Geometry/Topology Qualifying Exam, January, 2024
Department of Mathematics & Statistics
University of New Mexico

Instructions:

(1)
(2)

(3)

You have 3 hours to complete the exam. Please try all of the 10 problems on the
exam. You can work on any of the parts of the given problems assuming all previous
parts even if you skip some of them. Clear and concise answers with good justification
will improve your score.

Use only one side of the pages. Start each problem on a new page.

Number the pages so that the problems appear in the order in which they appear on
the exam.

Put only your code word (not your banner ID number) on each page.

Show that a compact metric space (K, d) contains a countable dense subset.

Let X be a Hausdorff topological space and f a continuous map f : X — X. Show
that the fixed point set of f is closed in X, i.e., theset C ={x € X | f(x) =z} isa
closed set in X.

Let X be a topological space and let Y be a metric space. Let f, : X — Y be
a sequence of continuous functions. Let x,, be a sequence of points converging to
x. Show that if the sequence {f,}>2, converges uniformly to f, then the sequence

{fn(xn)}52, converges to f(x).

Let M be an n-dimensional smooth manifold and f : M — R a smooth function. Let
p € M be a critical point of f. Show that the following formula defines a symmetric
bilinear form (the Hessian of f) on the tangent space at each critical point p,

H(X,,Yy) = Xp(Yf),

py-p

where Y is any extension of Y, to a vector field on M which coincides with Y, at p.
In particular, show that if X, = 377, @/ 52|, € T,M and Y, = 330 V52|, € T,M

with respect to the local coordinates (z1, . . ,T,), then
2
H(X,,Y,) =Y albtF
( b p) ]Zk a 83’,'] axk )

and the right-hand side is independent of the coordinate system.
Hint: you need to show that for a fixed function f, X,(Y f) depends only the value
of Y at p or that the above formula is independent of the local coordinate system.

Let S? be the unit sphere in R?® and 7 : $2 — RP? be the canonical map on the real

projective space.
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a) Show that there is a unique smooth function f: RP? — R, such that,
foﬂ-anxlaxZ Zja:

b) Find the critical points of f.
c) Show that the Hessian of f at the found critical points is a non-degenerate qua-
dratic form on the tangent space at each of the critical points.

Let G, be the subspace of R? defined by

e, = {u,y) (+- %)Z@f _ (%)}

Let Y be the subspace Y = Uz, G, C R2, and let X = €, x Z, C R? x R. Define
g: X — Y by the equation
g(x,y,n) = (fa g) :
n on
Show that g is continuous and surjective, but g is not a quotient map. You should
state clearly the conditions defining a quotient map.
Let Z be the additive group of integer numbers. For n € Z consider the map A,z =

A"z, x € R?, where
3 0
4=(0 s )

a) Show that this defines a smooth action of Z on on R?.
b) Is the quotient map 7 : R? — R?/Z a covering map? You should state clearly the
conditions defining a covering map.

Let B be the closed disc in the plane. Recall that given a topological embedding
j : X — B wesay that X is a retract of B if there exists a continuous map r : B — X
such that r o j = id. Let X be a topological space which is a retract of the closed
unit disc B.

a) Show that the fundamental group of X is trivial.

b) Show that every continuous map f : X — X has a fixed point.

Let T? = S! x S! € R* denote the 2-torus, defined as the set of points (w,z,y, 2)
such that w? 4+ 22 = y? + 22 = 1, with the product orientation determined by the
standard orientation on S*. Compute fTQ w, where w is the following 2-form on R*,

w = zyzdw A dy.
Let G and H be Lie groups, and suppose F': G — H is a Lie group homomorphism

that is also a local diffeomorphism. Show that the induced homomorphism F,
Lie(G) — Lie(H) is an isomorphism of Lie algebras.



