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The regular syllabus of a course in Advanced Calculus is built around multi-
variable functions. In its main chapters, it works along a sequence parallel to what
has been done in a first Calculus course, implementing part of a Buchberger spiral
(see [2]): the study of a 2 or 3 variable function, limits, continuity, differentiability
and their applications. Then attention is devoted to double and triple integrals,
and their applications. Along the entire course, visualization is an important issue.
Students who have good visualization skills in 2D may have hard time in 3D. Here
is a sample of situations, taken from the course currently taught by the authors:

• The proof that a function of two variables has no limit at a given point P0
using different paths approaching P0 may be hard for some of them, because
of a lack of visualization.

• For different purposes, different kinds of plots are used: regular plot, contour
plot, etc. It happens that a student does not "see" that two given different
plots may represent the same function.

• In order to compute the integral of a 3-variable function over a domain in R3,
a student must visualize the domain, and them decide which variable order
will be efficient for the computation, and for each computation step, what
are the lower limit and the upper limit of integration.

The study of functions of two real variables can be supported by visualization
using a Computer Algebra System (CAS). Contours plots were the first type of
graphic representations. With the development of scientific computing, 3D plots
were introduced and plotting the graph of a two-variable function has been made
possible, including parametric plotting and implicit plotting.

One type of constraints of the system is due to the implemented algorithms,
yielding continuous approximations of the given function by interpolation. This
masks often discontinuities of the given function and its curvature at small scales.
It can also provide strange plots, rather inaccurate. In recent years, point based
geometry associated with grid approximation has gained increasing attention as
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an alternative surface representation, both for efficient rendering and for flexible
geometry processing of complex surfaces.

The study of the function behaviour around discontinuities and other singular
points, and around points with high curvature, is of great interest. Recall that auto-
mated plotting requests the definition of a mesh (triangular or defined by geodesics
and other specific curves) and interpolation based on the values of the function on
the border of the cell. Regular zooming inflates the cells but does not recompute
the needed numerical data, thus does not yield new knowledge on the function,
whence results with non accurate visualization of the discontinuities (see [4]).

Classical zooming algorithm is an image processing process where the opera-
tions are done on pixel. Pixel zooming algorithms have been used in picture im-
provements (see for example [1]). In the plotting of a two-dimensional function, a
mathematical expression of the function is known, therefore it can be evaluated at
every point of the given domain. New zooming algorithms, called analytic zoom-
ing, based on accurate computation of the function have been developed (see [3];
[5])

Several analytic zooming algorithms have been proposed to render accurately
a plots of a two dimensional real functions. These algorithms may be classified
into two main categories:

1. Algorithms using a reloading process

2. Algorithms based on a special meshing generator that define a priori zones
inside the function domain where an accurate approximation is needed.

The difficulties with the first type of algorithm is the reloading of the mesh
during the zooming may be an heavy process. The interactive zooming is therefore
difficult with these types of approach. The second type of algorithm may be limited
in the number of scales. even so this algorithm needs an automatic criterium for
the selection of the zones.

In our talk, several algorithms will be presented and a comparative study will
be described. Examples of implementations which have been already used with
students will be also shown.
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