < N
T =V X UK. (4.68)

An asymptotic expansion for the kinetic energy of the fluid contained in a ball C'g

of radius R and centered at the origin describes the blow-up of the kinetic energy at

infinity:
1 ) 1 oy oY
5 CRu dA = 2/CR(uay Uax)dA
1 .
— - / (Yw + V x i)dA (4.69)
2 Jo,
= L geaa— L g padi
2 Jog aCk
As a consequence of (4.59) we have that
Wi, y) = —i[/wdA] log r + O(r") (4.70)
YY) = 27'(' g .
as r = /22 + y? — oo. Therefore
L yiear= i[/wdAPlo R+O(R™) (4.71)
9CR B 4 s ‘
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as R — oo.

If we further remove N small disks of radius % centered at M™(t) for 1 < m <
7T

N, we have that the kinetic energy in the perforated disk Cr = Cr \ UN_, C™(t) is:

1 1 1 .
Hi] % WdA = = ;mzA——]f bii - di
2 Cr 2 aCp

2 Jey,

| S ) (4.72)
- - q-dl+ - ]( 7-dl.
2 ngRQ/JU - 2 mZ::l BC?(t)¢u
We have that
§oowaed = § ()Y ) -di
aCT (t) aCT (t) j=1 k=1
=} i
aCT (t)
N
34 i dl
k=1 JOC(t)
k#m
N
D DN ST
=1 oo
J#EmM
N N .
34wy dl (4.73)
k=1 j=1 JOCI(t)
k#m j#m
And we have that
- - 2
j{ zpmﬁm-dzz%(e)j{ T -dl = —™ log e + O(c). (4.74)
acm (t) aCT(t) 27
]( Dol - d = b (e€) j{ @ - dl = 0. (4.75)
acT (t) dCE (t)
0
§ o gt dl = SN = MW ) -+ O()
ac™ (t) aCc{ (1)
Fmrj m T
= =2 dlog || (1) — M (1) || +O(0). (476)

F g dl= oy M)~ @) ) - dT+O() = O(e). (477)
aCT™ (¢) aC(¢)
0
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Therefore

1 X - 1 Y 1 Y o o
5> ]{ Vit di'= [ 30 Talloge — — 3" Tulljlog || M:(t) = 3 (1) || +O(¢)
m=1 m=1

Cm(t) i,j=1
i
(4.78)
as € — 0, so we have that
1, 1
— | u'dA = [/ wdA*log R ¢ Blow—up at oo
2 Jeg 4dr
N
_ 2 j— 7 7 j—
g [mZ:l I ]loge } Self — interaction blow —up (4.79)

= i Pl log || M{(t) = MI(t) || + O(e) + O(R™)
i#
as R — oo and ¢ — 0.
The energy inside a small disk centered at Mé”(t) is the sum of the following three
terms:

N
[owda=23 [ i, ddA+ Z / wdA+ [ wkdA. (4.80)
cit () j=1 Cc&(t) 7&

(1) C (1)

The first summand is order € because 1, is tangent to the boundary of the circle
Cm(t) for r < ; and «; differs from a constant vector by a quantity of order ¢ when
evaluated in the circle C™(¢). The second summand is of order Ne2. And the third
summand is a constant that is independent, of M™(¢).

The asymptotic expansion of the kinetic energy for ¢ — 0 and R — oo we have just
computed indicates the way to proceed to obtain a desingularization of the Hamilto-

nian. For each ¢ and each R we consider the function
H(e,R) ¥ H — Vyloge + V2 1ogR, (4.81)
where V) and V5 are respectively

v, / wdA, (4.82)
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v, & / WAdA. (4.83)

Since V; and V; are constants of the motion, the Hamiltonian flow given by the
kinetic energy H is the same that the one given by H (e, R) for each € and R. And
this function H (e, R) in the limit as ¢ — 0 produces the nonsingular Hamiltonian of
N point vortices .

Theorem 4.2.1

There is an interval of time (0,7 such that H (e, R) converges to

> Dl log /(i) — 25(4)2 + (wilt) — ()2 + M (4.84)

i,j=1
i#]

where M is independent of Xm(t) for1<m < N,ase¢— 0and R — cc.
Proof:
N
We just need to show that V5 converges to Z Ffm as € — 0 and R — oco. But

m=1
this follows from the previous theorem in this chapter.

Q.E.D.

4.3 The convergence of the velocity fields.

The expression for the velocity in terms of the vorticity, namely (3.7), blows up when
we use w,, the e-patches, for the vorticity and let ¢ — 0. On the other hand, Theorem
4.1.1 proves that the patches converge as ¢ — 0 to points that move with the Kir-
choff velocity. The reconciliation of these two facts is done through the Hamiltonian
structure: if we take the limit of the symplectic structure of the coadjoint orbits of
the e-patches as € — 0 we obtain a symplectic structure on the variables (X, Y;,)
on R?M such that the Hamiltonian vector field given by the desingularized energy

through it is precisely the Kirchoff vector field.
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More precisely, from Proposition 2.3.1 we have the expression for the symplectic
structure in the coadjoint orbits, namely in the orbit O, the symplectic structure Y1,

is defined by the formula
Yo (L, L) = / w(uy, uz)dV. (4.85)
Using Theorem 4.1.1 we have that

N
lir% Yo (Luywe, Liywe) = Z Lo (dze A dy) (uy(Xom, Yin), u2( X, Yon))- (4.86)

m=1
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Conclusion

We have shown a way of deriving the Kirchoff vector field for N point vortices and its
Hamiltonian structure from the Euler equations and the symplectic structure of the
orbits where the vorticities we consider live. This is done by describing an asymptotic
decoupling of the evolution of the singularities of the flow from the rest of it, the
internal degrees of freedom.

Marsden and Weinstein [?] undertook this question and, although their approach
explained the way of getting the Hamiltonian structure, it failed to provide a rigorous
way of getting the Hamiltonian function for the point vortices from the kinetic energy
of the fluid. Marchioro and Pulvirenti [?] gave a precise formulation for the derivation
of the velocity field of the point vortices but they do not address the question of the
Hamiltonian function. We have presented a complete and systematic way of obtaining
the Hamiltonian evolution of N point vortices from the evolution of N patches of
vorticity. The ingredients we have used were in the literature. What is new is the
way they are combined to obtain an asymptotic relation between the Kirchoff system
and the Euler equations.

In our future research we intend to apply this asymptotic desingularization process
to other singular distributions of vorticity — vortex rings, knotted vortex lines — and

to other singular solutions of Hamiltonian partial differential equations.
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