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Putting words on arrows and loops
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THE CONTEXT. We introduced in [1] the general notion of graphical sentence as the math-
ematical object obtained by putting a non empty word (from a finite alphabet A) on each
arrow or loop of a connected directed graph. Each word is written according to the direction
of its corresponding arrow or loop. The graphs are made of elastic arrows and loops and are
not embedded in a plane. We propose a classroom activity for discrete mathematics students
having access to a CA system, in which four simple kinds of graphical sentences are to be
analyzed, namely the one-way or two-way linear graphical sentences with or without loops.
Here are samples of graphical sentences belonging to each of these four kinds.

(1a) The kind é of one-way linear sentences without loops (i.e., ordinary sentences), e.g.,

o—>» 90— 090—>+ 9 —> 99—+ 90—+ —>+0—>90—>>0
MY TAYLOR Is RICH AND MY COUSIN Is POOR

(1b) The kind é @ of one-way linear sentences with (possible) loops, e.g.,

RICH POOR

() ()

 o—>r 0 —>r 90—+ 90— 00— 9 —> 0 —> 0
MY TAYLOR 1is AND MY COUSIN is

(2a) The kind £ of two-way linear sentences without loops, e.g.,

YO &0 ol atats HOh
oo e o e "o
% 0 T oo Taee YT

(2b) The kind £ @ of two-way linear sentences with (possible) loops, e.g.,



the alphabets being the standard (cap) 26-letter alphabet, { O, O, do, 0 1, { N 4, 93,0, 0 .

The finite alphabet A can be an arbitrary set of symbols and the words put on arrows or loops
are mathematical words, i.e., arbitrary finite sequences of “letters" in A. Graphical sentences
can be used to encode sets of sentences in a compact way: the readable sentences being the
sequences of words corresponding to directed paths in the graph, the letters of each word
being read from source to target of its corresponding arrow or loop.

For example, the following are readable sentences

Kindé: “MY COUSIN IS POOR”.

Kind £“: “MY TAYLOR IS RICH RICH RICH AND MY COUSIN IS POOR POOR’.
Kind £: “$%0 &0 &0 A8 GO0 MMM &OO7.

Kind éQ S e B A P P

A family of parameters can be associated to each graphical sentence : the number of occur-
rences of each letter, the number of words, of loops, of arrows, etc.

THE CLASSROOM ACTIVITY. After introducing the above kinds of graphical sentences,
the teacher can then ask the following question :

Q : How many graphical sentences of kind QQ contain exactly 5 arrows, 3 loops, b times

letter A, 4 times letter C, 5 times letter G and 6 times letter T and no other letter ?

e STEP 1. In order to take into account the values of these parameters in a compact way,
suggest the student to give a weight to each graphical sentence in the form of a monomial in
the symbolic variables “ 1 7, ", and each letter “a” of alphabet A. The weight ws of the
following graphical sentence s of kind é Q

ACGT (c) TAA
——, 0 —> 0 —> 0 —> 0 —>
A v A TR TRl TRl

would be
weight(s) = ws =1° Q3 A°C*G°T" (1)

where the exponent of each symbolic variable is the number of occurrences it appears in s
(exponent 0 means that the corresponding item does not appear in s). Of course, the weight
of a graphical sentence of kinds é and £ will never contain the variable “Q”.



e STEP 2. Define the weight w/C (or inventory) of any kind /C of graphical sentences as the
formal sum of weight of its elements:

inventory(KC) = wiC = Z ws )
sek

and convice the students that the answer to question Q is the coefficient of monomial (TJ) after
collecting similar terms in the inventory w é @ of the kind é @ of graphical sentences.

e STEP 3. Help students to find closed forms for the inventories wé and w é @ by making

use, among other things, of the geometric series

1
—— =1+ X+ X+ X 3
- x + X+ + +e 3
and suggest to use the CA system to answer question Q. Of course, when using the CA sys-
tem, it is more convenient to use other symbols for the variables : for example, « instead of
T, Ainstead of @ and a1, as, - . ., a, for the letters of alphabet A.

e STEP 4. The teacher goes one step further by challenging students to compute the invento-
ries of the kinds é and é @ of two-way linear graphical sentences. The extra difficulty is to

be careful to “count” only once those kind of graphical sentences having a 180° symmetry.

e STEP 5. Manipulate inventories (by assigning values to variables, making some variables
equal, differentiating with respect to some variables, etc) in order to extract more information
on the kind of graphical sentences under study.

By the above activity, the students will learn the following facts :

e Geometric (and power) series do not need to be convergent in order to be useful.

e Any symbol can be interpreted as an algebraic variable in concrete situations.

e Monomials can help in making various kinds of “inventories" in classes of objects.
e Manipulation of inventories give much information on various kinds of objects.

e Computer algebra can be of great help even in “simple" enumerative questions.
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