
UNM Dept. of Mathematics and Statistics
Ordinary & Partial Differential Equations

Qualifying Examination

Summer 2014

Instructions: There are six (6) problems on this examination. Work all problems for full
credit.

1. (25 points) Find a general solution of the following ODE:

ty′′ − (t+ 1)y′ + y = t2,

given that y1(t) = et is a solution of the corresponding homogeneous equation.

2. (12 points) Locate the critical points of the following ODE system

{

x′ = x2 − y2 − 1,
y′ = 2y.

.

(a) Sketch the phase plane diagram.
(b) Discuss the stability properties of all equilibrium points.
(c) For a critical point with x > 0 (if any), propose and use a Lyapunov function in
order to investigate stability of the nonlinear (!) system in the vicinity of such a point
(anyone if exist) (Hint: switch to a new coordinate system which moves origin to the
critical point may be useful).

3. (13 points) Show that the nonlinear system

ẋ = 5x− y − 4x3 − 7xy2,

ẏ = x+ 5y − 4x2y − 7y3,

(a) has at least one periodic orbit in the annulus
√

5/7 ≤ r ≤
√
5/2 (for now use the

fact, that the only critical point is the origin);
(b) there is exactly one orbit inside the annulus;
(c) prove that there are no critical points but the origin.

4. (20 points) Solve the following Cauchy problems for a first order PDE:

yux + (x+ 4x3)uy = 0, u(x, y)|x=0 = u0(y).

and find a condition for u0(y) for which problem is well-posed.

5. (20 points) Determine if the following second order PDE is elliptic, hyperbolic or
parabolic:

uxx + 2uyy − 2uyz + 2uzz = 0, u : R3 → R.

Bring that PDE to the canonical form (the canonical form includes only diagonal terms
uxx, uyy, uzz and does not have any non-diagonal terms uxy, uxz, uyz).
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6. (10 points) Consider the nonlinear PDE

iψt +∆ψ + |ψ|10ψ = 0, ψ(x, t) : Rn+1 → C, x = (x1, . . . , xn) ∈ R
n, t ∈ R.

Here ∆ = ∂2

∂x1
2 + . . .+

∂2

∂xn
2 is the Lapalacian, ψ = ψr+ iψi is the complex function with

the real part ψr and the imaginary part ψi, i is the imaginary unit, |ψ|2 := ψψ̄ = ψ2
r+ψ

2
i

and ψ̄ = ψr − iψi.

Prove that

d

dt

∫

Rn

|x|2|ψ|2 dx = 2i

∫

Rn

n
∑

j=1

xj

[

∂ψ̄

∂xj
ψ − ∂ψ

∂xj
ψ̄

]

dx

assuming that |ψ(x, t)| < e−|x| for |x| → ∞.
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