Functional Ideal Decomposition ˘ a Tool for Kinematics

Peter Kovács

Real-Time Systems and Robotics Institute

Technical University, Berlin

The problem of finding general substitutions within syst ems of pol ynomial equations is investigated. For this purpose, the concept of functional ideal decomposition is introduced. In case of a 0-dimensional pol ynomial ideal over som e coefficient fi eld F we sa ythat an ideal basis has a functional ideal decomposition (�FID^) if there are �outer decomposition factors^ g i

Î F [ y

1

, ..., y n

] and n common �inner decomposition factors^ h j

Î F [ x

1

, ..., x n

] s. t. all pol ynomials f i

( x

1

, ..., x n

) of the basis can be expressed as f i

( x

1

, ..., x n

) = g i

( h

1

( x

1

, ..., x n

), ..., h n

( x

1

, ..., x n

)) and some nontrivialit ycondition holds to exclude �unessential substitutions^ (in this case: the number of common roots of the s ystem of out er decomposition factors must be greater than 1 and smaller than the number of solutions of the original system).

A FID simplifies the (s ymbolic or iterative) solution of a given s ystem si gnificantl y since it reduces the problem to the consecutive solution of two s ystems of considerabl ylower al gebraic complexit y. Note that all but one of the g i

or h j

m a ybe trivial, thus yi elding a famil yof interesting special cases.

FID generalizes the concept of functional decomposition of single pol ynomials and extends it to ideals in a similar wa yas primar ydecomposition extends the concept of factorization of pol ynomials to ideals. Note also the conceptual relationship of the presented problem with invariant theory.

First, a criterion will be presented for the existence of F ID. The subsequent determination of inner and outer FID-factors is based on a repeated application of the Buchberger Al gorithm and the identification of some subfield. The effort of some steps of the algorithm can be reduced through modular calculations. In case of pol ynomial s ystems with rational coefficients a large range of nontrivial problems can be solved with limited computational effort. Practical applications however require to det ermine FID-factors for s ystems with coefficients consisting of rational functions in some parameters. Currentl y, the latter t ask can onl ybe achieved via interpol ation. In case of systems with formal paramet ers, a FID not onl ysimplifies the com putation of solutions but may also yield a ver ycompact representation of elimination ideals, of some final s ymbolic solution and of its univariate pol ynomial.

Kinematics seems to be a productive area of application of FID for various reasons:

· Industr yneeds symbolic solutions of systems of kinematic equations since iterative solutiontechniques are far too slow to guide m echanism-effectors (e.g. robot hands) fast and smoothl y along prescribed trajectories. The complexit yof sym bolic solutions is a major restriction for the design of innovative mechanisms. Industr ydoes not produce manipulators in quantit y unless simple symbolic solu tions can be found. Any application of FID can be expected to reduce a solution of prohibitive complexit yto a l evel which is suffi cientl ylow to be used industriall y.

· It was proven earlier that kinematic ideals of robots and full yparallel mechanisms are irreducible, i.e. factorization is of low importance in mechanism-kinematics. On the other hand, it is known that (ordinar y) functional decomposition plays a signi ficant role in kinematics and thus it can be expected that its generalization has significant applications also.

· Formal parameters usuallyappear with low degree in kinematic s ystems of equations and optimal ordinarysolutions thereof. Consequentl y, it can be expected that interpolation techniques work successfull yin practice once a FID is detected.

· FID will appl yonl yto a limited class of mechanisms with a high degree of inherent regularit y and structure. It is plausible that each member of this class will be of substantial theoretical interest for the mechanical engineer.

At this stage, no practical example of a mechanism admitting a F ID is known. However, a complex industrial robot will be discussed which does not have a F ID but onl ypermits application of a closel yrelated weaker simplification concept (to be called simultaneous functional decomposition). Due to this previousl yunknown simplification, the prohibitive al gebraic complexit yof the traditional symbolic solution can be reduced to a level whi ch is acceptable for industrial use. This illustrates the potential scope and si gnificance of the stronger concept of F ID.