Computing Toric First Syzygies

P. Pisón-Casares

Departamento de Álgebra, Facultad de Matemáticas, Apartado 1160, 41080 Sevilla (Spain) Fax: + 34 95 4556938. E-mail: ppison@cica.es

A. Vigneron-Tenorio

Departamento de Matemáticas, E.U.E. Empresariales, Por-Vera 54, 11403 Jerez de la Frontera (Cádiz, Spain) Fax: + 34 956 345104. E-mail: vigneron@galeon.uca.es

Introduction

Let S ⊂ Z^h be a finitely generated semigroup with zero element, such that S ∩ (−S) = {0}. Let {n_1, . . . , n_r} ⊂ S be a set of generators for S.

Let k be a field, let k[S] be the semigroup k−algebra associated to S, and let R = k[X_1, . . . , X_r] be the polynomial ring in r indeterminates.

k[S] is obviously an S−graded ring, k[S] = ⊕_{m∈S} k[S]_m, where k[S]_m = km and m is the symbol of m ∈ S in k[S]. We also consider R as an S−graded ring, by assigning the degree n_i to X_i. We write m = ⊕_{m∈S−{0}}R_m for the irrelevant maximal ideal in R.

The k−algebra epimorphism, φ : R −→ k[S], defined by φ(X_i) = n_i, is a graded homomorphism of degree zero. Thus, the ideal I_S = ker(φ) is a homogeneous ideal that it is called a semigroup ideal or toric ideal because it defines a toric variety.

By S−graded Nakayama’s lemma (Proposition 1.4 in [2]), there exists a minimal free S−graded resolution of k[S]. Let N_i be the corresponding

i−syzygies module (N_0 = I), and let V_i(m) :=

(N_i)_m (mN_i)_m , with m ∈ S. A minimal generating set of N_i consists exactly of dim_k (V_i(m)) elements of degree m, for each m. In particular, since R is noetherian, one has V_i(m) = 0 for all m but finitely many values.

On the other hand, set Λ = {1, . . . , r} and n_F := ∑ i∈F n_i (n_∅ = 0), for each F ⊂ Λ. One has an abstract simplicial complex given by Δ_m := {F ⊂ Λ| m − n_F ∈ S}, for each m ∈ S.

We denote by H̃_i(Δ_m) the k−vector spaces of the reduced homology. In [5] it is shown that H̃_i(Δ_m) ∼= V_i(m), and in [3] a such isomorphism is explicity constructed.

Then, to find a minimal generating set for N_i it is enough to do the following (Alg1):

1. Find the set C_i := {m ∈ S| H̃_i(Δ_m) ≠ 0}.

2. For every m ∈ C_i, take the images of the basis elements for the homology spaces H̃_i(Δ_m) by the isomorphism above.

Since the set C_0 is arithmetically explicited in [4], this construction provides an algorithm for i = 0, [2].

We will find a finite set, C, containing C_1. This set consists of the minimal N−solutions to a finite number of linear systems over Z, therefore it can be computed in an effective way, [6].

First of all, we are going to introduce different notations and definitions we will use in this paper.

We consider the (h × r)−matrix A := (n_1|n_2| · · · |n_r) ∈ M_{h×r} (Z). We denote e_1, . . . , e_r the canonical base of N^r.

We want to find a finite set C to check possible elements in S corresponding to the degrees of the minimal first syzygies. This means that C_1 be contained in C.

Definition 1 Let m ∈ S and F := {i_1, . . . , i_t} ⊂ Λ such that 1 ≤ i_1 < . . . < i_t ≤ r and ♯F ≥ 3. We say F is a cavity of Δ_m if F verifies the following conditions:

1. F_j ∈ Δ_m, ∀j = 1, . . . , t where F_j := {i_j , i_{j+1}}, ∀j = 1, . . . , t − 1, and F_t := {i_t, i_1}. 2. If F_j ≠ F^′ ⊂ F, ♯F^′ ≥ 2, then F^′ /∈ Δ_m. We prove the following result.

Lemma 2 Let m ∈ S such that H̃_1(Δ_m) ≠ 0. Then there exists F cavity of Δ_m verifying c_1 := t∑ j=1 F_j is a generator of H̃_1(Δ_m).

In particular, if F is a cavity, there exist α := (α^{(1)}, α^{(2)}, . . . , α^{(t)}) ∈ N^{rt} such that m = Aα^{(1)} = Aα^{(2)} = · · · = Aα^{(t)}, and α ≫ e_F with e_F := (e_{i1} + e_{i2} , e_{i2} + e_{i3} , . . . , e_{it}�_1 + e_{it} , e_{it} + e_{i1} ) ∈ N^{rt}.

We denote by A(t) to the matrix

A(t) :=

A −A 0 0 0 0 0 0 A −A 0 0 · · · 0 0 0 0 A −A 0 0 0 ... ... . ..

0 0 0 0 0 A −A ∈ M(Z)_{(t−1)h×rt}.

Let R_F be the set of N−solutions

R_F := {α = (α^{(1)}, . . . , α^{(t)}) ∈ N^{rt}| A(t)α = 0, α ≫ e_F }.

We denote by vR_F the set of the minimal elements of R_F respect to the partial natural order over the uplas of non negative integers.

Let ΣR_F be the subset of S, ΣR_F := {p ∈ S| p = Aα^{(1)} = Aα^{(2)} = · · · = Aα^{(t)}, (α^{(1)}, α^{(2)}, . . . , α^{(t)}) ∈ R_F }, analogously we define ΣvR_F .

We are in conditions to prove next lemma,

Lemma 3 If H̃_1(Δ_m) ≠ 0, then there exists F cavity of Δ_m verifying the lemma 2 and such that m ∈ ΣvR_F .

One can compute vR_F in effective way, so we obtain an algorithm to compute C.

Algorithm 4 Check Algorithm .- In: Set of generators {n_1, . . . , n_r} of a semigroup S. Out: C set to check H̃_1(Δ_m) ≠ 0.

1. For i from 3 to r do Compute F := {F ⊂ Λ| ♯F = i}. Compute vR_F , ∀F ∈ F (see [6]).

2. C := ∪_{F ∈F} ΣvR_F .

Theorem 5 The first syzygies of a toric variety can be determined using the construction in Alg1 and the algorithm 4 from the knowledge of the semigroup generators.

As an application, by using the bounds in [7], we prove that the doublyexponential degree in a minimal 1−syzygy for binomial ideals (see [1]) can be improved for the subclass of toric ideals. A similar result for i = 0 appears in [9].

In [7], we can find some bounds to the minimal N−solution of diophantine equations. The author considers the system of diophantine equations Ax = 0, where rank(A) = s. The author defines ||A||_{1,∞} := sup_i{ ∑ j |A(i, j)|}, ||x||_1 := ∑ i |x_i|, and ||M||_1 := sup_{x minimal solutions Ax = 0} ||x||_1. Pottier proves in [7] the following result.

Theorem 6 ||M||_1 ≤ (1 + ||A||_{1,∞})^s. In our particular case, we define D := max_{F ⊂Λ}{D_F } with D_F := sup_i{ ∑ j |A_F (i, j)|} ∈ N, and we prove the following theorem.

Theorem 7 Let (f^{(1)}, . . . , f^{(p)}) be an element of a minimal system of homogeneous generators for the first syzygy module of k[S], then the total degree of f^{(i)} is at most (1 + D)^{h(r−1)} + 2r, ∀i = 1, . . . , p.

Let A := (A | − A) be a matrix in M_{h×2r}(Z). One can use this matrix to bound the generators of the ideal I_S (see [8]).

Corollary 8 With the notations above, the total degree of an element of a minimal system of homogeneous generators for the first syzygy module of k[S] is at most (1 + D)^{h(r−1)} + 2r + (1 + ||A||_{1,∞})^h.

Therefore, this degree is singly-exponential in the number of variables. A similar result can be obtained mixing [9] and [1].

Finally, we generalize all our results to the case of a semigroup with non trivial torsion, i.e. a commutative cancelative finitely generated semigroup S ⊂ Z^h ⊕ Z/a_1 ⊕ · · · ⊕ Z/a_s with S ∩ (−S) = {0}, and a_1, . . . a_s ∈ Z.

References

[1] D. BAYER, M. STILLMAN, On the Complexity of Computing syzygies.

J. Symbolic Computation (1988) 6, 135-147.

[2] E. BRIALES, A. CAMPILLO, C. MARIJUÁN, P. PISÓN, Minimal Systems of Generators for Ideals of Semigroups, J. of Pure and Applied Algebra, 127 (1998), 7-30.

[3] E. BRIALES, A. CAMPILLO, C. MARIJUÁN, P. PISÓN, Combinatorics of syzygies for semigroup algebra. Collet. Math. 49 (1998), 239- 256.

[4] A. CAMPILLO, P. PISÓN, Generators of a monomial curve and graphs for the associated semigroup. Bull. Soc. Math. Belg. Sér. A 45(1-2) (1993), 45-58.

[5] A. CAMPILLO, C. MARIJUÁN, Higher relations for a numerical semigroup. Sém. Théor. Nombres Bordeaux 3 (1991), 249-260.

[6] P. PISÓN-CASARES, A. VIGNERON-TENORIO, N−solutions to linear systems over Z. Preprint of University of Sevilla 43 (1998).

[7] L. POTTIER, Minimal solutions of linear diophantine systems: bounds and algorithms. Proceedings of the Fourth International Conference on Rewriting Techniques and Applications, Italy 1991, 162-173.

[8] J. C. ROSALES, P. A. GARCÍA-SÁNCHEZ, Presentaciones de monoides cancelativos. Proceedings of EACA’98, Spain 1998, 130-141.

[9] B. STURMFELS, Gröbner bases of Toric Varieties. Tôhoku Math. J.

43 (1991), 249-261.