Geometry/Topology Qualifying Exam, January, 2025
Department of Mathematics & Statistics
University of New Mexico

Instructions:

e You have 3 hours to complete the exam. Please try all of the 10 problems on the
exam. You can work on any of the parts of the given problems assuming all previous
parts even if you skip some of them. Clear and concise answers with good justification
will improve your score.

e Use only one side of the pages. Start each problem on a new page.

e Number the pages so that the problems appear in the order in which they appear on
the exam.

e Put only your code word (not your banner ID number) on each page.

(1) A space is totally disconnected if its only connected subspaces are one-point sets.
Show that if X has the discrete topology, then X is totally disconnected. Does the
converse hold?

(2) A space X is completely regular if one-point sets are closed in X and if for each
point zy and each closed set A not containing x(, there is a continuous function
f:X —[0,1] such that f(zo) =1 and f(A) = {0}. Show that every locally compact
Hausdorff space is completely regular.

(3) Recall that a topological space X is paracompact if every open covering &/ of X
has a locally finite open refinement Z that covers X. Show that every paracompact
Hausdorff space X is normal.

(4) Amap h: St — S!issaid to be antipode-preserving if h(—z) = —h(z) for all z € S*.
Let h : St — S! be continuous and antipode-preserving with h(by) = by. Show that
h, carries a generator of m(S?, by) to an odd power of itself.

(5) If M is a noncompact toplogical n-manifold, show that its one-point compactification
is an n-manifold if and only if there exists a precompact open subset U C M such
that M\U is homeomorphic to R™\ B".

(6) Prove that the set of real n x n-matrices that have n distinct eigenvalues is a smooth
manifold and find its dimension.

(7) Show that the equations

P 4y=0, 22+ +24+uw+y=1
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(10)

define a two-dimensional submanifold S of R*, and find the equation of the tangent
space at the point (g, yo, 20, wo) = (—1,—1,—1,—1).

Let M be a smooth manifold, prove the following formula for the exterior differential
of a form a € Q(M):
k+1
(da)(X1, ooy K1) = > (1) Ly (a( X0, ., Koy, X))
i=1
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for Xi,...,Xp1 € 2 (M).

Let M be a smooth manifold of even dimension m = 2n. A 2-form w € Q*(M) is
called symplectic if it is closed (dw = 0) as well as non-degenerate, in the sense that
I'=w"=wA---Aw is a volume form. Prove that if M is compact, then a symplectic
form cannot be exact.

Let G be a Lie group. Suppose ?}’ and G’ are simply connected Lie groups that
admit smooth covering maps 7 : G — G and 7’ : G — G that are also Lie group
homomorphisms. Prove that there exists a Lie group isomorphism ® : G — G’ such

that 7’ o ® = 7.



