
Geometry/Topology Qualifying Exam, August, 2025
Department of Mathematics & Statistics

University of New Mexico

Instructions:

• You have 3 hours to complete the exam. Please try all of the 10 problems on the
exam. You can work on any of the parts of the given problems assuming all previous
parts even if you skip some of them. Clear and concise answers with good justification
will improve your score.
• Use only one side of the pages. Start each problem on a new page.
• Number the pages so that the problems appear in the order in which they appear on

the exam.
• Put only your code word (not your banner ID number) on each page.

(1) Let X be a second countable topological space. Show that every collection of disjoint
open subsets of X is countable.

(2) Let X and Y be noncompact, locally compact Hausdorff spaces. Let X∗ and Y ∗ be
the one point compactification space of X and Y respectively. Show that a continuous
map f : X → Y extends to a continuous map f : X∗ → Y ∗ if and only if f is a
proper map.

(3) Let q : X → Y and r : Y → Z be covering maps; let p = r ◦ q. Show that if r−1(z)
is finite for each z ∈ Z, then p is a covering map.

(4) Let S2 ⊂ R3 be the unit sphere S2 in the Euclidean space R3. Let

TS2 = {(p, v) ∈ R3 × R3 | p ∈ S2, v ∈ TpS2}.

Show that TS2 is a 4-dimensional submanifold of R6.
Hint: TS2 may be regarded as a level set of the function

F : R6 → R2, F (p, v) = (p · p, p · v).

(5) Let α ∈ Ωk(M) be a closed form on a manifold M , with k > 0, and p ∈M any given
point. Show that there exists a closed form α′ ∈ Ωk(M) such that α′ vanishes on a
neighborhood of p, and α− α′ is exact.

(6) Prove that the tangent bundle of the real projective space RP3 is trivial.

(7) Show that the tangent space of SL(n) at the identity matrix I is given by

TISL(n) = {B ∈M(n) | trB = 0}

using SL(n) ↪→M(n) ∼= Rn2
, where M(n) denotes all n×n matrices with real entries.

1



2

(8) Let D be the distribution on R3 spanned by the vector fields

X =
∂

∂x
+ yz

∂

∂z
, Y =

∂

∂z
.

In other words, D is the sub-bundle of the tangent bundle such that the fiber of D
over p ∈ R3 is the linear span of X(p) and Y (p). (a) Find an integral sub-manifold
of D passing through the origin. (b) Is D involutive?

(9) Let θ = xdy ∧ dz − ydz ∧ dx + z2dx ∧ dy and X = −y ∂
∂x
− x ∂

∂y
. (a) Compute the

interior product ιXθ. (b) Compute the Lie derivative LXθ.

(10) Let θ = xdy ∧ dz − ydz ∧ dx + z2dx ∧ dy. (a) Is θ an exact form in R3? (b) Let ω
be the restriction of θ to the unit sphere S2 in the Euclidean space R3. Compute the
integral

∫
S2 ω over the unit sphere S2. (c) Is ω an exact form on S2?


