January 16, 2008

Geometry/Topology Qualifying Exam
Department of Mathematics & Statistics
University of New Mexico

Instructions: Do the following 6 problems. Show all your work.

(1) Let G be a topological group and H a closed subgroup of G.

(a) Show that if both H and the space of cosets G/H are connected, then G is
connected.
(b) Let SO(n) denote the group of orthogonal n by n matrices of determinant one,
Le.
SO(n) ={A € GL(n,R) | A'A=1, det A=1}
where A’ denotes the transpose of A. Show that SO(n) is connected.

(2) Recall Sard’s theorem: The set of critical values of a smooth map f : M — N has
measure zero. Use Sard’s theorem to show that there does not exist a smooth map
f:R™ — S" such that f|g» = identity. Here S™ is the unit sphere in R" .

(3) For i = 1,2 let (; = (F;, M, ;) be smooth vector bundles over M such that ¢; @ €'
are trivial bundles for each i. Here €' denotes the trivial rank one bundle over M.
(a) Suppose that (; admits a nowhere vanishing section. Show that if rank((s) > 1
the Whitney sum (; @ (s is the trivial bundle.
(b) Show that the product of spheres S™ x S™ is parallelizable (i.e. has a trivial
tangent bundle) if n,m € Z* with n odd.

(4) Consider the vector field

on R2.
(a) Compute the integral curves of X.
(b) Is X complete? Explain your answer.

(5) Let f: N — M be a smooth map of constant rank.
(a) Show that if f is injective then it is an immersion.

(b) Show that if f is injective and proper, then f(N) is a closed embedded subman-
ifold of M.

(6) Use the inverse function theorem to show that a submersion is locally a projection,
and then prove that a submersion is an open map.



