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Generally, in books such as [1] and online catalogues of plane curves, such as [2,3], the curves
are presented individually. In many cases, strong connections can be revealed. Studying isop-
tic curves in [4], we showed a strong connection between conic sections and toric sections.
The toric section are quartics, sometimes called also spiric curves. An important property is
that they are the intersection of self-intersecting tori with a plane, which is not frequent in the
literature. Internal connections between these curves have been shown in [5], as the Hessian
of a spiric is also a spiric. This enabled to determine the points of inflexion of these curves.

Networking between a Computer Algebra System (CAS) and a Dynamic Geometry System
(DGS), as in [6], we study some plane curves given by parametric presentations. The ubiq-
uitous articles in newspapers about spacecrafts, in particular about the triple launch towards
Mars 2 years ago, incited students to ask questions about their trajectories and , in general,
about modeling planetary orbits. Using simple models of circular orbits centered at the Sun,
with constant velocity, we defined the loci of some virtual points (we mean points which do
not have a strong physical meaning, but can be studied with mathematical methods). Figure
1(a) has been obtained with software, using GeoGebra’s Locus command and an animation.
Figure 1(b) is Kepler hand-drawing of Mars’s orbit viewed from the Earth [7]. This yields a
great number of curves, which artists call mandalas. We obtain also generalizations of Lis-
sajous curves. Moreover, the above mentioned catalogues describe families of curves called
epitrochoids, hypotrochoids, etc. Exploration with software reveals a uniforming framework
for these families.

The needed orbital data is obtained from dedicated websites. The students discover that most
of the data is not made of integer numbers, and that every website makes its own decisions
regarding the decimal approximations. The usage of a slider bar enables to explore the in-
fluence of the precision on the obtained mandalas. At this stage, mostly curves given by
parametrizations of the form {

x(t) = cos t+ r cos( t
h )

y(t) = sin t+ r sin( t
h )

where r encodes the ratio of orbital radii and h the ratio of orbital velocity, taking here the



(a) The midpoint of Mars and the Earth (b) Mars viewed from the Earth, by Kepler

Figure 1: Two space mandalas

Earth as the first planet. Its distance to the Sun is equal to 1 AU (astronomical unit) and its
orbital period is 1 year.

This is where a double slider is useful.

As a generalization, we explore a model with an additional 3rd planet. In this talk, we prefer
to show more abstract situations, where the hypothetic 3rd object runs in reverse direction,
which is encoded in a parametrization of the form{

x(t) = cos t+ b cos(ω1t) + c sin(ω2t)

y(t) = sin t+ b sin(ω1t) + c cos(ω2t)

Once again, the first coefficient is equal to 1 as the distance from Earth to the Sun is defined
as 1 astronomical unit (AU). For a similar reason, the angular velocity of the Earth is put as 1
(orbital period equal to 1 year). Changing the parameters reveals curves with symmetries of
non trivial order (we mean of order 7, 9 , 11, etc.), which are generally not constructed with
simple tools. Two examples are on display in Figure 2 .

The symmetries can be enhanced by two means: visually by playing on the plotting intervals
and changing the colors, with automated methods by plotting a "basic part" of the curve, then
using the automated commands for rotations, algebraically using substitution and trigono-
metric identities.

Finally, we wish to recall that STEM Education is well-known and documented. During
the past decade, new developments occurred and an A has been added, A for Arts, defining
STEAM Education [8]. The proposed activities, dominated by M, S and T have a nice A
aspect with the space mandalas. that the kind of activities that we propose here is typical of
STEAM Education. We have here a mathematical topic with strong connections with the real
world and the cultural background of the students (here the daily newspapers), Physics (true,
we used a very simplified model) and artistic creation. Technology is the medium which
enables to build these connections.



(a) Rotational symmetry of order 5 (b) Rotational symmetry of order 9

Figure 2: Two generalizations of mandalas
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