Quasi-linear differential algebraic equations : an algebraic study

G. Thomas

PhD student at LMC/IMAG, Grenoble, France—e-mail : thomas@imag.fr

1995

We present some investigations about quasi-linear differential algebraic equations (DAEs) : A(t, y(t))dy/dt = b(t, y(t)) y = (y_1, . . . , y_n)^T is the unknown function . A and b are respectively a m × n matrix and a n-vector the coefficients of which are polynomials ∈ K[t, y] ; K is a field containing the rational numbers. We focus our study on the case where rank(A(t, y)) is lower than n for all (t, y), which implies the y_i’s are constrained to be on an algebraic variety. Typical such systems are the semi-explicit DAEs: (_{dy1/dt = f(t, y1, y2)} 0 = g(t, y_1, y_2)

In the square case (m = n), referring to Gear, we define the differential index as the minimal number of differentiations needed to get a full implicit ODE, that is a relation C(t, y)dy/dt = d(t, y) with rank(C)= n for most (t, y). Then we give a geometrical interpretation of this index to obtain global results, related to the formal structure of the system only .

Computing a relations matrix R of size (n − r) × r (r = rankA) among the rows of A, satisfying RA = 0, we obtain relations among the components of b : these are the algebraic constraints y has to stand. Let G_0 be the variety related to the constraints.

Then we notice that if y(t) is a function on the corresponding variety, dy/dt must belong to the tangent space to this variety. So we differentiate the algebraic relations : it leads to quasi-linear equations, which we put in the initial system. For example let g(t, y) be a polynomial that vanishes on G_0 ; we add the folowing equation to the quasi-linear system : X_{iˇn} ∂g_{∂yi dyi/dt = −}∂g_{∂t} We do the same with this new quasi-linear DAE. If the rank of the matrix is < n, new constraints appear and we have a subvariety of G_0.

We show that this iterative process always stops after a finite number of steps that is ≤ n : this number is equal to the differential index.

So we got a decreasing sequence of algebraic varieties, the limit of which is the variety G : the graphs of solutions lie on it. We define regular points on G as those who maximize the value of rank(C). Around such points the system can be put in upper triangular form with a diagonal made of non-zero polynomials. A way to perform that is to use a fraction-free gaussian elimination. It enables us to answer the questions of existence and uniqueness of solution(s) passing through regular points.

We must notice that the index is not intrinsic since it depends on the different irreducible components of G. The complex problem of decomposing an ideal into its primary components has to be solved to obtain an exhaustive algorithm. We are programming the irreducible case (all the varieties of the sequence are irreducible) in MapleV.

The future and actual part of the work is the location and definition of singular points. This is not exactly similar to what happens with implicit quasi-linear ODE (when rank(A)=n).

References

[1] T. Becker and V. Weispfenning. Gröbner Bases, a Computational Approach to Commutative Algebra. Number 141 in Graduates Texts in Mathematics. Springer Verlag, 1993.

[2] W. C. Brown. Matrices over Commutative Rings. Marcel Dekker, Inc New York, 1992.

[3] M. Fliess, J. Lévine, and P. Rouchon. Index of a general differential-algebraic implicit system. In S. Kimura and S. Kodama, editors, Recent advances in Mathematical Theory of Systems, Control, Network and Signal Proceedings I, pages 289–294, Kobe, japan, 1992. Mita Press.

[4] M. Fliess, J. Lévine, and P. Rouchon. Index of an implicit time-varying linear differential equation : a noncommutative linear algebraic approach. Linear Algebra and its Applications, (186):59–71, 1993.

[5] C. W. Gear. Differential-algebraic equations index transformations. SIAM J. of Sci. & Stat. Comp., 9:39–47, 1988.

[6] C. W. Gear. Dae, indices and integral algebraic equations. SIAM J. of Numerical Analysis, 27(6):1527–34, 1990.

[7] C. W. Gear and L. R. Petzold. Ode methods for the solution of differential/algebraic systems. SIAM J. of Numerical Analysis, 21(4):716–728, 1984.

[8] P. Kunkel and V. Mehrmann. Canonical forms for linear differential algebraic equations with variable coefficients. J. of Computational and Applied Mathematics, 1993.

[9] S. E. Mattson and G. Söderlind. Index reduction in differential-algebraic equations using dummy derivatives. SIAM J. of Sci. Stat. Comp., 14:677–92, 1993.

[10] P. J. Rabier and W. C. Rheinboldt. A geometric treatment of implicit differential-algebraic equations. J. of differential equations, 109:110–146, 1994.

[11] S. Reich. On an existence and uniqueness theory for non-linear differentialalgebraic equations. Circuits Systems Signal Process, 10(3):343–359, 1991.

[12] A. Szatkowski. Geometric characterization of singular differential algebraic equations. International Journal of Systems Sciences, 23(2):167–186, 1992.

[13] G. Le Vey. Differential algebraic equations : a new look at the index. Publication interne 808, IRISA, Campus de Beaulieu, 35042 Rennes - France, Mars 1994.